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INTRODUCTION. 


“L’^tude approfondie de la nature est la source la plus 
fdconde des ddcouvertes mathdmatiques. 

Non seuleinent cette dtude, en offrant aux recherches un. but 
ddtermind, a I’avantage d’ezclure les questions va^es et les 
calculs sans issue; elle est encore un moyen assurd de former 
I’Analyse elle-m6me, et d’en ddcouvrir les dldments qu’il nous 
imports le plus de connaitre et que cette science doit toujours 
conserver. 

Ges dldments fondamentaux sont ceux qui se reproduisent 
dans tons les efFets naturels.” (Fourier.) 

These words of Fourier are taken as the text of the present 
treatise, which is addressed prmcipally to the student of 
Applied Mathematics, who will in general acquire his mathe¬ 
matical equipment as he wants it for the solution of some 
definite actual problem; and it is in the interest of such 
students that the following Applications of Elliptic Functions 
have been brought together, to enable them to see how the 
purely analytical formulas may be considered to arise in the 
discussion of definite t)hysical questions. 

The Theory of Elliptic Functions, as developed by Abel 
and Jacobi, beginrdng about 1826, although now nearly 
seventy years old, has scarcely yet made its way into the 
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ordinary curricnlum of mathematical study in this country; 
and is still considered too advanced to be introduced to the 
student in elementary text-books. 

In consequence of this omission, many of the most interest¬ 
ing problems in Dynamics are left unfinished, because the 
complete solution requires the use of the Elliptic Functions; 
these could not be introduced without a long digression, 
nnlPHa a Considerable knowledge is presupposed of a course 
of Pure Mathematics in this subject. 

But by developing the Analysis as it is required for some 
particular problem in hand, the student of Applied Mathe¬ 
matics will obtain a working knowledge of the subject of 
Elliptic Functions, such as he would probably never acquire 
from a study of a treatise like Jacobi’s Fu/rtdamenta Nova, 
where the formulas are established and the subject is 
developed in strictly logical order as a branch of Pure 
Mathematical Analysis, without any digression on the 
application of the formulas, or on the manner in which 
they originate independently, as the expression of some 
physical law. 

In introducing these applications we are following, to some 
extent, the plan of Durbge’s excellent treatise on Elliptic 
Functions (Leipsic, Teubner); and also of Halphen’s Traiti 
des fonctions elliptiquea et de leura appl^ationa (Paris, 
1886-1891). 

But while volume I. of Halphen’s treatise is devoted entirely 
to the establishment of the formulas and analytical properties 
of the functions, and the applications are not discussed till 
volume II.; in the following pages it is proposed to develop 
the formulas immediately from some definite physical or 
geometrical problem; and the reader who wishes to follow 
up the purely analytical development of the subject is referred 
to such treatises as Abel’s CEuvrea, Jacobi’s Fimda/mmta Nova, 
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already mentioned, or the Treatises on Elliptic Functions of 
Cayley, Enneper, KSnigsberger, H. Weber, etc. 

The following works also may be mentioned as having been 
consulted in the preparation of this work:— 

Legendre: Theory dea fonctioris elliptiques; 1825. 

Thomse: Abriaa einer Theorie der eomplexen Functionen 
v/nd der Thetafwnctionen einer Verdnderlichen; 1873. 

Schwarz: Fonrneln v/nd Lehradtze sum Gd>ra'uche der 
elliptiachen Functionen. 

Bllein (Morrice): Lecturea on tJie leoaahedron ; 1888. 

Klein und Fricke; Vo^'leav/tigen iibei' die Theorie der eUi/p- 
tiachen MooUdfv/nctionen; 1890. 

Despeyrous et Darboux: Ooura de mAeanique; 1886. 

E. A. Eoberts: Integral Calmlua; 1887. 

Bjerknes: Niela Hendrik Abel; tableau de aa vie et de aon 
action acimtifique; 1885. 

We shall begin by the discussion of the Problem of the 
Simple Circular Pendulum, as the problem best calculated to 
define the Elliptic Functions, and to give the student an idea 
of their nature and importance. 

Previously to the introduction of the Elliptic Functions, 
the Circular Pendulum could only be treated by means of the 
circular functions, by considering the oscillations as indefinitely 
small, and by assimilating its motion to that of Huygens’ 
Cycloidal Pendulum, of 1673. 

But now the employment of the Elliptic Functions renders 
the ordinary discussion of the Cycloidal Pendulum antiquated 
and of mere historical interest, and banishes from our treatises 
such expressions as “an integral whifch cannot be found,” or 
“reducible to a matter of quadrature” in describing an elliptic 
integral, expressions which aroused the indignation of Clifford 
{Mathmuitical Fapera, p. 502). 



X 


THE APPUCAllONS OF ELLIPTIC FUNCTIONS. 


According to the new regulations for the Mathematical 
Tripos at Cambridge, to come into force in the examination 
in May 1893, the schedule 11. of Part 1. includes “ Elementary 
Elliptic Functions, excluding the Theta Functions and the 
theory of Transformation”; so it is to he hoped that this 
reintrodnction of Elliptic Functions into the ordinary mathe¬ 
matical curriculum will cause the subject to receive more 
general attention and study. These Applications have 
been put together with the idea of covering this ground by 
exhibiting their practical importance in Applied Mathematics, 
and of securing the interest of the student, so that he may if 
he wishes follow with interest the analytical treatises already 
mentioned. 

We begin with Abel’s idea of the inversion of Legendre’s 
elliptic integral of the first kind, and employ Jacobi’s notation, 
with Gudermann’s abbreviation, for a considerable extent at 
the outset. 

The more modem notation of Weierstrass is introduced 
subsequently, and used in conjimction with the preceding 
notation, and not to its exclusion; as it will be found thnt 
sometimes one notation and sometimes the other is the more 
suitable for the problem in hand. 

At the same time explanation is given of the methods by 
which a change from the one to the other notation can be 
speedily carried out. 

It has been considered sufficient in many places, for inatn.Ti/.fl 
in the reduction of the Integrals in Chapter II., to write 

J 

as the trained mathematical student to whom this book is 
addressed will have no difficulty in supplying the nAnnAnfin g 
steps, and this work will at the same time provide instructive 
exercises in the subject; and further, in the interest of such 
students, many important problems have been introduced in 
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the text, fonning immediate applications of theorems already 
developed previously. 

I have to thank Mr. A. G. Hadcock for his assistance in 
preparing the diagrams, and in drawing them carefully to 
scale. 

ERRATA. 

Page 6. Line 9 from bottom, read Huygens. 

42. Line 6, read 

V a; —7 

48. Line 5 from bottom, read -4ji^(9e’^+4«“)» 

64 Line 19, read FoivctioiiS dliptiquen. 

99. The diagram must be replaced by the one gi^en below. 

The Nodoid in fig. 12, p. 99, was described by a point 
which was not a focus of the rolling hyperbola. 

107. Line 2 from bottom, delete minus sign before radical. 

138. Equation (7), read 
168. Lino 12, read S^K{Xj y). 

205. Line 6 from bottom, read P(w - v) - p(«+v). 

213. Line 7 from bottom, read O + Lx' - X{yz' - y'z) = 0 
with the corresponding subsequent corrections. 

227. Line 7, read + Q^IX.^ = 0. 

282. Line 5 from top, for rectangle read ribbon. 

328. Line 12 from bottom, read Pror. L. JkT. *9., IX. 
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CHAPTER I. 


THE ELLIPTIC FUNCTIONS. 

1. The Pendulum; introducing Elliptic Functions into 
Dynamics. 

When a pendulum OP swings through a finite angle about 
a horizontal axis 0, the determination of the motion introduces 
the Elliptic Functions in such an elementary and straight¬ 
forward manner, that we may take the elliptic functions-as 
defined by pendulum motion, and begin the investigation of 
their use and theory by their application to this problem. 

Denote by W the weight in lb. of the pendulum, and let 
0Q=h (feet), where 0 is the centre of gravity; let Wk^ denote 
the moment of inertia of the pendulum about the horizontal 
axis through (?, so that W(h^+k^) is the moment of inertia 
about the parallel axis through 0 (fig. 1). 

Then if OQ makes with the vertical OA an angle 6 radicms 
at the time t seconds, reckoned from an instant at which the 
pendulum was vertical; and if we employ the absolute unit 
of force, the povmdal, and denote by gf (32 celoes, roughly) 
the acceleration of gravity, the equation of motion obtained 
by taking moments about 0 is 

since the impressed force of gravity is Wg poundals, acting 
vertically through 0; so that 

(*+r)S— 

or, on putting 'h+1^lh=l, 

- g^voe 


( 1 ) 
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If the gravitation nnit of force, the force of a pound, is 
employed, then the equation of motion is ■written 

reducing to (1) as before. 

2. Producing OQ- to P, so that OP=l, &P=l(?lh, the point 
P is called the centre of oscillation (or of percussion); and I is 
called the length of the simple equivalent pendulv/rriy because 
the point P oscillates on the circle AP in exactly the same 
manner as a small plummet suspended by a fine thread from 
0 (fig. 2) ; as is seen immediately by resolving tangentially 
along the arc AP^^s^lQ; when the equation of motion of 

ja 

the plummet is -g sin 6=-gsin 


or l{d?Qjd&‘)=^ —^ sin 6;.(1) 

and integrating, \l{dQldtf vers 6 .(2) 


These theorems axe explained in treatises on Analytical 
Mechanics, such as Routh's Rigid Dyna/micSj or Bartholomew 
Price’s Infinitesimal Calculus, vol. IV., and might have been 
assumed here; but now we proceed further, to the complete 
integration of equation (2). 

3. First suppose the pendulum to oscillate, the angle of 
oscillation BOA +A0B' being denoted by 2a (fig. 2); the angle 
of oscillation is purposely made large, as in early clocks, in the 
Navez Ballistic Pendulum, in a swing, or as in ringing a 
churchf bell, so as to emphasize the difierence from small 
oscillations, the only case usually considered in the text¬ 
books ; in fig. 2 the angle of oscillation is made 300®. 

Then ddjdt^O when 0 — a, so that in equation (2) 

0-g vers a ; 

and now denoting gjl by n^, so that n is what Sir W. Thomson 
calls the speed (angular) of the pendulum, 
l(d9ldt)^=:n\vers a—vers 6) 


=2n,®(8in.® Ja—. 

.(3) 

since vers 0=2 sin*J0; 


=2TC.y(sin®ia—sin*J0), 


and rA— r\ . . . . 

J J(axD?la - sm®J0) 

.W 
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Md (4) is called by Legendre an eUi^ftie wiegroU of the fwst 
kind; it is not expressible by any of the algebraical, circular, 
or hyperbolic functions of elementary mathematics. 

_ 4. To reduce this elliptic integral to the standard form con¬ 
sidered by Legendre, we put 

sinjd=sinj« sin 

equivalent geometrically to denoting the angle ADQ by 6 
& AQDia the circle on AD as diameter, touching 

BD m D, and cutting the horizontal lin6 PJSf in Q. 

For, in the circle AP, 

AP'=lYeia6=2lBiD.%d; 
and, in the circle AQ, 

AW^ ^AD vers 2^ = AD sin^^ 

= I vers o sinV = 21 sin^a abx^d. 

JN ow sin* Ja - sin* =Bin*Ja cos*^. 


so that 
and therefore 


i0=sin~^(sinja'sin 
sin^g cos fdd> 
sin“‘|-a sin*^!)’ 

/y d4> _ 

y ^{1— sin* Ja sin*^)’ 


whi(^ IS now an elUptic integral of the first kind, in the 
standard form employed by Legendre, 

(Fonctions ElMpUques, t L, chap VI.) 

5 . In Legendre’s notation, sin^a is replaced by the quantity 
V( K* sin if) 18 denoted by or A(^, k) ; and the integral 
^dflAip ory(l-*»sinV)- 4 d^ is denoted by F4, or Fif,K), 

and called the eUi^ mtegral of the first kind, A being called 
the ativplvhide and k the modudus. ® 

Thus, in the pendulum motion, 

nt=^F4>,oxF(ip,smisa). 

R «(a different 

®“Ployed) and calls d the modidar 

S' , n he hastabulatedthenumerical values of J(A,K)for 

every de^ee of and 6. (FoncHons MUpUques, t. H. Table IX.) 

the funptirT investigating the properties of 

the function F^,the eUiptic integral of the first kind; but the 

subject was revolutionised by the single remark of Abel (in 
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1823), that F<l> is of the nature of an i/nverae function; and that 
if we put u=F<p, then we should study the properties of 0, 
the amplitude, as a function of u, and not of u as a function 
of (/>, as carried out by Legendre in his Fonctiom Ellyptiquea. 

6. Jacobi proposed the notation 0=amit, or am(^6, k) when 
the modulus k is required to be put in evidence; and now, 
considered as functions of u, we have Jacobi’s notation 

cos 0 = cos am u, sin ^=sin am u, A<^ = A am u, 
the three elliptic /'(junctions of and in Jacobi’s F'uundcb'mentd 
Nova (1829) the properties of these functions, 
cos am u, sin am u, A am u, 

are developed, the elegance of Jacobi’s notation tending greatly 
to the popularity of this treatise. 

7. Bejmition of the Elliptic Functions, 

Jacobi’s notation is rather lengthy, so that nowadays, in 
accordance with Gudermann’s suggestion {Theorie der Modular 
F'anctionen, Crelle, t. 18), cos am w is abbreviated to mu, 
sinamu to snu, and Aamu to dnu; and 
cn u, snu, dn u 

are the three elliptic functions (pronounced, according to Hal- 
phen, with separate letters, as c, n, u; s, n, ; d, n, u) ; and they 
are defined by 

cn t6 = cos <j>, sn u = sin^, dnu = A0 = ^(1—ic^sin^^); 
where <p is a function of u, denoted by am u, and defined by 
the relation 




«-/V- 

0 

■K^ain^ip)~^d<p, 


so tiiat 


/»iim « 

0 

■<c®sin*0)HicZ^; 


and 

<Zamt6 

dv, 

_ dif, _ 


dnu. 

Thence 

dcau 

du 

_C?COS0_ 

~ rite ~ 


- snudnu; 

and similarly 




, 

dsD.v> 

_dsia^_ 

. dd> 

enudnu^ 


dv, 

~ du ~ 


and 

ddnu 

dv, 

II 

if 

II 

_/c^sin ij> coB^ d^ _ 
'd/u,~ 

—K^sntfrcntt 



6 


THE ELLIPTIC PHHCTIONS. 


8. Returning now with these definitions and this notation 
to the motion of the pendulum, we have, on comparison 

while K=sinia, so that the modular angle is § 0 ; 
and k=‘-A.D/AB=ABIAE, ,^=.Al)IAE{&g. 2 )-, 
also ^=am u, cos ^=cn u, sin ^=sn ii, d^jdt^n dn w; 
dQldt=2nK on u= Zuk on rd, 
sinJ0= Ksntt= icsn^t, 

C08jfi= dnu= dn'jit; 

ulPA’ sin je=an vd, PE= AEaos lO^AEdant-, 
J.i\r=^2) sn*7i<, cn2»t, <jn2^. 

JTQ=^(ri,i\r. iVJ?) = jIR sn»t onwt, RP =riRsnnt duTOt; 

giving these quantities as elliptic functions of u or nt. 

9. We notice that /c=0 for infinitely small oscillations of 

the pendulum, the only case usually treated in the text-books • 
and now ^so that ’ 

crit6 = cosu, snu=siiit6, while dnu=l* 
and the elliptic functions have degenerated into the ordinary 
cwcutar functions of Trigonometry. .. 

But in finite oscilktions of the pendulum, where ic is not 
zero, these new functions are required, which are called the 
fA,pt%c fumtiom; and their geometrical definition is exhibited 
m fi^ 2, m a manner similar to that employed in Trigonometry 
tor the (yi/rcmar fii7ictio7i8. 

The name elliptic Junction is somewhat of a . 

but arose from the functions having been first approached by 
mathematimans in their attempt at the rectification of the 
elhpse (§ 77). 

For fimte oscillations the circular functions are applicable 
only to cycUyidM oscillations, as discovered by Huyghens, 1673 
whence the motion on the arc of a cycloid is generally iilvesti- 
gated at length in elementary treatises; but this discussion 
may be considered as of mere antiquarian interest, now that we 
are proceeding to discuss the finite oscillations of the pendulum 
by the aid of the elliptic functions. 

We may however make here a slight digression on cycloidal 
oscillations, treated in the manner we have employed for 
circular oscillations. 
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10. Cycloidal Oscillations. 

In the cycloid, fig. 4, the angle ADQ or <f>—nt (not am nt, 
as in the circular pendulum) for all finite oscillations; for 
as P oscillates on the arc BAB of the inverted cycloid 
described by the rolling of the circle AE, Q follows P at the 
same level on the circle AD with constant velocity. 



Fig. 4. 


For if PQB meets the circle on .dP as diameter in It, then, 
from a well-known property of the cycloid, the tangent TF is 
equal and parallel to dliJ, and half the arc AP; and if n, p, q, r 
denote simultaneous consecutive positions of JV, P, Q, M, 
the velocity of Q _,. Qg_,, Qq^Mn 
the velocity of P “Pjj 

=coseo gQP sin pPQ=cosec dPQ sin.dPP 


_iADAR_iAD IAKAE_ 
BQ AE AE'SAN.ND~ 
Now the velocity of P =. ND) 

and therefore the velocity of Q<=^Ai)^{2glAE) 



—ADi^{g[V)^n .AD, a constant. 


if AE=^l; and therefore the angular velocity of Q about D 
is n, and the angle ADQ—q>:=nt. 

Therefore the oscillations are isochronous, since the period 
2Trln<=2irs/{llg) is independent of the amplitude of oscillation. 
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But in the circular pendulum the period increases with the 
amplitude or angle of oscillation; because in the circle AP 
(fig. 2) the versed sine AN varies as the square of the chord 
AP, while in the cycloid AP (fig. 4) the versed sine AN varies 
as the square of the arc AP. 

The time from P to on the cycloid is equal to the c.m. 
(circular measure) of the angle ALQ divided by n or ; 

and generally the time over any firdte arc Pp of the cycloid 
will be equal to the c.m. of the corresponding angle QJD^ divided 
by n, supposing the body to start from the level of D. 

This will be true even when the point D is above E, as at 
ly, so that the body enters the cycloid with given velocity; 
as for instance in the case of a railway trsdn entering with 
given velocity V a cycloidal tunnel BAB' under a river. 

Making J)iy=^V^jg, the vmpetus of the velocity V, then 
the time occupied by the train in the tunnel from 15 to P' is 
twice the am. of AI/C divided by n. 

Also if the length of the tunnel is 2s, then if 

AD, the depth or versed sine of the tunnel, is A; so that the 
time occupied is 

11. The Period oj the Pend/idvm, and of the ElUptie 
FimcHona. 

The period of the pendulum is the name now given to 
the time of a dovhle swing, according to the report of a Com¬ 
mittee at the Conference of Electridana in Parie, 1889; 
thus, if the swing is small, the period is seconds. 

But if the angle of vibration 2<t is finite, the period is in¬ 
creased ; denoting the period by T, and therefore the quarter- 
period, or time of motion of P from A io B (fig. 2) by JT, 
then as t increases from 0 to \T, 6 increases from 0 to a, and ^ 
from 0 to so that nt or u increases from 0 to K, where (§ 4) 



and E (or Ek in Legendre’s notation, and caUed by him the 
complete elliptic integral of the first kind) is now called the 
real quarter period of the elliptic functions, to the modulus k. 
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Now, expanding by the Binomial Theorem, 
(1 -/c®sinV)-*=1+V" 




and, by Wallis’s Theorem, 

^y^ln ^)*"d!^= 


1.3.5.. . (2to—1) 

2.4.6.. . 2n, 


so that Z=v[l 

Thus the period of a pendulum of length Z, oscillating through 
an angle 2a, is 


As a first approximation therefore in the correction for am¬ 
plitude of swing, the period must be increased by the fraction 
i(sin \d)^ of itself, or by 100(i chord of a)® per cent. 

Thus a pendulum, which beats seconds when swinging 
through an angle of G®, will lose 11 to 12 seconds a day 
if made to swing through 8®, and 26 seconds a day if made to 
swing through 10®. (Simpson’s FhjbxiouB, § 464.) 

The value of K or has been tabulated by Legendre 
for every degree and tenth of a degree in the modular angle 
(Fonctiona Mliptiques, t. II,,^ Table I.). 

We denote the modular angle by |a, and put K=sinja; 
while cosja is denoted by k and called the oomplementm*y 
mo<J/idu8, so that 


and then F^k is denoted by and called the complementary 
quarter period. 

The following table (from Bertrand’s Galcul InUgral, p. 714), 
gives the logarithms of the quarter periods K and iir',correspond- 
ingtoeveryhalf degree in Ja, the quarter angle of swing; and then 
2/c/=sin a, Ac=sinja, «:'=cosJa, 
and Ja is the modular angle. 

The modular angle in the Table is given from 0 to 45®; to 
determine K for a modular angle greater than 45°, we look 
out the value of K' corresponding to the complementary modu¬ 
lar angle. 
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12. We notice that when the modular angle is 15°, then 
logZ’7iir=-2386606 = J logs, so that K'IK=^3: 

this will be proved subsequently ; but it shows here that the 
period of a pendulum oscillating through 300° is ^3 times the 
period when the pendulum o.scillates through 60°. 

Again we shall prove subsequently that, 
if K'IK= then 2kk '=\; 

so that equal parallel horizontal chords, BF the higher, and 
W the lower, each of length one-eighth the diameter, cut off 
arcs of the circle below them, which would he swung through 
by the pendulum in times which are in the ratio of to 1. 

Many other similar numerical examples can be constructed 
when the Theory of the Complex MvltipUcaMon of Elliptic 
Functions is stu(^ed. 

13. When a=Jx, the pendulum drops from a horizontal 
position and swings through two right angles, as in the Navez 
Electro-Ballistic Pendulum; and now .2'=E'',and the modular 
angle is 

Table II. from Legendre’s Foruitions ElUptiques. t. II., gives 
to five decimals the value ot v,=F<p for every half degree in 
the value of <(>, when the modular angle is 45°; and thence by 
means of the preceding formulas which determine the motion 
of the pendulum by elliptic functions, the pendulum can be 
graduated so as to measure small intervals of time At=Av,/n, 
as required for electro-ballistic experiments. 

Then from Table II., when K~K, and k=k=\J2, 
cn -li = cos sn M = sin dn w = ,y(l — ^ sin®^). 

14. Generally in the pendulum, K=^T, so that the period 

T=iKln=4>K^{llg). 

When /c=0, and the period is iirn^Qlg), as proved 

otherwise in the ordinary elementary treatises, for Hmnll 
oscillations of tho pendulum. 

But in the finite oscillations of the pendulum, with 
u=nt=4iKtlT, 

then (§ 8) ilQ/dt =cn 4iKtlT, 

sin = <c sn 4>KtlT, 
cosJ6= daiiKtlT, Qta. 
t=0, u=0, we find 
cn 0 = 1, sn 0 = 0, dn 0 = 1; 


Putting 
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and putting u=^K, 

when the pendulum has swung to OB, 

cjxK =cos Jtt = 0, sn = 1, dn it = /c'; 
while putting t = ^T, u = 2K, 

when the pendulum is swinging backwards through the verti¬ 
cal OA, cn2JL = —1 , sn2ir=0, dn 2iL = l; 

analogous to the values of cosd and sin0, for 0=0, Jtt, x; 
so that 2K is the half period of the elliptic functions, corre¬ 
sponding to the half period tt of the circular functions. 


d</>IA</>^dipfA(l>:^a<p/A<f> — 2K±u, if ^ = am‘i6. 


therefore am(2£^±u)= x±^= x±amu; 

and generally am(2mA^ ±u)= mx± ^=mx ±am u; 
so that cn(2mJ5r±u) = cos(mx±am u)= ( — l)’"cn u, 

8n(2mA’±u) = sin(mx±am ^t)= ±( —l)*"sn'i6, 
while dn(2mir ± u) = dn u; 

analogous to cos(mx ± 0 ) = (— l)*"cos 0 , 

sin(mx ±0) = ±(—l)*”sin 0; 

and representing the motion, m half periods, past or future. 

16. The degenerate Circular and hyperbolic Fmictiona. 

As a increases from 0 to x, ic increases from 0 to 1, and K 
from Jx to infinity; the pendulum has now, with k=1, just 
suflGicient velocity to carry it to the highest position, and this 
will take an infinite time. 

For with a = x, equation (3), page 3, becomes 
J (ddidtf =71^(1+cos 0) = 2n^ cos®J0; 


n^=^ecJ0 did 


=log tan^(x+0)=log(seci0+tani0), 
which is infinite when 0=x. 

In small oscillations the period is 2x/t^, and the motion of 
M, the projection of P on the horizontal axis Acc, is then a 
Simple Harmonic Motion (s.h.m:.) given by the differential 

d®a3 


equation 




the solution of which is 

x=‘A cosnt, or Psinwi, or A cos«t+5sin-nt, or acos('nt+e); 
so that n is the constant angular velocity round D of the point 
Q on the infinitesimal circle AQD, as in the cycloid. 
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In Kepler's Problem in Astronomy, n represents what is 
called the mean motion of a planet or satellite, and nt ox nt+e 
the mean anomaly; a satellite of Jupiter, when observed in 
the plane of its orbit, supposed circular, will appear to move 
with a s. H. M. 


But with 1, putting ^@= 0 = angle AEP (fig. 3 ) 

ysec ^<i^=lpg(sec 0+tan <j>), 

0 

so that sec <f >+tan 4> =e“*, 

sec <f >—tan <p= e""*, 
sec ^ = ^( 6 ”*+^ ■**)=cosh nt, 
tan &-*■*) =sinh nt, 

sin ^=tanh nt, cos <f >=sech nt, 
tanj 5 i=tanhjnt, and so on. 

Also <i6/<it=2«cosJ0=2»sech‘n<; 
so that if the angular velocity of the pendulum in the lowest 
position OA is 2 %, the pendulum will just reach the highest 
position 0E-, but the time occupied in reaching it will he in¬ 
finite, since 0=7r, ^ = makes <ni and therefore t infinite. 

The velocity of P in any position is 

l{cL&ldt) ini cos^e = n . EP, 
and therefore varies as EP. 

If EP in fig. 3 is produced to meet Ax in M, then 
AM=AE tani6=2l sinh vd, EM'=EA sec= 21 cosh nt ; 
so that, if AM' or EM' is denoted by x. 


(Px 




the general solution of which differential equation is 
*=A cosh 'uf-l- jB sinh nt. 


16. When the pendulum just reaches the highest position 
OE, *r = l; and It (or nt) and <{>, the c.m. of the angle AEP, 
are coimected by the relations 

u =!y"sec ^ <l<j >=log (sec <(> -f tan 

=cosh - ^soc ^ = sinh - ^tan ^ = tanh - ^sin ^ = 2 tanh - ^tan 
Oonversely 

^=cos-^scch tt« 8 in-*tanh u=tan-*sinh w =2 tan-^tanh Jit; 
and then <f> is called by Professor Cayley the Gudet'mcmman 
of u, and denoted by gdu; so that if ^=gd‘it, then 

w.=gd“Y=log(sec 0 +tan^i)=cosh-isec <p, eta 
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Houel proposes for ^ the name of hyperbolic amplitude of 
u, with the notation ^=aTnh u, instead of gd u; so that 

rtkmhu 

u:^sec 

0 

ru 

or ^ = amh ^6=/sech wdu=cos”^sech u—sin’^tanhu, etc; 

analogous in the general case of the elliptic functions, for any 
modulus ic, to (§ 7) 

J“iu=amu==^dn^^du= cos“^cnu= sin"%n^6, etc. 

0 

As degenerate forms, when /c=l, 

cn u=sech u, sn u=tanh u, dn t(.=sech u ; 
while, with /c=0, 

cnu=cosu, snu=sinai, dnu=l. 


Thus, when <c=l, the elliptic functions degenerate into the 
hyperbolic functions; and, when ie=0, into the circular func¬ 
tions ; but with any other value of the modulus k, the elliptic 
functions must be considered as new functions, of a higher 
order of complexity than the circular or hyperbolic functions. 

The following Table, from Legendre, F. E., t. II., Table IV., 
gives the values of 

u =log (sec ^+tan ^)=log tan(^Tr+ 
for every degree of ^ radians; whence the numerical values of 
the hyperbolic functions of v, can be determined, by aid of a 
table of circular functions, and by the relations 

coshu=sec <l>, sinhusstan^, tanhu=ssin^,.... 

For values of u greater than about 4 the Table fails; but 
then it is sufficient, to two decimals, to take 
cosh u= sinh ; 

logiflCOsh u=logii^inh u= Mu —log 2; 
or, to a closer approximation, 

logiocosh ussMu—log 2-+M0 ~^,..., 
logiosinh u=Jfu—log 2—..., 
logijtanhu= —..., 

M denoting the modulus log^ge. 

(Proposed Tables of HyperhoUe Functions, Report to the 
British Association, 1888, by Prof. Alfred Lodge.) 
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Considered as a function of the latitude 'Ub was called the 
meridioTial part by Edward Wright, 1599, who first employed 
it for the accurate construction of the parallels of latitude on 
the Mercator Chart, by making the ratio of the distance from 
the equator of the parallel of latitude ^ to the distance between 
the meridians whose difference of longitude is ^ equal to the 
ratio of (§ 98). 

17, Returning to the general elliptic functions, we notice 
that cn^i6+ sn%=l, 


dn2u+/c®sn^=l, 
dn^—=ic'^; 

or, in a tabular form, 



. cn 

sn 

dn 

cnu= 

snu=: 

dnus= 

da'll 

V'(l-cn%) 

,J{l-aahi) 

sau 

^(1—/c%n®u) 

1^(1 —daSi)/K 
Sau 


whence any one of the three elliptic functions cn, sn, dn, can 
be expressed in terms of any other; the three functions are 
thus not absolutely necessary, but all three are retained and 
utilized for simplicity of expression, as sometimes one and 
sometimes another is most appropriate for the particular pro¬ 
blem in hand; in the same way, of the circular functions 
cos 0, sin 0, tan 0, cot 0, sec 0, cec 0, vers 0, 
one would be sufficient, but all are useful; and so also with 
the hyperbolic functions cosh u, sinh u, tanh u, .... 

For the reciprocals and quotients of the elliptic functions 
cn, sn, dn, a convenient notation has been invented by Dr. 
Qlaisher, according to which l/cnt6 is represented by nc^^», 
l/snt6 by nsu, 1/dnu by nd'Ur, cn^6/dn^6 by cd^6, and so on. 

In this manner snu/cnu would be denoted by scu; but it 
is more commonly denoted by tanam u, abbreviated to tn ; 
while cn ^6/sn u or cs u would be denoted by cotam u, or ctn u. 

According to Clifford {Dynamic, p. 89) we mighc abbreviate 
the designation of the hyperbolic cosine, sine, and tangent to 
he, hs, and ht; or we may write them ch, sh, th ; with cn, sn, 
tn for the elliptic functions; and merely c, s, t for the circular 
functions. 
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18. PenduVum, "p&rformvng com/plde revoluHona. 

Secondly, suppose the pendulum performs complete revolu¬ 
tions (fig. 3). 

■We have seen previously (§ 15) that if the pendulum has 
an angular velocity 2n=‘2^(ff/l) in the lowest position, it 
will just reach the highest position; and therefore if this 
angular velocity is increased, the pendulum will perform com¬ 
plete revolutions. 

The integration of equation (1) in the form 
^lKdejdt)*=G-gl vetad 

or itfilg+A2f=AD, a constant, denoted by 2R, 

shows that the velocity of P is that which would be acquired 
in falling freely from the level of a certain horizontal line 
BPS', which now does not cut the circle, as in fig. 2 when the 
pendulum oscillated, but lies entirely above the circle, as in 
fig. 3, at a height 2B above the lowest point A ; and the im¬ 
petus of the velocity of P is the depth of P below BR. 

Denoting the angle AJSP by so that ^=^0, then 


2J\d^ldt'f=g(2B—l\ei8 2^)=:2g(B-l sinV), 



on putting ««=IJB ^AEjAB ; and <n? = gjl, as before; 

so that — K® sin®^)-td^=P(^, a:), 

in Legendre’s notation; and inverting the function according 
to Abel’s suggestion, with Jacobi’s notation, 

id=^= am(nt/K, k) ; 

and now, with Gudermann’s abbreviated notation, 
cos id =:cn ««/*■, 
sinid=sn«.f/K, 

A2f= I vers d=2Z sin^^=AP sn^nt/ic, 
BE^AEmhafK, B’P-A])doh,t/K, 

AP-AE sn %t//c, PE=AE cn nt/K, 

BP—21 sin id cos id =AE an Tut/x cn ntjK. 
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19. The time of moving from Aia Ehs obtained by putting 
and is therefore KKjn; and therefore the ’period, or 
time of a complete revolution, is ^Kjn (not iKK/n). 

With the series for K as given in § 11, and with i^=llB, 
the period of the pendulum for a complete revolution is 



The analogous expression for the period when the pendulum 
oscillates, rising on each side to a height 2R, less than 21, is, 
as in § 11, 



2.4.6/ 



Putting K=l, and B=l, makes K infinite, and brings us back 
again to the separating case between oscillations and complete 
revolutions of the pendulum; and we thus regain for this 
case the original expressions involving hyperbolic functions, 
previously investigated in § 15. 

But as K now diminishes again from 1 to 0, the pendulum 
revolves faster and faster, until finally, when kssO, we must 
suppose the pendulum to revolve with infinite angular velocity, 
the fluctuations of which for different positions of P are in¬ 
sensible ; and the period is now zero. 


20. We notice that, in the circle AQ (fig. 2) the point Q 
moves according to the law 

am Tit, 

so that Q moves round in a circle, centre 0, in fig. 2 like the 
point P making complete revolutions in fig. 3. 

But now, in the motion of Q, gravity must be supposed 
diluted from g to K*g ; for if M or denotes the radius of the 
circle AQ,g' the diluted value of gravity, and n'=fJ(g'IJR) the 
speed of the pendulum CQ, then we must have 
^=am 'nt =am 
so that n'=icn, 

^lg=,^BlM. 

We may dilute gravity in the circle J.Q by inclining the 
plane of the circle to the vertical at an appropriate angle. 
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21. Another way of diluting gravity would be to replace the 
circle AQ by a line tube in the form of a uniform helix with 
horizontal axia through its centre C perpendicular to the plane 
of the circle AQ, and to suppose the particle Q to move in this 
helix under gravity. 

Then we aball find that if the length of one complete turn 
of this helical tube is equal to the circumference of the circle 
AP, the particle Q moving with velocity due to the level of JB 
will follow the motion of the particle P moving on the circle 
AP with velocity due to the level of B, so that PQ will always 
be horizontal, if once it is horizontal, and P, Q will always be 
at the same level during the motion. 

For in this case the mechanical similitude is secured by in¬ 
creasing the square of the velocity of Q in the ratio of 1 to 
I/k*, instead of diluting gravity to K*g. 

We may secure the same effect by supposing Q to be a point 
on a pendulum CQf, of length greater than CQ ; or else of length 
OQ, but of which the axis G is cut into a smooth screw of 
appropriate pitch; or else engaging with teethed wheels, so as 
to iucrease the angular inertia about 0. 

22. If we produce GQ to any fixed distance G^=V, then Q' 
will also perform complete revolutions like a pendulum of 
length V, with gravity changed in a certain fixed ratio depend¬ 
ing on V', and we can keep gravity unchanged by choosing V 
so that 

or I' — l/K^—lcose<^^a; 

and now O' revolves with velocity due to a level at a height 
2Z/K*=2Zcoseo*^a above its lowest position; so that the period of 
revolution of a simple pendulum of length I cosec^Jo, when the 
velocity is due to the level of a line at a height 22^co8ec*^a above 
its lowest point is equal to the time of oscillation of a simple 
pendulum of length I through an angle 2a from rest to rest. 

These problems on the pendulum have been developed here 
at some length, in accordance with the idea of this Treatise, 
that it is simple pendulum motion which affords the best 
concrete illustration of the Elliptic Functions. 

Similar principles are involved in the following three 
theorems, which the student can prove as an exercise iu the 
manner employed for the cycloid in § 10. 
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1. I£ two vertical circles, of diameters AID and AE, touch at 
their lowest points A, the time of oscillation from rest to rest 
of a particle in the circle AE with velocity due to the level 
of D will be to the time of revolution of a particle in the 
circle AD with velocity due to the level of ^ in the ratio of 
AE to AD (fig. 2). 

2. Two particles move, under gravity, in vertical circles. 
The one oscillates; the other performs complete revolutions. 
Prove that if the height to which the velocity of the first is due 
bears to the diameter of the first circle the same ratio as the 
diameter of the second circle bears to the height to which the 
velocity in it is due (the heights being measured from the low¬ 
est points of the circles) the ratio of the squares of the times 
in corresponding small arcs—and therefore the squares of the 
whole times of oscillation and revolution—will be that com¬ 
pounded of either of the before-mentioned equal ratios and 
the ratio of the diameters of the circles. 

3. Two equal smooth circles are fixed so as to touch the same 
horizontal plane, their planes being at different inclinations; 
two small heavy beads are projected at the same instant along 
these circles from their lowest points, the velocity of each bead 
being that due to the height of the highest point of the other 
circle above the horizontal plane, show that during the motion 
the two beads will always be at equal heights above the hori¬ 
zontal plane. 

28. We have compared the motion of the pendulum in tig. 1 
with that of the simple equivalent pendulum composed of 
the particle P moving on a smooth circle, or at the end of a 
fine thread or wire OP ; oscillating from P to iJ' in fig. 2, and 
performing complete revolutions in fig. 3, the velocity of P at 
any point being that acquired in falling from the level of D. 

Taking as coordinate axes the horizontal and vertical axes 
Ax and Ay through A, and referring the motion of P to the 
coordinates x and j/, then since P describes the circle AP of 
radius Z, x^ = Hy — y^. 

Denoting hj v == da I dt the velocity of P, then by the principle 
of energy iv^/g-2R-y, 

2R denoting the height of D above A. 
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T> X • ^ i—y 

B-tamce ^- ^(SlyLyy 

M . da? P , 

dy* "^d/y^ 2,ly-y^' 
while J(<fe/c2i)a=gr(2JS-3/); 

so that ll?{d/yldtf==g(%B-y){2ly-y'^), 

^ _ l_ _ _ 1 _ 

dy V(2sr) -v/{(2J2-2/)(2i2/-y*)}’ 

X I n dy _ 

7W)J V{(2i2-y)(%-2/*)l’ 
0 

called an dliptio integral in y, and of the jvrst kind. 


while 
so that 


24. Eirstlj, if the pendulum oscillates, B is less than I, and 
y oscillates between 0 and 2i2; and the integral is reduced to 
£«gendre’s canonical form by putting ^=2J2sin^^; when 

nt =Jll — <c® sin*^)"4d^=J’(^, k), 

0 

where = Rjl, = gjl ; 

and therefore with Jacobi’s and Gudermann’s notation, 


^=am(^^, /c) 

and y=2jRsn®7i^=2Zic^sn®7i<, x^^hcssxrvt Axint\ 
or AN^AD BuHt, ND^AL mhit, NE^AEAahit, 
as before, in §8. 


25. When ^=0, the oscillations are indefinitely small; 
and now y = 2i2 sin^Tii, 
where Ji is a very small quantity; 



an ordinary circular integral. 

It was Abel who pointed out (about 1823) that in looking 
only at the EllijptiG iTitegrals^ mathematicians had been taking 
the same difficult point of view as if they had begun to deduce 
the theorems of elementary Trigonometry from an examioation 
of the properties of the inverse circular functions, as deduced 
from the circular integrals. 

{Niels-Henrih Ahel. Tableau de sa vie et de son action 
sdentifique. Par 0. A. Bjerknes. 1885.) 
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26. Secondly, if the pendulum petfoxms complete revolu¬ 
tions, as in fig. 3, is greater than Z, and y oscillates in value 
between 0 and 2Z; we now reduce the elliptic integral in §23 
to Legendre’s standard form by putting y = 2Zsin®^, 

when K®sin*^)-JcZ^=if’(^,*) 

where **==Z/i2, 

the reciprocal of its former expression; and now 

^ - am(«t//c, /c), y=2Z sn*»i«/ic, a?=2Z sn ntjK en ntiK ; 
or AN =AI!anhit/K, NE^AEcssSvtjK, JTjD* J.i)dn®nt//c, 
as proved before, in § 18. 

27. In the separating case between oscillations and complete 
revolutions, B—l, and now /c=l; 

and ^=2Zsin^^=Zvers2^sZ vers fi; 

also (§23) ^^=ysec^(f^=log(sec^H-tan^} 

=cosh-’sec^=sinh-^tan ^=tanh-^in ^=2 tanh-^tani^; 

so that ^=gdnZ, or ainh w{, 

and sec 9 i=coah nt, tan ^=sinh nt, sin ^=tanh »<, 

y=2Z tanh^iZ, a!=2Zse<diiit tanh nt, 
as before, in § 15. 

28. Lamdm’a Point. 

With centre .2? in fig. 2 and radius EB describe a circle 
cutting the vertical AE ml-, then X is an important point in 
the theory of pendulum motion and elliptic functions, called 
Lcmden’a pomt. 

Since EB‘=EI >. EA = E0‘ - CA^ 

therefore the circle, centre E and radius EB, will cut the circle 
AQD, centre C, at right angles; and 

I‘Q^=Z0^+0Q^+2LC. GN=2LO.EN=2l(l—K'fEN', 
since LO^+C(^=LO^-{-EC^-E]P=2LO .EC, 

and EL=EB^21k, .©(7=1(1+«'*), LG^KX-^y. 

Now, by § 20, the velocity of Q 

= J{^^.EPr)=J{2gK^.EN)^n,^J(2l.Em 

—n . XQ(1 +jc’). 

Similarly in fig. 3, where P mates complete revolutions, the 
velodty of P=w.XP(H-*’)//c, where the Landen point L is 
obtained by drawing a circle with centre B, cutting the circle 
orthogonally, and the vertical AD in L. 
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We prove subsequently that any straight line through 
L divides the circle APE in rig. 3 (or the circle AQD in fig. 2) 
into two parts, each described in half the period. 

29. Change from, one mod/idus to its reciprocal. 

It is important for the simplicity and for convenience of 
tabulation of the elliptic functions that the modulus k should 
not exceed unity; but the preceding reductions of the motion 
of the pendulum to elliptic functions, in the two cases in which 
the pendulum oscillates and performs complete revolutions, 
show us how to make the elliptic functions to a modulus k, 
which is greater than unity, depend on the elliptic functions 
to the reciprocal modulus 1/k, which is less than xinity. 

For, on comparing the two expressions for y, according as 
the pendulum oscillates or performs complete revolutions, 
y = 2jB sn®(nf, k), or 2? anXicnt, 1/k), 
where i?<=Rjl\ 

so that K)=sn*(KU-t, I/k) ; 


or, putting nt=u, 

k8JX.(u, K) = Ba{KU, 1 /k), 
so that dn(«, k)=csd.{ku, 1/k), 

cn(u, /c)=dn (ku, 1/k). 

Independently, if we suppose <p=&m(u, k), and if we put 
/csin^=sin>/c, 

then K cos ^ d<p =cos dy/r, 

and cos ^ -K'^srn^) =A(>/r, 1/k), 
cos i/r=,*/(!—/c%in®^) = A(^, k) ; 


so that u 
ku 



or t/r=am(/ctt, l//c); 

and since k sin <p =sin \Jr, etc., 

therefore k Bn(u, k) =sn(KU', 1/k), etc. 

When u=K, and ■^=sin“^«; so that, if k is less 


/ sin"*K 

(1—K"®sin®i/r) -idy/r. 


than unity, 
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30. BectUinmr OsoiUatiom expressed hy EUfl^pticFwietions. 

In simple pendulum motion, referred to horizontal and ver¬ 
tical axes Ax, Ay, drawn through the lowest point A, we have 
shown in §§ 24, 26, that 

y—2lK^sa?nt, x = 21k sn dn ; 

2/=2Zsn®n.i/K, a5=2Zsn ■Jii/jc cn ; 
according as the pendulum oscillates or performs complete 
revolutions. 

Treating the vertical motions separately, and differentiating 
according to the rules established in § 7, we find, on faVing 
y = 2Z/c%n^, 

dyldt= 4Zn/c®sn cn «.< dn nt 

d?yldi^= 4Zw*/c*(en®»< dn*«.<-sn*%t cn®nt) 

=4fav(l-f-^+^),bj-S17. 

Taking y=2Zsn®nt//c, we find in a similar manner 

y K^ , 

dt^ \ I I 

both immediately obtainable from the equation of § 23, 

Widy/dt)^=g(2B-y)(2ly— y*) 
whence V^d^yjdt^) =4y(iJZ - J2y _ Zy+|y 2 ). 

We shall find similar expressions for cPy/d<* when y varies 
as cn®«i or dn^Tit, all of the form 

d^ldS^-A-\-By+Cy\ 

Let us determine then, as exercises in the differentiation of 
the elliptic functions, the acceleration c2^/d)5*, and thence the 
force at a distance x, which will make a body oscillate in a 
straight line according to one of the laws 

x=a(SD.nt, sD.nt, dn^t, tnut, newt, nswt,.... 

Taking x=a(SD.nt, 

dxfdt= —na sn nt dn nt 
d^x/dt^= —n^a(ca nt dn*7i<—cn nt) 

= -n*aj(/c'*-/cH2«^), 
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It is fften simpler to find dxjdt, and then to express 4(d®/^) 
as a function of and then a differentiation with respect tot 
will give (Jte/dts immediately as a function of x. 

Thus, if x-asnnt, 

dx[dt =-no cn nt dn 

reducing to zero, when ic=0. 

Similarly, if aj=a dn -nt, 

Generally, when x varies also as tn«t, nc-nt, , we shall 

find a relation of the form 

cPx/dt^=f/ix+ 2)/a!®, 

which, when multiplied hy cte/dt and integrated, gives 
l^dxjdCf=0+ifjoi? +iviK* 
or dsB/cit=V(2(?+M®*+>^)» 

<=y(2Cf+/iUB®+i'a!*)"idc», 

an dUpUo vntegrcd, of which the different expressions are givexiu 
in Chapter 11. 

31 A Swoial Mmiirwum Sw/ace. _ 

Another interesting exercise in the differentiation o ® ^ 
functions is to verify that the surface discovered by Schwa.ra 
{Oeaommdte Mathematische Abha-ndlAmgen, vol. 1 ., p- )> 
cna!+cn2/+cn«+cna5 cn2/cn«=0» 
with the modulus /c=4, is a minmum 

curvature at every point, and therefore satisfying the conditio 

(1+2®)r - 2p28 + (1+2’®)’^ “ 

q, r, 8, t having their usual meaning as partial differential 
coeffidents of s with respect to x and y. 
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Schwarz diows that this condition is equivale^ to 

, pfdenoting the principal radii of curvature of the surface 

^6 Smith, SoUd Oeometry, § 255), where 

p _ r . - 

■^~n/( 1>®+9“+1)’ ^ ,y(p*+S*+l) 

Let us write Ci. Sp d^, for cn a, sn ®, dn a;; and c*. «*, d*. <J» «„ 
dj for the same functions of y and z. 

Then ^® > 

differentiating with respect to ®, 

— 8jdi——SjdjC^i—o^Os^tfisP =0i 
_Sj^^l±£^ 

or P— ^rXn+Zc_r 


P 88^8(1+Ci< 

Co — 1 I ^ ' 


so that 


1+<’!<’* . - 
, - a+c,c,y-(Ci+C2)* _ 

= 1-C8 - (1 + Ci<52^ 

P_— ^--1^ — 


By symmetry, 
so that we may write 
X=-r 


2=- 


_ — d^ /8-i 

{(djsiy+i.d'js^ +(d*/«8)^} 
— dJSa _ 


V{(‘V®l)“ +W 82 )* +W»8^^ 

NOW 

where D=((V80®+(<V88)H W®#)®; 


By symmetry 


®xV ^ 
^2/ VsiX* ®a*®» ' 


so that provided that 
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oA^+o^ , cA^ +Oida^ , oA^+oA^ -r\ 

«*V ■*■ «sy ^ SxV 

or “1“ 4" • - • 0 ; 

or, since =1 — =i(3 4- 

^Ji{(l-^2«3+^8") + a-^8")(3+^2^)}+ 
or (^1 + Cg + ^5 + (3 “* ^ 2^8 ^ 8^1 “" ^ 1 ^ 2 ) “ 

and this is true, in consequence of the original relation 

^14" ^2 4" 4" ^i^2^8 ” ® * 

The other relation 3 — —CgC^—= 0 

represents isolated conjugate points, where 

Another minimum surface is 

tn 2 / tn 2 ;+tn 2 ; tn 054-tn a tn 2 / 4 -3 = 0 , 
with ic=§A/ 2 > «'=J- 

32. Elliptic Function Solution of Euler’s Equations of 
Motion. 

Before leaving the mechanical interpretation of elliptic 
functions, we may just mention here an important application, 
the application to the solution of Euleo^s equations of motion^ 
for a body under no forces, moving about its centre of gravity, 
or about any fixed point. 

Euler’s equations for p, g, r, the component angular \relocities 
about the principal axes, are (Eouth, Rigid Dynamics) 

Adp/dt =(J5— C)q7\ 

Bdqjdt =((7— A)rp, 

Cd/rjdt =(A— B)pq ; 

where A, B, G denote the moments of inertia about the princi¬ 
pal axes; and two first integrals of these equations are 
Ap^+Bq^+G7^=T, a constant; 

A^p^+B^gp+G^r^=0\ a constant, 
obtained by multiplying Euler’s equations respectively by (i.) 
jp, q, r, and adding, (ii.) by Ap, Bq, Gr, and adding ; and then 
integrating. 

Comparing these equations with the equations of § 7, 
cn'24= —snudnu, sn'u=cnudnu, dn'u= —/c^snucnu, 
where accents denote difierentiation with respect to tc, we 
notice that ii A>B>G, and the polhode includes the axis (7, 
so that AT>BT> CP> GT, we may put u^nt, and 
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p=PGa.u, g=-Qsntt,r=i2dntt; 
and then, on substituting in Euler’s equations of motion, 
B-C nP A-0 nQ A-B *^8 
A QR’ B ~RP’ ~G~^'P^- 
Putting t=0, and therefore 2 ?=P, 2 -= 0 , r=B; then 
AP‘+ OR^=T, A^P^+ 


so that 
and then 


A{A-Gy ^-WiA-0)^ 

Q2_ py4 ^-(7_ 02~C7T 

^ ^ B-.G~B(jS~Cf)’ 


while 

and 


r>^ U-G)(B- 0) (AT-CPYB-.G) 
AB Tm » 

^_P‘AA-B (P-OTA-B 
B!^ 0 B-G~AT-GP1B^ 


If the polhode encloses the axis of greatest moment A, so 
that AT><P>BT> CT, we must put 

2 ?=Pdnu., ?=—Qsnzt, r=Pen'i 6 ; 
and then determine P, Q, R,n,K as before ; when 
„2_ (0^-0T)(A-B) AT-CP B-0 
ABC ’ (P-OTA^' 


In the separating case, when 6^=BT, then k=1 , and 
p=>P sech nt, q= —Q tanh nt, r=>R sech nt; 
so that, when t= 0 , 

^ ABA-(f^~^’^-WA^’ 

and initially or finally, when t= oo, 

p= 0 , q=s±GIB, r= 0 ; 

and the body is spinning about its mean axis B. 

But when the body is spinning about the ajns of greatest or 
least moment, G^^AT^Ay, or CP=QT= Oy and a:= 0 ; and 
the period of a small oscillation is 29 r/n, where 

„,_ {A-B){ A-U) {A -BXA - 0) 

TW -ST?- 


or 


AW -- W 

_ (A-G)(B-o 
ABO ^ -ZS- 


_ —i—.■w 

We shall return subsequently to these equations in Ohap. IIL 
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THE ELLIPTIC INTEGEALS (OF THE FIRST KIND). 

38. La Chapter L we have immediately made xise of Abel's 
valuable idea of the Inveraion of the Elliptic Integral, which 
is the foundation of the modem theory of the Elliptic Funo- 
tions; and we have considered the functions which are inverse 
to the elliptic integral, and treated them as the direct funda¬ 
mental functions of our Theory. 

Previously to Abel's discovery (1823) it was the elliptic 
integral which was studied, as in the writings of Euler and 
Legendre; and, in fact, in a physical and dynamical problem 
it is the elliptic integral which arises in the course of the 
work ; for instance in the form of the Equation of Energy, 

\(dxldtf:^X, so that t^/dxl^X; 
and now, when X is a cubic or quartic function of x, so that 
<Fx/dt^ is a quadratic or cubic, as in § 30, the integral is called 
SOI elUptio imiegral of the first hmd; and we have to follow 
Abel and determine the eUiptic function which expresses x as 
a function of t 

To accomplish this, it will be useful to employ the notation 
of the inverse functions, given by Clifford (Proc. London 
Math. Society, vol. vii., p. 29; Mathematical Papers, p. 207) 
analogous to those used in Trigonometry for the inverse 
circular functions; and to make a collection of all the important 
cases that can occur. 

34. The Circular and HyperholAc Integrals, 

Starting with the circular functions, sin x, cos x, tana?, cot x, 
..., we have, in the ordinary notation, 

80 
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y^^^=8m-^=C08- V(1 -**), 


/ ' *> 1.1 * ,1 

i+^ =ta>.-»=eot->j. 


=tan*“^=cot-^, 

X 


r ^ . 1 . il . 

J ^+I etc. 


We can employ a aimilat notation witli the hyperbolic func- 
tions, cosh a;, suiha;^ tanho;, cotho;,, and write 
/** d/x 

/•» cJcc 

f tS? =taiih-i(B=Jlog j^(®<1 ), 

0 

f = coth-i®=J log («>1); etc.; 

and the analogy with the circular functions is now complete, 
and the results can be more easily remembered and written 
down, than when the logarithmic function alone is employed. 

To avoid complications due to the mM/^icity of the 
values of these and subsequent integrals, in consequence of the 
variable a? assuming complex values and performing circuits of 
contours round the poles of the integral, we suppose for the 
present that x is real, and increases or diminishes continually, 
so as to assume all real values once oxily between the limits of 
integration; also that the positive sign is taken with the 
radical under the sign of integration; we thus obtain what is 
called the principal value of the integral or inverse function. 


36. The ElUpUc Integrals. 

With the elliptic functions, snt^, cn^c^ dntt, we have (§ 7) 


dsnu , 

• cn u dn u. 


dean 

du 


3 c2dnu 

-snudnu, —^ = —/c*sjiwcutt; 
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and cn®M=l—sn%, dn*w,=l—/c®sn*«.; 

so that, if a!=snM, then <SD.v,=^(l—aF), dntt=;y(l—icV); 

1 dx 

*>'.w 

when the modulus k is required to he put in evidence. 

Putting 01=1 makes the integral equal to JS, the quarter 
period corresponding to the modulus k (§ 11). 

Similarly, with 

a!=cnu, then sau=^(l-a^, dnit=^(K'*+K*!B*), 

-sn'udnt4=-^(l-£B*. k's+kV), 


.<2) 

X 

so that the integral is S when the lower limit is 0. 

Again, with 

a!=dn'W, then Kmu=^(l-a?), K(SD.u=^{a^-K^-, 
and ^ = —K%n'Jicn«=—,,y(l—flj® a;*—/c'®), 

y '*! da> 

dn-X»,/c).(3) 

We may also put a;=tnu, using Gudermann’s abbreviation 
of tnu for tanamu; and now 


cntt= 

das 


1 

Va+a^)’ 


dn«= 


va+zv). 


dnu 

cn®i6 


= V(l+®M+/c'V). 



and the integral is K when the upper limit is oo. 

Putting aj=sin^, cos^, A^, or tan ^ in (1), (2), (3), or (4), 
reduces the integral to 



0 


=am-®(^, /e)=sn-i(sin^, *:)=cn-i(cos^, /c)=dn-i(A^, k) ; 
so that 

^=amu, and cos0=cnu>, sin^=snu, A^ = dnu, tan^sstnu. 
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86. Thus, with a>6>05, 

Z** dx _1 _,/« h\ 

&*-«*) a®“ U’J’. 

indicatiTig that we must put x=h sin ^; and thou the integial 
is reduced to 


(l-|sinV) *‘^=^sn-{siix^,^)=^sn-x(|,D. 

Similarly, with oo > os > a, 

/*" dx __1 ,/a h\ 

y «•'’. 

X 

indicating the substitution 05=acosec^ (or acec^, as Dr. 
Glaisher writes it). 

Thus, for instance, with co>x>lfK, 





Again, 


f’' dx _ 1 _ Jaj 6 1 

/>v/(a“+«!*.6*-®2) ^(o2+6*)®“ . 

dx _ 1 J6 a 1 

/V(a®+a*.®*-6*) V(^+F)®“ UV(<*®+^)r. 

y^(a*-?.®*-6*)= ^ ‘^■"{a’ V“aO}’ 

lin-{f,7(i-D}....ao) 


dx 


^(®®+a®. +6®) 


37. As numerical examples, 

/'I 

W2). 


the integration required in the rectification of the lemmsoaU 
r®=a® cos 26; so that r=a cn(^2 a/a, 1,^2). 

with Dr. Glaisher’s notation (§ 17) of nc v, for l/cnu. 
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Consider also the vibrations given by the dynamical 
equation <Px/d^ = — 2n^(c^—a^), 

as m §30; so that x==0 gives the point of stable equilibrium, 
and »= ±c gives the points of unstable equilibrium. 
Integrating, supposing the motion to start from rest where 
K<^Jdtf=0-nW+^hi^ 

= J'a2(62_a52)(2c2_ 62_a^. 

( 1 .) Wh^ 6*<c2 tjie motion is at the outset towards the 
ongm, and daj/dt = 

writing a* for 2c*-6*; so that 

^ ndx r=‘dx 

=^(ir-sn-^), with modulus by (6); 

®=6sn(£'—a-ni). 

(ii.) When 6*=c*, dx/dt= ±71(6*-®*); 
and, by § 34, the ultimate state of motion is given by 
®=6 tanh but, or b coth bnt, 

« ae moa™, £JJ, .way from tte podBon of 
mi^bl^,mhteram, tow^ds or owny from tte oiigm. 

(in.) Whe(nc*<6®<2c*, ^ 

das/dt= +'W.V'(®®-a*. a!*-6*), 


nt 


-f-i. i ^ _/'"<*» rdx 

=5(^-sn-i|), mod. by (6); 


(iv.) When 6* = 2c* ^ ' 


w+~ /'^ 1 .X 


^=ha&(tbnt. 

(V.) When 6* > 2c*, we must write a* for b*- 2c*; and now 
dx/dt= +ft*y(a*+®2, «!*_ 

^_ 

j/vW+®*.a!*-6*) 

TToM-fe^}’ 

® - 6/cn^(a*+=j ncv'(a*H- 6*) w«. 


or 
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38. So far the function X has been treated as an even 
qnartic function of a;, or as a quadratic function of resolved 
into two real factors; but according to Prof. Felix Edein there 
are certain advantages in considering the integrals obtained 
by writing a^=z, in (1), (2), (3); and then, •writing h for k®, 

f'~n —T~~t— 17\ — 2 sn"^*y2!, 

or 2cn"^>,/(l—«), or 2dn“^,y(l—hg).(11) 

Conversely, by ■writing for z the values as®, 1—a®, 1—fee®, we 
reproduce the integrals (1), (2), (3) from (11), by the simplest 
quad/rie trcMw/ormoiioTis; and it ■will not cause confusion if 
we sometimes call k the modulua. 

For these and various other reasons, Prof. Edein suggests 
(MaOu Atwi. XIV., p. 116) that we should consider (11) as a 
more canonical form of the elliptic integral than (1), the form 
with which Legendre and Jacobi have worked. 


39. Now, with X=x—a.x—^,x—y, and a>^>y, 
we have, if oo>x>a, 


n da _ 2 

J UX V(a-y) 

X 

2 

n/(«— y) 


sn 


^ 03-7 


yx- 


x—a 


2 


■y -s/(a-y) 



■with ic®=A!=(jS—y)/(a—y); 
indicating that we must put 

as—y=(a—y)cec®^, a!—a=(a—y)co^t®^, 
and then x—^—(fi— y) A®^ cec®^, 

to reduce the integral to Legendre’s canonical form 

=yil—k sin®^)" ^d<l>. 

0 

Similarly, by putting a? - a=(a - |Q)tan®^, x-^—{a- /8)sec®^, 


/ * Mdx 


=:sn 




where M is used throughout to denote l*y(“~y)' 
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Thus, with oo>aj>l/^, integral (11) becomes 
n dx II 

yV(®-l-».l-Aa!) ~ 

Ihas—l 


= 2cn-i^i 




-=2dn-i 




40. When «>«>^, X is negative, and 
r^dx /a-* 




.(U) 


/a-y.aj-3 

.C 15 ); 

and now the modulus «' is given bv ie^=¥—(^ a\u \ 

suLouent^S ’ “ these and other 

substitution required to 
r^uce ae mtepal to Legendre’s standard form (§ 4) • whik 
the results ^ be verified by differentiation. ^ ^ ’ 

be writt^* 1/^ > ® > 1, mtegral (11) is imaginary and may 

/:j{x . 1-t. l-ifer)=^*®“'V^ 

—2ien ^-^-y3;^=2idn-i,/(fcc),mod.&'; 

^ denoting ^(_1). 
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/ 


41. When /8>aJ>y. ^ is again positive, and 
Mdse _ 1 /o—y.jS—as 
TT V/S-y.a-as 

=cn-‘J|=&^-dn->Js=|. 

\p—y.a—a? \a—a? 


.(16) 


.(17) 


with i=(j8—y)/(a—y), as in (12) and (13). 

Thus 

Z*^ da_9o«-i /JjZ“ 

^^(as.l—as.l—Aas) yl—koB 

while the result is as in (11) when the lower limit is 0. 

42. When y >»>— oo, X is negative, and 

/ ■^Jfdos / y—as 

V/?-as 

. 

. 


,(18) 


.(19) 


with modulus fc'— (a—/Q)/(a— y), as in (14) and (16). 
Thus, with 0>as>— oo, integral (11) becomes 

/•*> das _ 

y,/(as.l-as.l-A!as)‘ 


r=2isn“^ 


Va 


s= 2 i cn-^.^j-2i dn-i.^ Y;^, mod.fc'; 

yj(xT^r-B) 

=2icn-^^r^=2idn-^^^.moiAs'. 
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43. We notice that the substitution 

«-v fi-y x-y y 

or changes (12) into (17). or (13) into (16). 

Thus 

/^” ^ _/'/s dy ^jr 

where «*=*= 08 _y)/(„_y)^ 

Again the substitution 

Sf=E-y ” K|=3 « — 

(U)jnt 0 (19).» 


2K' 


.( 21 ) 


/** _/'y 

where 

in n, rendned into Ito ,L« ^ » . oulnc W 

For example, with a®>6*>c* 

/^l«-+A.£lX.o>+X)-7(i3;on-(./^, 

nnd Hy,^jn«m8. in tonnedon with dlipsoid. 
.^anotba^^pl^ the student nuy pi„ye thet 

'"’’(i' VSr|!)' 

mtepetion is entonded over the eurt«e s of the 

®®+2/*+«*=r* 

(W. Burnside, MaQi. Trvpoa, 1881). 
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46. Wten two of the roots, /8 and y suppose, of the cubic 
X=0 are complex, we combine (<c—fi){x—y) into the real 
quadratic (®-m)®+ii®, suppose; so that a. (®— 

Now we substitute 

_ X __ (x—mf+ n^ 

^ (®—a)* ®—a * 

a quadric substitution, the graph of which is a hyperbola, and 
find the turning values of y, say and the values of y 
which nu^e the quadratic in ®, 

(®—m)®+-n.®—^(®—o)=0 
have equal roots; so that y-^ and y^ are the roots of 

(i2/+m)®-(ay+m®+7i®)=0, or i^®+(wi-a)y—n®=0. 

Then y-yi= „ ^ . y-y»=~—---> 

aj-r*a 05 —a 

«.n^ 

dx~ (®-o)® ’ 

®i and ®g denoting the values of ® corresponding to and y^, 
and therefore denoting the roots of the quadratic equation 
®®—2o®+2am—m®—; 
so that a!i=m+Jyi, ® 3 =m+iy,. 

/■“ dx dx r { x—a)dy _ 

J JX J(x—a)^y J{a-x^x-x^)^ 
r dy 
J Mj(p-y-yi-y-y^ 


o/(yx-y^ 
_, 


Wy-s/a’ yyx-yj 


_ V 2 _^^, l ®-®1 


by (12), with ^=yiKyi-y^. *= -yj{yx-y^, 
smce y^ is positive and y, negative, or y^ > y > 0 > yg. 
Again, with the same substitution, 

r_ _ ^^ _ 

JJ{a-x. (®-m)®+«,®} J^{-y.yx-y.yi-y) 


2 


Vy.-y' 


“-TT^Vrcn-i .(23) 

by (19), to a modulus M the complementary modulus of (22), 
namely ^^yJiVx-ys)- 
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46. We denote {a-mf+v? by E^, and then 
o^=a+H,as^=:a~H’, 
and by means of the same substitution as in S 46 




™cn-i-f£z^r£) 


V-a 


W+(aj-a)’ T 
n dx .....(24); 

^ _ *'*=J+Ka-»!')/iZ;.(26); 

indicatmg that the substitutions x—a or a— 

reduce the integrals to Legendre’s standard form; also that 

2KK=nJE. 

Thus, as numerical examples, 

y"»/(*■-»); 

r_ _^_ 

• l»-m)*+n*} 

J V{®—a. (a—m)®+7i,*j. “ . 

dcB 


■with 




ia—a;.(a:—m)*+TO*} 


da; 

J jJ{a~x.(x— 


K' 


-00 

Thus, da? 


(iB-m)2+TO*}“,^-. 

i’(sinl6“) 


m) 
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/'^ da _/ dx F{Bin*I6°) 

-V8+l — eo 

But, by the (Mm substitution x=>(jii—ii?)jBz\ 

““ ‘f V(i-«o 

or ^(sin 76®) - */3jF(sin 15*), 

that is, K'jK = a/S, if A:=sin 15°, as stated in § 12. 


48. Begm&rate ElUpUo Integrals. 

"When the loiddle root jS of the cubic X=0 approaches to 
coincidence with either of the extreme roots, a or y, or when 
the pair of imaginary roots become equal, the elliptic integrals 
degenerate into circular or hyperbolic integrals. 

We notice, from § 16, that when ^:=0, sn"^ becomes sin"^ie, 
cn"*a!becomes cos"^®, etc.; and that, when A=l, sn"^ becomes 
tanh"'®, cn'Hc or dn“^® becomes sech"^, and to"*® becomes 
sinh"^®. 


Thus, when k=l, the integral (11) 

r _^__ r da 

y ,^(®. 1—®. 1—A®) y(i—®)^® 


= 2 tanh-^,,y«= 2 sech-^y(l —®) 


■Vi3, 


= 2cosh"^.^^--- = 2sinh"^A/.-— =sinh"^ 
^1—® ^1—® 1 

This supposes that ® < 1; but with oo > ® > 1, 

/ “ dx. 

(®— 1)^® “ ^ coth“^/s/® = 2 cosech"^,y/(®—1) 

=>28inh-^,J—, ='2cosh-^^ ®y-sinh-^-^f. 

But when A = 0, the integral (11) becomes 


■ =sinh-i|V'?. 
® 1 —® 



dx 

(®. 1 —®) 



= 2 sin"^,^® 

= 2cos"^^(l—®)=sin"^2,y(®. 1—®); 

= 2cos"’^*y® 

= 2 sin-(I—®) = x—sin" ^2y(®. 1 — ®). 
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s® m to (18), 

(i.) with oo>as>a, 

/** Mdx w _ / 

=i8in-i^(«7y-«-«) etc • 

n Mdx . to-* * / L 

Mdx } 

=cosh-i Iair.^-l N/fa-y-ig-y) 

this integral being infinite when cc=a. ” 

(ii) 'Witha>a!>y, 

r , /a-v / 

which is infinite when ®=o; 

r°-Mdjai If,^^ I 

which is infinite when «=y. 

(iii.) With y > ® > — 00, 

r2^_Mdx . /->,_« / 

/cV-®)V(y-®)= 

thfe last in^i being infinite when ®=y. 
valLl these infinite 

^ TT^Vatmss’a i'^nc^iorw 

into fSiots" fh^mf ^ 
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Weierstrass writes s+/ for and chooses / so as to make 
8 * disappear in the new value of X, which he denotes by ; 
and thus 8=4seP-g^-gs, 

where g^ and pj are called the i/nvarianta ; so that the integral 
/'“ dx fds /*” da 

J yx-J-rd-jw^-gT"' 

and now, inverting the function in AbeFs manner, s is an 
elliptic function of u, denoted by pit in Weierstrass’s notation, 
so that 

/^oo 

. 

I 

when the invariants and g^ are to be put in evidence. 


51. In Weierstrass’s notation we are independent of the 
particular resolution of 8 into factors; but by what precedes 
in equation ( 12 ), if, when 8 is resolved into real factors, 

8= 4 (s-ei)(s-e^sXa-e^), with > Sj > 63, 
then, with « > « > 

_ ^_ 1 _ _1 / Si —6 3 

® a^.a fig. 8 83 ) ®8 

by ( 12 ); so that 

snV(ei-6s>=^^. cnV(®i-®>=fS^> 

dnV(ei-fi8)^=?,Sf.<®) 


The value of u for 8 =ei is denoted by wj, and called the 
real half‘period; and by ( 20 ) we notice that 

da rhda _ K ,aox 

"■7 537 7 S"Z 7 S= 5 -.' ' 

M.dby(18)M.d(By'’^-V-(^‘=j^;^+«.).W 

With e^>B>e^, is again real, and by (16), (17), and (B), 


/‘7g"0-(^P+‘.).W 
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«!!. For Tjues «( , betwea. ^ or between .. 

rJl’iv V however, the value of /daUS be- 

_ n e hmts ^ and — oo is denoted by «, and called the 
miagmary half period; so that, by (21). 

/ -'ri ^' 7 ^'.( 32 ) 

and, from (12) and (14), 

Also, from (14) and (15), with ^ > « > 

f 3^ -fl's)..(33) 

/ ;^=4p-i(-L_V«2 .. 

and, from (18) and (19). with > s > - oo, 

-4.(3j) 

r ^ 1/ 

J 5-2. -^s).(36) 

i. diw brAr^tx .»d 

roots of jS^—O are fill+>, <h8cnminant, because the 

” r “I ‘-o taw. 
roota^eTo.?. •»<! A=0,wb<» t,™ 

tt^ro 

J ®l + ®2 + ®S = 0, 

9 %~- 4(«je8+ 6361 +e =2(e,8+e 8 j.g 2 \ « _ 4 .,^ 

“d alS'br''if 

.,..(0) 
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54. For the present we reserve the diflSlculties of interpreta¬ 
tion of the multiple values of the integral clue to s 

being allowed to assume complex values, and to perform 
circuits round the poleSy branch pointB, or criticaZ points, so 
called, of the integral, given by the roots oi S=0. 

We suppose the variable s to pass once through aU real 
values from oo to — oo; and now 
(i.) co>8>e, 

t 

or «== <oi - ®i)'».(3'!^) 

«l 

wliidii, employing the direct functions, expresses the relation 




pw—Cl 


.(38) 


(iL) e^>8>e^ 

* 

= »-6i; -grg);.(89) 

!„ -4.W 

(iii.) e2>«>«j, 

u=<Oj+0)3 

i 

=a,,+« 03 +p-^ (^~^^ jp >+e2; 9^2. ^s);. m 

.<i2) 
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or tt=2®i+2®j-ySs/V/Sf 

— 00 

= 20,1 + 2 ®,. 

2®!+2«„.(45J 

periad, and 2®, the imaginary 

perwd of Weierstrass’s elliptic function pu. ^ 

Wia Aigand’s geometrical representation of a complex 

quantity, such as x+i/y, the complex quantity 

tt=<®i+f®, (0<t<l, 0<f <l) 

^^jpointo 1^ taaid, . «aied tt. 

contodlj- from » to - ». the 
ment u desonbes the contour of this rectangle; and for 

(0<t<l), (ii.)®i+f®,(0<«'<!), 

(lu.) +®, (1 > t > 0), (iv.) (1 > t' > 0), 

the values of s or pu are real, and He in the intervals 

whilA^^+r''^^’ (iv.) e,>s>_oo; 

while the corresponding values of p'w axe taken as 

(l) negative, (ii.) positive imaginary, 

(lu.) positive, (iv.) negative imaginary. 

(Schwarz, Mliptische Fy/nctionen, p. 74) 

66. Li the same way, with the integral (U), denoting ite 
value between the Hmits oo and « by u, ^ 

(i) <x»z>l/k(%39), 

.( 16 ) 

(li.) l/k>z>l (§40), 

„=22r+ ,.) 

..., <.),. 

(ul) 1>0>O(§41), 


u=2Z+2iZ-'+2 sn-i^^ 
=4Jr+2ifir'-2sn-V2~ 


— Z 

kz 


m 
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(iv.) 0 > 2 > — 00 (§ 42), 

u=4i:+2iK-+2icii-i(^j^, 

=4Z+4ii:'-2i8n-i(^j^, /c').(49) 

. 1 ^ . . 

and iK and 4iiK' are called the real and imaginary periods of 
the corresponding elliptic function, in this case sn®jM» 

66. But if we take Legendre’s and Jacobi’s fundamental 
integral ydxf^X, where X = 1 — »* . 1 — kV, and denote 


^ oo 

lda,\iJX by then, by the preceding article, with as® for z, 
(i.) 00 >»>!/«. 

. 


( iL ) 1k>x>1, 

rr ■ -if ll-l^ A 

U = z+ ; K J 

( iiL ) !>»>-!, 

u= X+iX'+sn-i^^^ 


=2X+iX'+sn“^ 


/cV 

05® 


..(62) 


..( 68 ) 


(iv.) —1>»>—1 /k, ^ 

tt=3X+ iK '+isn k^oF ’ 

=3X+2'iuSr'— k'^. (54) 


(v.) -l/5C>a5>-00, 

tt=3X+2iX'+8n-iy;J-^3j 


=4X+2iX'-sn-®—..(65) 

/COJ 

Therefore^y(l—cc®. 1 — ic*a3*)"'^dcc=4ir+2iJf';.(56) 


and 4iK and 2iK' are called the periods of the elliptic fnnc- 
tion snu. 
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67. n, ^ x.l-*., 1 _A*, d»ole 

0 

X-.^yS,/VX=S»->.y^£^; 

or, emploji^ tie direct fuMtions, 

aiK'.g—i/A=. / _ csau , 

^ cd^^;.(67) 

and then (§ 17) 

^ .(58) 

*‘(-®'~“)=Vl4®'a^> otrWtt;.(S9) 

relalrone ; or to thB reUto 

of the circular functions of Trigonometry. 

‘O- 

the real root an^ «-0 are imaginaiy, we take Sj as 

iaie 

ere ore m- -Je^, ff^=e/+4n%; 

4lC*K'S = %8/ir2_,47i2/(9g^2^4^2j^ 

1 -35rj/(9ej2^4^2^^ 

A =gx^27gs^ = - 4%7(9e®+4w*)* 
so that j=9l -(1-16^_ (I_i6ifc+16FV« 

J-la _(lz:2A)*(l-j^^_g2i5s\a 

1VSA(1-A)..(^) 

69. New. ee i. S «, iy ewe^ a, .eielitatien. 

0 -—e,= (x+M^+n^ 

(o-e:)^ . 


(60) 
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fin^ (a-aiXa-aa) supDOse • 

find ^ -(slg—• - 

while 

provided 81=62+-®^='K«i~88“®2)> 

«s=ai” 

Thence 8i+Ss=2e2=i(ei+«8)“®2~*2= —! 
or 82= —on the supposition that ei+82+«8~®> 
and e■^=^6z•{•^S, 62= ~2e2> 88~®2 

/"" ds _ r {s—e^dtr _ 

^ 1^8 ^2(8 — 8j)(s—82)^(0—82) 

where 2=4(0-—ei)(<r— e^<r—= 4 <t^— —y^, 

suppose; and the discriminant of 2 is now positive. 

60. Now, 72= —4(e2e8+®8«i+®i®2)='1282®+16fl^*, 

Yz ~ ^®i® 2*8 ~ 3262 —SCg*, 

A'=^72»-2rys*=256ff 90®- 

, ®s“®s 2ff—882 _®i“®2 2JT-1-38 

Also with -41-*^ =^,-4B^' 

„ 4JT*-9ej2_ ■Ji® , .sn's_? 72^ 

4 !X*X*=—4^5-;gl!> 1 XA -Q^j^r 

Denoting by J' the ahsduU mvcericmt of 2, then (§ 53) 

r,_y2®_ 4 (i-x®xy 

~~^~W X*X'* ■ 

If we put 4X*X'®=1 /t , then 

„ (4 t'- 1)* r, i_(jli: 1)(8 t± 1)!. 

J —27? 

while, with 4 /i:V=t in (D), 

.(E, 

Now, if 2 kjc'= 2XX', then tt'= 1, the relation which holds in 
the transformation from a negative discriminant in to a 
positive discriminant in 2. 

If we equate the values of J" in (0) and (E), we find 
(1-A)* is* 1 
4F“’ ”4(1-*)’ 4*(1^‘ 




BLLIPTIO INTEQIULS. 

then, with £d e^^reLed ^ in § 46, 

«=/ -^- ^ -• ,8~e.-R 

wiftW»n/S;-{,,^ ’■=7i^'.•<**> 

^ «. («3, 

a»a, a, *<"«»*’•■=K’.J-- 3 . 1 >; 

/'** cfe 

yV^-^3)=P’X«; 0,^3) 

/'" (fe -^/W* |. 

0 ,-^,) 

62 s • '{i+^3+8“ ’' 5 *}. 

e^Sup^ • *» »»se f-. » t. -„ i. fl>, 

^ J 'W'hen A is negative, then 
(i.) oo>8>e3, 

'tz"**®*).. 


, ^-«2 ... 

where denotesyd*/^^, the reaZ l^alf ^eHod of pz,. 

(ii.) ej>8 >_M^ 

wk -. -"‘+v-ip-h-„ p„ _pj,. 


(66) 
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63. Treating in the same way the integral (2), 
/*“ dsi 
“ l/s/(l -a;*. K *+ 


by replacing 2 ? by 1—in §§ 38, 55; 

(i.) C30 > a? > 1, 

=iE’-im-\llx,K') . 

(ii.) 1 >£(!>—1, 

V, = iK' + <SD.~^X 

=iK'+2K—(sa.~\—x)., 


(iii) — 1>M>— 00 , 

^ ss 2JSr*i“i'cn*^( “ K } 

=2iJ:'+2iir-icn-{^!^^ 


,4 


( 67 ) 

.( 68 ) 

.(69) 


64. By the substitution as®= 1 / 1 /, the integral 



on putting y^8-\BIA\ which can be expressed by Weier- 
strass notation, or by the notation of Jacobi, when the factors 
of the denominator are known, as in equations (12) to (19); 




JE'^Fx 




can thus he reduced to elliptic integrals, of the form considered 
in ^ 39-61, the first term by the substitution x^-Hy, and the 
second term by the substitution x^=z. 

“ 2 J 3 l)»«+a*’ 

the integration req^uired in the rectification of T®=ct®cos 30. 
But by substituting »'®/a®=1/y, we find 
aHr r" " ody 


so that 


^=p(£; 0. 4 ). 
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66. Write 3! for where ffl®>6*>c®; 

and write M for 6^(0*—c®); then we find, on suhstituting 
y for l/a* and taking a, y for 1/c*, 1/6® 1/a* ; 

(i.) 00 > aj* > a*, comparing with equation (18), 

/a-'-®-** lbKx^-a‘ 

J Va *.cc*-^* 

to modulus 

vo*.a*—c* 

(ii.) a* > is* > J* comparing with (171 and (16), 

X 

/o*-a!®—6* , , /a*.a!*—c* 

.(72) 

J s/(~Xj Va^'-t^.aj^-c* 

& 

to modulm 

(iiL) 6® > a? > c®, on comparison with (16) and (14) 
/a*-c*.6*-a® 

J J{X)-^ V'5^c*.a*-i«* 

V 6*—<3*.o*—CE® V6®. a®—a;®’' ‘ 

nMdx_ J fb^.a?-<^ 

e 

. 

tomodolos 

(iv.) c® > a;® > Q, on comparison with (13) and (12) 
f±M^_ /6®.c®-a2 

J ji-xy^ 
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=8n“% 

/a®— 

vc®.a®—aj^ 

=cn"^> 

1 1 


6* . ■ 

6®. a*- 



to modulus 

66 . When X is a quartic function of x, and we know a factor, 
£B—a, of X, then the substitution x — a=lly reduces 
fdjxlJX to the form Mfd/yliJ^> 
where X is a cubic function of y\ and this fonn cam be treated 
by the preceding rules. 

But, independently, if we can resolve X into four real linear 
factors, aj—a, x—^, x—y, x—S, 

so that X=a5— a.aj — jS.x—y.x—S, 

and we suppose that a > j8 > y > 5; then with 

(L) co>x> a, 


^_ 

y »J{x—a.x—^.x—y,x—8) 


'$—S.x—a 

a—S.x—^ 


) ^a—y.aJ—p 


y./3 —5) "Va —5.aJ —^ 

__2_ / g—3 

^/(a—y ./S —5) va—^ 

Va—y.a?— 

indicating that we must put 


. « 0 ^ 0 , x^a o. g — p.M; —o . a — 

^^^<(> = a-S.x-0 > ^^ ^’=a-S.x-y ^ 

to reduce the integral to the standard form (§ 4) 

2 r d4> . 

7(a-y^/3-<5)y-v/a -AsinV) ’ 

and then *:®=7c=^— 

a—y.p—o 

the a/nliarmomo ratio of the four points X, B, 0> D, the poZes of 
the integral (§ 54), given by aj=a, ^ y, 8. 

The verification by differentiation is a \iseful exercise for the 
student. 
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Sign of Z to make the 
late^ real; and now, writing JIf for Wia-y.^S) throughout. 
Max 

y 

X 

=sn-\/^zJi2Z»=cn-i la-S.x-y 

Ma-^.x-S ^a-^.x-S-^ V^ y.a;-^ — 

/'‘Mdx ^ 

/ V(-X) 

but now the modulus / is the complementary modulus to *, so 
that /8.y—d 

a~y.fi-S' 

° appropriate substi¬ 

tution required for reducing the integral to the Legendrian form. 

(m.) With j6 > » > y, Z is again positive, and 
/'^ Mdx 

J 

f^ Mdx 

J s/X 

with the same modulus ic as in (78). 

(iv.) With y > « > d, Z is negative, and 
r^Mijx 

JTTiPT) 

/^7F^ 

-•xi IT _ , ^ Y y 0 • Ot“*CB 

with the modulus of (79) and (80). 
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(v.) With S > £c >—. 00 , X is positive, and 

X 

-1 lo—y-S—x . ly—S.a—x , , ly—S.B—x 

=sn-\/—f-_=cn-i /Jl_-=:dn-\/^-4-t^—,.,..(85) 

ya-S.y-x ya-o.y-x yp-8.y-x ' 

■vjith the original modulus of (78), (81), and (82). 

67. LandevCa Tra/nsf<yrmation. 

When Legendre’s and Jacobi’s standard integral" (1) is 
treated as a particular case of these integrals (81) and (82), we 
write a=l/X. ^=1, y= -1, d= -1/X, so that ilf=^(l+X)/X; 
and now, with y for variable. 

Ul+»dy 

J^{l-y^.l-XY) 

V V^i-Xy Vl+O^’"^®®^ 

/•y Kl+X)% 


r' Ki+xi 

yv(i-3/M 


“ V 2.1+Xy “ V 2.1+Xy ^li+X.l+Xy’^^^^^’ 

where the modulus *r is now given by k® = 4 !X/( 1 +X)^ so that 
/c=2VX/(H-X). /=(l-X)/(l+X), or (l+/c')(lH-X)=2; 
and we are thus introduced to Lcmden’s transformation, to be 
discussed hereafter. 

Changing, in § ll, a; into and It into X^ we find 

.<®'*) 

with modulus X; indicating, on comparison with (86), results 
such as 

J(l+X)dn-.(75^ X).an-.(^.j^|^f^,(89) 

which can be translated into the various forms of Landen’s 
guadrie trcmsformation. 
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Denoting integrals (86) and (88) by w and v, then 
u=J(l+X)t;, v=(l+/c')tt; 

.w 

"V, 

«“■(«. .<®') 

whence 8n(v, X)= k) ^.,g . 

da{u, k) ’ '' ' 

We can easily prove, or verify by differentiation, that 

fy i{l+\)dy 

yv(i-/-i-xy) 

= sn’MWCl+S'- H-X2/)-W(l-y-1-5^2/)} 

= cn-i{ W(1 + 2 / • 1 - >^ 2 /)+W(1 - y • 1 +Xy)} 

_^- iV0-XV)4-XV(l-y») _ 1-X 

1 +x y(i-xv)-xv(i-y^y^^®^ 

to the same modulus «=2„yx/(l+X); so that, denoting this 
integral by w, and denoting sn(«, k) by x, then . 

®=W(i+y • 1+xy)—-1—Xy), 
Va-«^)=Wa+y-i-xy)+wa-y.i+xy), 

V(1 7(i-xy)-xV(i-yT‘^ ^ 

or dn(u, ,)^ dn(u,XHXcn(..X) ^ (95) 

since y =sn(t;, X), where v=(1+ k')u ; 

and thence 

<bi('y, X)=K1+X)dn(w, K)+Kl-X)nd(to, k), .(96) 

X cn(^;, X) = K1 +X)dn(u, «) -1(1 - X)nd(tt, k); .(97) 

(Cayley, MUpUo Functions, p. 183). 
The relation (92) between x and y, namely, 

.,- (l+OV(l-a=") .92)* 

^ va-*"®') .^ 

thus leads to the differential relation 

Kl+X)dy _ dx 

V(i-yM-xY) :j(i-x\i-Kwy . 
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68 . The six anharmonic ratios of a, y, S, arising by per¬ 
mutation or substitution, give rise to six values of the modulus 
&, given by 



1-k, 


1 , 1 * 
1 -** *’*- 1 ’ 


,(99) 


or sin* 0 , cee^O, cos^O, b&c?$, -cot® 0 , -tan® 6 , if*=sin^d; 
or tanh%, coth®w, sech®u, cosh%, - ceeh^tt, - sinh%, if *=tanh^'U. 


We may notice that the expression for J in (D) of § 53 is 
unaltered if for * we substitute any of these other five values; 
and, on comparison with Weierstrass’s notation, 

/-l = 27fl[8*/A. 

so that we may put 


9^2 = 


_ __(l-b*)a-2fe)(2-*) ^ *g(i-*y 


12 


432 


256 


;...( 100 ) 


and then «i=T^r( 2 -*), e 2 =T 3 jj(-l+ 2 *), 63 = J 

so that *=( 63 —C 8 )/(#i—eg), as in § 51. 


69. Degeneraie Forms of the JSUiptic Integral. 

When two of the roots a, y, d become equal, the corre¬ 
sponding integrals degenerate into circular and hyperbolic 
integrals, which can easily be written down, on noticing as 
before (§ 48) that (i.) when *=0, sn"'® becomes sin“^, cn"^a! 
becomes cos~^, etc; (ii.) when *=1, sn"^ becomes tanh'^a?, 
cn”^ or dn~^a; becomes sech-^a;, and tn"^ becomes sinh“\B. 

When two of them are equal, we may replace the four 
quantities o, |8, y, ^ by the three distinct quantities a, 6, c, 
suppose, where a>6><j; and now the degenerate elliptic 
integrals fall into three classes, I., II., III. 

I. Writing for 6.a—c); then 


(i.) oo>a!>a, 

_ -1 la—h.x—c , la—e.x—b 

(x—a)^(jc—h.a—c) yh—c.x—a Vb—c.®—o’ 


(ii.) a>®>6, 

/'* Mdxe —-v-i la—b.x—o . ^ , la — o.x—b 


A 


(iii.) b>x>e, 
» Mdx 


(a — x)^{b—x.x—o)' 


a—b,x—o 

cos-\/i-= 

V b—o.a—x 



o.b—x 

e.a—x' 
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{a—{c)^(b—x.a>—c) 

e 

(iv.) o>a:>—CO, 

Mdx _ 

{a—x)i^/(b—x.o—x) 




.—h.x—e 


■= COS' 


1 

'yb—G.a— 


yb—e.a—x \b-^o.a—9> 


=cosh‘ 


II, Writing Jlf for i»J(a—b.b—i 
(i.) oo>aj>a, 

n Mdx _. _1 Ib- 

j {x—h)J(x—a.a—e) Va— 

a 

(ii) a>x>b, 

y r<^ McUe lb-, 

a; 

(iiL) b>x>e, 

/** ifefe _ , lb-, 

^(6—aj.aj—c) y d-^ 

c 

(iv.) c>a 3 >—oo, 

__i ]b-i 

J{h-x)j{a-x.c-x) Va-f 

m Writing ilf for 6—( 

(i.) <x>x>a, 

f’‘ Mdx la—, 

J(x-c)^{x-a.x-h )~’ Vo^ 

a 

(ii) a>«>&, 

/'* Jfc&B /a—< 

X 

P___J^ _. /a-( 

y(aj-c)v'(o-a!.aj-6)- 


•c); then 


\a—b.~, ~ 

■f ss cos A / ' ' > - > "T• 

c.d--o y 


=2=2=?-emh-\/2=ti£r» 
—o.£B—6 'ya—e.x—b 


-o.b—x 


= 8inh~^, 


fa—b.t 
y a—eA 


—e.a—x . , la- 


■b.o—x 


—c); then 


•b.x—c 


jb-e.x—a 

ya—b.x—o 


—e,x—b lb—e.a—x 

—b.x—c y a—b.x—e 

—o-x—b Ib—c.a—x 

—b.x—c y a'—h .x—d 


(iii) 5 >«><!, 
r±__M3x__ 
J{x—o),J{a—x.b 


= 3iDh-l.fa.l^-«= 


ic 

(iv.) c>a;>-<», 

f _u 1 fa 

w/(c-aj)V{a-a:.6-aj)~®®®^ Va 


c.b-^x V jb-^c.a-^x 

^^ 5:^=3 yr -h.^-c 


o.c-as ya-i.e-i 
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70. When all four roots of the quartic X=0 are imaginary, 
so that 

(ic-a)(x-p)=(x-my‘+nS (x-yXx-S)=(x-py+q^, 
y<ix/^X=/{(x—mf+n'^.(^—pf+q^}-ida> 

is reduced by the substitution 

(x-my+n^ 

^ . 

Let us suppose that X is resolved into two quadratic factors, 
SO that X is of the form 

X = {aa?+2bx+c){Ax^+2Bx + G), 

where, by supposition, ac—b^ and are negative, so 

that the roots of JC=0 are all imaginary. 

. 

then the maximum and minimum of y, the twt'nmg povrtta of 
y, being denoted by and y^, 

yi-y = i^Vi-a)ix^-xmy-y^=(,a-Ay^(x-x^yD,...(102) 
and ajj denoting the values of x corresponding to and y^ 
of y ; and now 

dy _ 2{Ab-aB)(x,-xXx-x,) 

dx iAx'^+2Bx+0)'‘ .^ 

For a: is given in terms of y by the solution of 

(,Ay—a)a^+2(By—b}x+Cy—c=0, .(104) 

and this equation has equal roots at the turning points of y, 
which are therefore given by the quadratic equation 
(Ay-a) (Gy - c) - (By - If =0, 

or (AC—B^)y^—(Ae+aO— 2Bb)y-\-<Ui— i)®=0.(106) 

and then 

By-b . ax+b _hx+e 

Ay-a’^^y~Ax-{-B~Bx+(f 


x= • 




i>>Jy 

__ 

J%Ab-aB\x^-!^-x^Jy 

_ J(Ay^-a.<i- 


a.a-Ay^r 
h-xB) J J 


and 


2(Ab-aB) 


dy 


s/(y-yi-y.y-y^’ 

(Ayj^-aXa-Ayi)= -Ahj^y^+AoXy^+y^-a^ 
_(Ab-aBY 
AO-B^’ 
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SO that f^x~ . y^y . y-y^' 

which, by (16), gives^‘° ‘ ~ 

1 sn-\/2^=^cu-\/2L=2^=^dn-iA (107) 
^ yyi-Vi s/vx yyx-Vs Jyx ^Vx 
with K^='i--yilyi,K^=y2lyx> 

the last expression, by the inverse dn function, being the 
simplest, as expressing a function of an argument oscillating 
between two positive limits, and y^. 

71. For example, if 

X=siB*+2a%B?cos 2a+a* 

=(ai®+ 200 ! sin a +a*X®*—2aa! sin a+a*)> 
and if y= {x^+^ouc sin a+a®)/(a!*—2aai sin a+tt®), 

then x^=a, yi=tan*(iTr+|a); a^=-a, 3 /j=tan®(iw-ia); 
so that K =tan*(i-jr—|a)=(l—sina)/(H-sina); 

_j /*“ dx 

yV(®*+52a^*oos2a+a*) 

_ 1 j 1 /I—sina.a!®+2aa!sina4-a® 

a®(H-sino) v l+sina.o!®—2aa!sina+a®.' ^ 

But, by substituting 


__=sA. _ 

J ij (iB*+2a*aA508 2a+a*) ^aj ^(1—z®. cos®o+»%in®a) 

=^cn-X^; sina)=lcn->g^t.(109) 

by (2), a reduction of the elliptic integral to a different 
modulus, the modular angle being now a; affording another 
illustration of Landen’s transformation of § 67. 

Thus, with o=J tt, equation (108) gives 

where k =(^2-1)® (when Z'/Z= J); and by (109), 

_i_1 ^205 r dx , a-®® . 

7^(1+®*)“^ V(i+a^)VV(r+^“^®“ T+F®-®*®- 

0 

For other numerical examples, the student may 
Z=a!*+2a:^+2, a!‘+3a!®+3,05®+®®+!, ®*+2®®+3, etc. 





72. When two roots only of the quartic X=0 are imaginary, 
we may still make use of the substitution (§ 70) 
y<=N/l), where X=ND; 

but now take ac—b^ negative, and AO—&- positive. 

Proceeding as before we find that the maximum is positive, 
but the minimum y.^ is negative; and y oscillates between 0 
and for real values of ; and 

f(hi _ 1 /* % 

j '^x 

so that, by (14), 


-IDd^ _1 


•2/s) 


arx-^J^ —^ 

> 2/i 


with 


«’“=2/i/(2/i-2/a). K^=-yal(yi-'>Ja)‘ 


7J}. By another method of reduction we shall find 

(Enneper, ElU^tisohe Funetionm, p. 23) 

_ <ix _ 

J'{x—a.!B—0~(x'^rny‘+n^'i 

/ •"_ dig, 

/{a—x.ai—0, (as— 

^ _ 1 _,(K(a-x)-H(x-&) ,1 

U(a-»)+7;i'(»-^)’'"}. 

etc.; where 1?*= (a—m)*+«“, (y8—w)*“+w*; 

and ,f2=J_j{(a-./3)ii-.if2-.ir‘“}/irif, 

so that 2kk —n{a—0)fllK. 

Degenerate forms occur when a and 0 are equal; and now 

f” _ dx .. 

J (x—a)^~{ (as —} 

=._1 _T.-i-s/{(«-m)H»i*}J{(!B~m)H«*} 

Vf (a - w)H 7i«} .. ii(x-T) ’ 

fix 


I 


cosh - 

n(a—a>) 
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74. Replacing y by NjD in equations (102), then 

-N={Ay^-a){ai^-x)\ 
N-Dyz={a-Ay^x-ai ^^; 
so that we may write, according to Mr. R. Russell, 

I) =.4.115® -|- 2 jBiZ/+ 0=JP(Xi ~ ®)® "I" Q(x— 

N= ax^+ 2bx+c =:p({xij^—x'f+q{x—x^^-, .(113) 

where P={Ay^—a)l{y.y~y^, Q=(a-Ay 2 )/iyi-y^; 
and p=Py!f i=Qyi- 

Interesting numerical examples can be constructed by giving 
arbitrary integral values to x^, x^ P, Q, p, q I and now the 

substitution z =-— 

Xj^—X 

will make, as in § 37, 

.(■») 

75. When the factors of the quartic X are unknown, we 
employ Weierstrass’s function, and we shall show subsequently 
in Chap. IV. that the elliptic integral /dx/^X is reduced to 
Weierstrass’s canonical form iJdsl^S (§ 60) by the substitution 

8=^HIX, 

H denoting the Hessian of the quartic X (Cayley, EUiptio 
FuTictions, p. 346); we may thus write 

92,ffs) .(116) 

where are the quotdrvmariant and cuMnvariant of the 
quartic X or aa!*+4&iB^+6ca!®+4da!+e, 

so that g^=M— 46(Z+ 3c®, 

gfg=ac«+26c<Z—a<2®—eb®—c®, 

H=(ae— b®)a!*+ 2(ad—hc)a?+{ae+2bd— 3c®)*® 
+2(b6—cd)®+ce-^d®; 

and the general reduction of the elliptic integral of the first 
kind Jdxlj^X, where X is a cubic or quartic function of *, 
is now complete. 

The application of this general method to the 
cases already discussed is left as an exercise for the student. 

76. Systematic Tables of the integrals of the elliptic functions 
sn u, cn u, dn u, ns u, ds u, cs u, den, nc u, sc u, cd u, sd u, nd w, 
and of their powers have been given by Glaisher (Meaamger of 
MalJiernaMca, 1881). 
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Suppose ^ca. udu is required; we may write it 

/ cnttdnudu_ f dsni* 1 . 1 

duit y ^(1 -K%nSu) Vsnu)=-cos-i(dn«), 

etc.; so that 

Jk cn vM ,=cos - i(dn =sin - \k sn ii)=tan - \k sn tt/dn u) 

0 

= I sin - \2/c sn u dn u)=am(ieu, 1 /A etc. 

Similarly, 

^snii<i«,=cosh-i(dntt/ic0=8inh-i(«cntt//c0=tanh-i(jccnii/dn'it) 

_iioo-<^“^+«®nu , dnu+Kcnii , *•' 

while ud/n =cos‘^(cn ii.)=sin“^(8ii u) =am u..(116) 

0 

As an exercise the student may integrate nsu, dsu, also 
sn%, cn%, dn*u,and obtain formulas of reduction for the 
integrals of (sa^6)»*, (cnu)", (dnu)» .... 

As a general method, for (snt()** for instance, we put 
sn^'Orsss; and now 

J(sn'u,)^dw=iy^^^j^^^=Un, suppose. 

By means of the well known formula of reduction, 

(p+l^'Up+i + ( 2 p+ 1 ) 61 ;,+<pevp . 1 = 

for ‘^p=J^dael,JN, yrhexQ N=oia?+3l)x+c, 

we have, on comparison. 


a=>h, b= — J(l+fc), c=l, p=^n—l); 
so that Vp=2Un, Vp+i=2ti„+j, «p_j^= 2 ttn_ 2 ; f-nd 
(«.+1)Au„+ 2—n.(l+A;)u,i+(ii—l)'u„_2=:8n“-Micnudnit,...(117) 
the formula of reduction for ^t„=^sn•^^)»*dl^6. 

When the limits are 0 and 1C, we obtain the recurring formula 
(n + l)ku^+i - n(l + k)un +(» - l)i^_ 2 =0,.(118) 

analogous to Wallis’s formulas for^^m or cos d)”d6. 

0 

The same formulas hold for u„=(cdii)’*cZ?t, since (§ 57) 
cdu=sn(.K'—tt). 

Thus lift is made to depend ultimately on already deter¬ 
mined, or on u^; and a similar procedure will hold for the 
integrals of (cnu)“ or (sdtt)» (dn u)» or (ndw)“ etc. 
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77. The ElMpUo Integral of the Second Kioid. 

We may mentioa here incidentally that the integrals of 
anhb, cn*u, dn^tt, ns^, ds®w, cs%, ... 

I'equire for their expression new functions called elliptic in¬ 
tegrals of the second hind, such as occur for instance in the 
rectification of the ellipse. 

For if, in the ellipse (»/«)*+(y/6)*=l, 
we put aj=asin^, 2 / = 6cos^; 

then ^=^+^^=a2cosV+&*smV = a*(l -e*sinV); 

SO that -=y' v^(l — e)d<p — Jdahichif (119) 
^0 0 0 

on putting ^=am(u, e ); and 6, the excentricity of the ellipse, 
is now the modulus. 


The integraloryA(^, K)d(f> is denoted by 
0 

JS((l>, k) by Legendre, and called the elliptic mtegrul of the 
second kmd; and when the upper limit is Jtt, the integral is 
denoted 'bjJE^K, or by E simply, and called the complete elliptic 
integral of the second hind. 

Examples .—The following examples are collected chiefly 
from Legendre’s Fnmctions ElUptiques; the results, being 
now expressed by the inverse elliptic functions, will servo as a 
guide to the substitutions required to reduce the integrals to 
the standard elliptic forms, and the correctness can be tested 
by differentiation as an exercise. 

l.^l+®*)-Sdaj=V2cn-i{(l+£s2)-i, 1 ^ 2 }. 



a.iia—/3)~^dce 

vVa—la—^+2,^(0!—a.as—/3// 


X.X 



THE BUUPOIO PUNOlIOm 


65 


( s/n 


m)®+ 

TO*}i’ 


7. Prove that, if 4a?*(l —as"), 

rx r 

/(I -a!“y-V»daj=^(l -!B»)i-J^cite=2-aY(l -<M;")-4ciK;; 
2-im ^ 

and express the iresalt when 7^=3, 4, or 6. 

8. Prove that, if a;—a is a factor of the cubic X, so that 

X=(aj—a)(aa 3 ® 4 - 26 a!+c); 

^aa*+26a+c)’ 


an integral occurring in the determination of the motion of a 
projectile in a resisting medium. 

Evaluate the integral when aa®+26a+c=0, so that 
X=(05—a)^cc—y). 

9. Pro™a»t(l) 

' 'J l+dnw ^l+dntt 


9. Pro™a»t(l) 

' 'y l+dnw ^l+dntt 
0 

, f ^sa.udu _ 1 

J dnu+zc' /(I+kO 
0 

/*2K 

(iii.) /usn%du=2X(X—X)/ic®. 

0 

(iv.) K)siii sin-^jc. 

0 

10. Prove that 

EIk'^>K>E> 2X/c'*/(l+ic'*). 

11. Denoting the integral yiA<p)~'^d<j> by establish the 

0 

formula of reduction 

wk'^+ 2 —(to—1)(1 +K^)Un+(n — 2 )i*„_ 2 =- ic^sin ^ cos ^(A^) 
Evaluate to» for to=2, 3, 4,.... 
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GEOMETRICAL AND MECHANICAL ILLUSTRATIONS 
OF THE ELLIPTIC FUNCTIONS. 

78 . Graphs of the Elliptic Embctions. 

Now that the Elliptic Functions have been defined and a 
few of their fundamental properties have been established in 
Chapter I. in connexion with the pendulum; while in Chap¬ 
ter IT. the reductions of the elliptic integral to the standard 
form have been tabulated, let us consider some further applica¬ 
tions, and first in connexion with the graphs of am it, cn 
snu, dnu, represented by curves whose equations are of the 
form y=:ama5, cnx, bxxx, or dnaj. 

The graphs of these equations are given in fig. 5 , in curves 
(l), (ii.), (hi.), (iv.); the modular angle employed is 45®, so that 
the curves can be ’plotted from the numerical values given in 
Table H., analogous to the graphs of the circular and hyper¬ 
bolic functions, given in Chrystal’s Algebra, Part II.; thus, 
for instance, the curve is the graph of the relation 

between 0 and in § 5. 

We notice from the equations of § 57 , Chap. IL, that by 
sliding the curves along Ox through a distance ±K, the curve 
2/=sn 05 becomes changed into y =Bn(A’+oj) =; cn a5/dn 05 or cd x, 
and not into y = cnx ; while the curve y^cnx becomes changed 
into 3 /=cn(a 5 —ir)=/c'sna5/dna5 or /c'sdfl5, and not into 2/=£sno5; 
so that the curves 2/=sna; and 2/ = cn cc are essentially distinct 
curves, and cannot be superposed, like 3/=cos 05 and 2/=sinr»5. 

The curve (i.), the graph of am x, consists of a regular* un¬ 
dulation, running along the straight line y^\irxlK; so that 
am aj= \TrxlK+ periodic terms = + SRnSin(?i7rtr/A*), 
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in a Fourier series, where the JS’s are to he determined sub¬ 
sequently ; and then by differentiation, 

dn aj=(Jir/jST) {1+ 2I/nBnBOB(mrx/Z) }. 

So also the graph of E<p or Eaxau, the elliptic integral of 
the second kind (§ 77 ) consists, like (1) the graph of am a;, 
of an undulation running along the straight line y=JE!aslK\ 
so that we may write, in Jacobi’s notation, 

E&mx=ExlK+Zx, 

where Zx is a periodic function of x, which can be expressed in 
a Fourier series 

Zx =S( 7 „ sin nTTxjK ; 
and then, by differentiation, 

dn%B =EjK -t- ( vJE^^nGn cos nrxIK ; 
whence also the expression for sn^ and cn%t! in a Fourier seriea 



We proceed now to some mechanical and geometrical appli¬ 
cations of these curves. 

79 . Problem L The curve assumed by a revolving oha/m 
We shall prove that 

ylh—sa.Kxla 

(fig. 6, iii) is the equation of the curve of a uniform chain, 
rotating steadily with constant angular velocity n about an 
axis Ox, to which the chain is fixed at two points, 2 a feet 
apart, gravity being left out of account, e.g. a skipping rope. 
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Denote by t the tension in poundals of the chain at any 
point, and by w the weight in lb. per foot of the chain. 

Then the equations to be satisfied are 

Therefore tdixld 8 =T, a constaat, the thioist in poundals iu 
the asds due to the pull of the chain; and therefore 

d/jiy\ , nho . d?y dx , v?w . 
the differential equation of the curve of the chain. 


so that 


1 ^ 
dx^ 

dx dx^~dx d®*’ 


and therefore 

Integrating, supposing y=b when dyldx=0 and dsjdx^l, 
da ,,nhu,,, ,, 

so that t=Tdaldx= r4-|wHo(6*-y*). 

so that X is an eUiptic integral of y, of the form (6) in 
Chap, n.; and is an elliptic function of ®, obtained by 
inverting the function of the integral 

To obtain this function, let y=6 sin <j >; then 
or d(f?_^nha( nhob^,. » . , . , n'huh^ 


so that 


^=amZ®, where 

a’ a 2T ' 

yJb=Bo.Kx/a, 


J now 2a 

denotes the distance between the ends of the chain. 
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We may denote Tj^'n^w by h ?; and now 

62 7^2 2ab Tjr,_2<x. 

“A2+62’ ^ 2 - 52 * h ’ 

whence the modulus k and quarter period K can be determined 
when h and a are given; and 

ds-l I - 

h? “^k '2 

dx a ^ 

da 2 a . a 1 - 2 'A®. a 1 

^=ir:^9-v- A:r= r 


■vrlule 


so that 


d<t>~KK'^'*’ irA^“ 2a“»' 
and integrating, with the notation of §§ 5 and 77, 


If 2Z denotes the length of the chain, then s=sl when 
and k) ^K, E(<p, k)=E\ and therefore 

l+a=\EKh?la=hE(K=iaEIKK'^, 
irom which k, K, and E must be found by a tentative process, 
from Legendre’s EJE,, II., Table II., when a and I are given. 

For instance, if k—k—^^2, as in Table II., page 11 , 
K=Vmm, 1-36064; 
and 6/a=1-5266, Z/a=1-9206. 


80. When the chain is fixed at two points not in the axis, 
nor in the same plane through the axis, the chain when re¬ 
volving in relative equilibrium will form a tortuous curve, 
which will sweep out a surface of revolution, of which the 
preceding curve 3 // 6 = 8 nZ'®/a is a particular case of the 
meridian curve, while the general equation is of the form 
bhii\Ex/d)+o^%Kxla). 

For in this more general case the equations of relative 
equilibrium are now 


Three first integrals of these equations are 



^da~-^’ . 

.(1) 


i 8 ^)=JS’, a constant;. 

.(2) 

and 

t-t-jTi%(y®-l-»®)=X, a constant... 

.(3) 






*70 


iLLusnunoiTS or 


Putting 

and &om (1) and (2), 
therefore, squaring and adding, 


='>\fi-^) —5i2-=2r2(2X.-«®wr*)®-4r*- jt 

=!^V-^»"+5r*-0)=2y(r*-W-c»)(r*-(Z>), 

suppose; and for t® to lie between ¥ and c®, we must suppose 
ci®>6®>r®>c®, and as it is of the form (17), p. 37, we put 
r®=6®sin®^+c®cos®^, 

6®—r®=(6®—c®)eo8®^, r®—c®=(6®—e*)sin®^, 
d2_r®=d® - c®-(?>®- c®)Bin®^= (d® - o®)A®^, 
where je®=(62_c®)/(d®—c®). 

(S =4(6®-c®)?co8®^8in®^^® 

=~ c®)®(d®—c®)cos®^ sin®^ A®^, 


SO that ^=am Kxfa, 

where R^ja ?=- c^) = 4(d5* - c^) ; 

and then 7^=y^-^z^==^bWExla+cWRxla, 

the equation of the surface swept out by the chain, the meridian 

curve being similar to curve (iv.) in fig. 6, 


^ 81. The chain will obviously take up the form which, with 
given length between the two fixed ends, has the maximutn 
moment of inertia about the axis of revolution ; and wo have 
thus investigated the solution of an interesting problem in the 
Calculus of Variations. 
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The form of the chain for a minimvm moment of inertia is 
obtained by supposing that r^>d% as in (13), p. 36; and by 
putting i*)tan®^, 

h®) sec®^, 

r® — c®=(d® — c®) sec*^, 

/i:®=(J8 — c®)/(d®—c®), as before. 

(^) =4(d®-6®)*tan®^Bec*^^, 

= —6 ®)*(c2®—c®)tan®^ sec*^ A®.^, 


SO that ^=am Kxja, 

£tiid then y ^ 4 - ; 2;2 s=s —6®taa®^ 


(sd?KxI(l 

^cPn(^Kxla-- bWKxfa 

is the equation of the surface of revolution upon which the 
chain lies, when its moment of inertia about the axis of x is 
£i minimum. 

The projection of the chain upon a plane perpendicular to 
the axis is to be investigated subsequently. 


82. When the two points to which the ends of the chain are 
fastened lie in the axis^ or in a plane through the axis, the 
chain takes the form of a plane curve, whose equation is 

yJb=:3XLKxla 

for a maximum moment of inertia, as already shown in § 79; 
aind ycu.Ex/a=d, or ^ = c?ncjBTcc/a 

for a minimum moment of inertia; which can he proved as a 
simple exercise in the Calculus of Variations, by considering 
the variation of the integral 

y(3/HX)V(l+p®)cfo. 

83. Peoblek II. “ The curve on which an ellipse, of semi- 
axes a and b, must roll for its centre to describe a straight line 
Oa is the curve whose equation is 

yja — dnalb, 

the modulus k being the excentriciiy of the ellipse.” 
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For if the centre M of the eUipse describes the horiziontal 
straight line Ox (fig. 6), Jlf must always lie vertically over P, 
tbe point of contact with the fixed curve, so that the ellipse 
rests in neutral equilibrium if its centre of gravity is at the 

centre Jlf; teeth being cut in the curves, if requisite, to prevent 
slipping. 

Therefore the polar subnormal 

must be equal to the subnormal 

M&= in the fixed curve AP, where MP=r=y. 



Now in the ellipse, difiPerentiating, 

or _dr_ rV(a»-rg. rg-hg 't 
dd oS ’ 

so that in the fixed curve AP 


da ab 


by (9), p. 33; or, by inversion of the function, 
yla=6nxjb. 
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The arc of the rolling curve is obviously the same function 
of r as the arc of the fixed curve is y \ and therefore the 
arcs are expressible by elliptic integrals of the second kind. 

The curve AP can be described as a rovZette^ by a point P 
fixed to a certain curve which rolls on Oa?, and therefore 
touches Ox at G, since (?, the foot of the normal Pff, is the 
centre of instantaneous rotation. 

Since PM is the perpendicular from a pole P on the tangent 
of the rolling curve, and that the relative orbit of P and M is 
the ellipse, therefore the pedal of the rolling curve with respect 
to the pole P is an ellipse; or, in other words, the rolling 
curve is the first negative pedal of an ellipse with respect to 
its centre, that is, the envelope of lines drawn through each 
point on the ellipse perpendicular to the line joining the point 
to the centre of the ellipse. 

The first negative pedal of an ellipse with respect to its 
centre is called Talbots curve; its (p, a>) equation is 
1 __cos®ft) sin^ft) 
p^^ a* 

and it is of the sixth degree (Cayley, Proc. P. fif., 1857-9, p. 171). 

84 For a rolling hyperbola, changing the sign of 6®, the 
fixed curve must be given by 

X 

P- 33; so that, by inversion of the function, 
a/y =cn x/aK, or yja =nc x/uk, 
is the equation of the fixed curve for the hyperbola. 

85. When the fixed curves are of the form of curves (ii.) and 
(iii.) in fig, 6, we shall find in a similar manner that the rolling 
curves which will rest upon them in neutral equilibrium are 
given by 

1 _ cosh^6 ^ sinh^0 1 _ cosh®0 sinh®^ 
r* —6* a* “6®'’ 

Taking the first of these two rolling curves. 


abdy 

-a\y^+¥y 





74 


ILLUSTRATION'S OF 


nr d/r _rij(a^—r’‘.h^+ii^), 

dd ab 

so that in the corresponding fixed curve 

% _ 

due ab ’ 

_ oi> a \ 

JJ{o?-y^.V^W) VCa'+S*)®"" la’7(^+P)/’ 

^7 0)i P- 33; so that, by inversion, 

yla=caxjbK, 'with mod. /c=(i/.v^(a*+6*). 

Similarly it can be proved that the second rolling curve can 
rest in neutral equilibrium on the fixed curve (fig. 5, iii.) 

y/a=snaj/a, with mod. ajb. 


86. Problem III. Dynamical Problm.. “The curve 
rcn d=c is the relative orbit of the centres of gravity of a 
straight rod fitting into a smooth straight tube, resting on a 
smooth horizontal table, when struck by an impulsive couple, 
the centres of gravity of the rod and of the tube being initiallv 
0 feet apart.” 

Suppose the rod to weigh m lb. and the tube to weigh 
M lb., and denote the moments of inertia about the centres 
of gravity by mk\ MK^ (lb. ft.®). 

^en, if P is the C.G. of the rod, Q of the tube (P(3=r), and 
0 the (stationary) c.Q. of the system, 

0P=Mr/{m-\-M), 

Denoting by n the initial angular velocity communicated to 
the ^tem by the impulsive couple, then from the Principle of 
the Conservation of Angular Momentum, 

{m(A®+OP®)+ Jlif(Z®+ 0<^}{ddldt), 

...(X) 

Agam, from the Principle of the Conservation of Ener«y, 


or 


or, after reduction. 
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the kinetic energy in foot-poundals, is constant, and 

=l .( 2 ) 

Therefore, employing the value of d9/dt given by (1), 

/ ,o . .,rT« . mMr^V 






mk^+MK^+ 


or, finally. 


m,M<? 

m+M 


+JfJf*++ M)’ . ' 

so that r is an elliptic function of 6, given by (8), p. 3S. 

We therefore put r=c8ec and then find 

^=l-^8inV=AV. 

where mk?+MK^ 

''~m,k^+MK^+mM<^/{m+My 

SO that ^ = am 6, cos <j>=cii6; and therefore 

r cn0=a 


87. When c==0, /c = l, and this method fails; but now 

1 d7^_-i , mMr^ i 

r2 + (m*2+JOT^X-af+wi)" 

suppose, ^hevea^=(m+M)(7rhk^+MK^)/mM; 

or r sinh d = a, 

the equation of one of Cotes’s spirals, the relative orbit of the 
centres of gravity of the rod and tube, ultimately described 
after leaving the unstable position of coincidence. 

The system of the rod and tube may be supposed started 
by any arbitrary impulse, not necessaiily a couple, and the 
essential character of the relative motion is unaltered; but now 
the O.G. of the system is no longer at rest. 

88. Other mechanical arrangements, leading to the same 
equations of motion, will readily suggest themselves; thus the 
tube may be supposed to be one of the hollow spokes of a 
wheel of weight M lb., moveable about a fixed vertical axis, 
while the rod is one of a number of equal rods, or balls, of 
collective weight m lb., one in each tube, and initially placed 
with the c.a. at a distance o from the axis of the wheel. 
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Now, if the wheel is started by an impolsive couple with 
angular velocity <n, the path of the c.o, of each rod or ball in 
its spoke will he of the form 

rcn$=e. 


89. Peoblem IV. Central Orbits and Gcdena/nes eoi'pressed 
by JSUiptia Functions. 

When a Central Orbit, expressed in the polar coordinates 
(lju, 9), is described under an attraction to the pole, of magni¬ 
tude P (dynes per gramme), then, as is proved in treatises on 
Dynamics, P is given by the equation 

and the constant h is twice the rate of area swept out by the 
radius vector; and v the velocity is given by 



Given the equation of the orbit as a relation between u and 
d, the value of P as a function of is thence easily determined 
by differentiation, as in § 30; Jet us then determine P for the 
au = sn, cn, tn, or dn m6 ; 
also for the inverse curves 


o^=ds, nc, cs, or ndmd, 
in Glaisher^s notation \ the remaining orbits 
cm=cd, sd, dc, dsm6; 

are not distinct curves, being merely formed by reflexion in the 
line 0=JZ/m, since cd m0=sn(Z-m0) (§ 67), etc. 

As in § 30, we shall find by differentiation that {d^lde^)+u is 
always of the form Au+Bv?, so that P is of the form ; 

and conversely, given this form of P, we find by integration 
that {dwjddf is of the form so that d is an 

emptic integral of u, and u au elliptic function of 0, of which 
the results are given in § 36. 

When the orbit is given by 


au=sn^d, cn*m0, dn%d, 

we find by diflFerentiation, as in § 80, that P is of the form 
conversely, when P is of this form, 

® “d 8 is given as an elliptic 

inte^ OT mvcTBC elliptic function of u, by the results of 
equations (12) to (45), Chap. H. 
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As an exercise the student may determine the value of P 
and 1 ^, as fanctions of v> or r, in the orbit 
1 cahnd , sn^d 
r®” a* 

and its inverse curve, whose equation is of the form 
r®=a®on®m0+6®sn®md. 

Similarly the central forces required to make a chain assume 
the form of one of the preceding curves can also be determined 
(Biermann, Problemata quaadam mechcmioa fv/nctionv/m 
dUfbioarwm ope sol/uta, Berolini, 1866). 

^en a transverse force T is introduced into the field of 
force, then A is no longer constant, but, as demonstrated in 
treatises on Dynamics and the Lu na r Theory, 
dh^ %T 

1 . 3 ' 


_ T _d\ogh 


de 


while 


so that 


cPu 


— ■ _ P T dv, 




dhi , ,d\oghdM\ 

+“+-#■ 38> 


If we assume then 


,dv, 


or = ® constant. 


de 


dui 


dr 


But so that = C7'it®, or ^=—0, which shows 


dt 


dt 


that the body approaches the centre with constant velocity 0. 
Suppose, for iastance, we take an orbit given by 
m6=&xa<m, 

then h=0^=0—dn<m=C^^(l —K®sin®md); 


and 


du 

P=hhi? = 


<7*^(1 - /c®sin®m0), 


= — (7®^^/c®sin mB cos md; 


so that F, the potential of the field of force, is given by 
p. 1 0® a®,- o • 2 

_ ^ 37 „ 37 
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90. Problem V. The motion of Watfa Governor, 

"The oscillations of Watt’s Governor between the inclina¬ 
tions a and ^ to the vertical, when constrained to revolve with 
constant angular velocity co, are given by 

tanJ0 = taDjadn(n^, «), with /=tanJ)S/tanJa, 
where 0 denotes the inclination of an arm to the vertical axis 
at the time tJ* 

Consider the motion of either rod and ball, as if unconstrained 
by the other, and denote by G the moment of inertia of the 
rod and ball about its axis of figure, and by A the moment of 
inertia about the axis on which the rod turns at the upper 
joint 0 (fig. 7). 



Drawing the three principal axes OA, 0£, OG at 0, and 
three moving coordinate axes Ox, Oy, Oz, such that Oo? 
and OA axe coincident, Oz is vertical, and yOz, BOO in 
the same vertical plane, then the components of angular 
velocity about 0^ OB, OG are ^(ddldt), ^cosinO, xcosO; 
and the corresponding components of angular momentum are 
--A(d0/dfX — Act) sin ff, Geo cos 6. 

The components of angular momentum about Ox, Oy^ Oz 
^vill therefore be 

—A{d6jdt), A2=((7—J.)ft)sin0co80, ^=((7cos2d+^sin20)co; 
while the component angular velocities of the coordinate axes 

Ox, Oy, are 0,=O, d,^co, with the notation of 

Eouth’s Rigid JDyncmAcs. 

Take the poundal as the unit of force, and denote by M the 
weight in lb. of either arm and ball, by h the distance in feet 
from 0 of the centre of gravity; the equation of motion 
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obtained by taking moments about Ox or OA is 


or ~A(m/di?‘)+{A - OVsin 6 oob 6 =^Mgh sin 6; .(1) 

so that, if .d. = 0, the motion reduces to simpfe pendulum motion. 

Integrating, on the supposition that a > 0 :> j8, and that 
ddldt=0 when 6=a and 


d6^ A^G 

^=—2~®*(cos 0—cosa)(cosj8— CO8 0).(2) 


The position of relative equilibrium is given by 
and then, if 0=y, 

cos y= Mghl{{A - 0)®*} = J(cos a+cos |8),.(3) 

so that in these oscillations the point D, which controls the 
valve, makes equal excursions above and below its position of 
relative equilibrium. 

The technical name for those oscillations is “ Hunting ”; and 
some kind of frictional constiaint is required to prevent these 
oscillations from becoming established. 

(Maxwell, Froo. B. 8., 1868.) 

Denoting tan Ja, tan|^, tan^d by a, b, x respectively, then 
equation (2) may be written 

_4 I- 0 VI-&* 1-0!^ 

(i+«!?*)* dt® A ®Vl+a!* l+a*Al+6* l+a^J’ 

cos® — ®®)(!B® — 6®) ; 

and this, by equation (9), p. 33, gives 

a!=:adn('»it,/c), or tani0=tan|adn«^ 
where /=b/a=tan Jj8/tan Ja, and n =wsin Ja cos ~ ^1^)- 

For a small oscillation, we put a=^\ and then k =1, k= 0 ; 
and now the period of an oscUlation 


2w_ 4x / A 
n ~oisaiaSA—G 


91. If we suppose the whole weight of a rod and ball con¬ 
centrated at the centre of gravity, we have C/=0, d.=Jffe®; 
and now the motion may be assimilated to that of a particle 
in a smooth circular tube, which is made to rotate about a 
vertical diameter with constant angular velocity «. 

(Prof. B. Price, AnaZytieal Meckotmoa, § 403). 
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The equation of motion (1) now reduces to 
/i^—A(o%in 0 cos 6= -gr sin 0, 

where h denotes the radius of the circle; and for oscillations 
on one side of the vertical between a and j8, a > 0 > A 

(ddidty =a)®(cos 0—cos a) (cos j8—cos 0), 
the solution of which is, as before, 


tan J0=tan |a dn nt, 

where ic'=tanj^/tanja, 7i=ft)Sin|acosijS. 

K the particle in its oscillations just reaches the lowest 
point of the circle, )8=0; and then ic'=0, ^ = 1; and now 
dnnt degenerates into sechn^ (§ 16); so that 

tan J0=tan Ja sech nt, where n=(jo sin Ja; 
the position of relative equilibrium being given by- 
cos y = g/<a %=“ cos® Ja. 

If the particle passes through the lowest point, it will come 
to rest again where 0= — a; and now 

(dOldty =a)®(cos 0—cos a)(2 cos y—cos a — cos 0), 
where 2 cos y—cos a > 1; and the solution of this equation is 
tan J0=tan Ja cn ntj where n =©^(cos y — cos a). 


When a= 7 r, we shall find the motion given by 


tanJ0 = 


sinh,y(a)®+gr/A)i. 


so that, after an infinite time, the particle just reaches the highest 
point of the circle, where it will be in unstable equilibrium. 

A still greater velocity of the particle relative to the tube 
will make the particle perform complete revolutions, which 
will be expressed by 

tan J0=(7tn7i^. 


We have supposed the circular tube to be made to rotate 
with constant angulai- velocity about a vertical diameter; but 
the motion of the particle relatively to the tube will be found 
to depend on similar equations when the tube is attached in 
any other manner to the vertical axis. 
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92. Such will be the motion of a pendulum swinging about 
an axis fixed to the Earth, and now it is interesting to notice 
other cases of motion of bodies which can be directly compared 
and made to synchronize with the motion of an ordinary 
pendulum, swinging through a finite angle. 

Thus the pendulum, if moveable about a smooth vertical 
axis, which is fixed to a wheel moveable about a fixed 
vertical axis, the inertia of the wheel being sufficiently great 
for the reaction of the pendulum to have no sensible effect on 
its angular velocity, will perform pendulum oscillations, with 
g replaced by w being the angular velocity of the wheel 
and a the distance between the axis of the wheel and of the 
pendulum. 

Again a cylinder of radius a and radius of gyration i, rolling 
inside a fixed horizontal cylinder of radius 6, will synchronize 
with a pendulum of length i=(6—a)(l+^/a^). 

If the fixed horizontal cylinder is free to rotate about its 
axis, and has its centre of gravity in the axis, then the length 
of the equivalent pendulum is 


Z=(6—a)(l+-n), where n— 



mk^, MK^ denoting the moments of inertia about the axes 
of the rolling and fixed cylinders. 

The rolling cylinder may be replaced by a waggon on 
wheels, and the motion can still be compared with that of 
a pendulum. 

A circular cone, whose C.G. is in its axis of figure, and whose 
axis is a principal axis, performs pendulum oscillations when 
it rolls on an inclined plane, or inside or outside another fixed 
cone, whose axis is sloping, the vertices of the cones^ being 
coincident; the determination of Z, the length of the equivalent 
pendulum, in these cases is left as an exercise to the student. 

In those cases where the finite oscillations are not of the 
pendulum character, we suppose the motion indefinitely small; 
and now, in small oscillations under gravity, instead of giving 
the formula for the period of a small oscillation, it is in general 
simpler to give Z, the length of the pendulum, whose small 
oscillations have the same period. 
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Thus for the vertical oscillatiou of a carriage on springs, 
I is equal to the permanent average vertical deflection of the 
springs, due to the weight of the hody of the carriage. 

For the small vertical oscillations of a ship, I = V/A, where 
V denotes the displacement of the ship (in cubic feet), and uA 
the water line area (in square feet); and if the ship is floating 
in a dock of area B sq. feet, then it is easily proved that 



93. The Beaotion of the Axis of Suspension of a BendAdu'in- 
It is important to know the magnitude of this reaction in 
the case of a large swinging body, like a bell in a church tower. 

Denote by X and T the horizontal and vertical components 
of this reaction, considered as acting on the swinging body; 
and take the gravitation unit of force, the force of a pound. 

Then X, Fand IF, applied at the centre of gravity (?(fig. 1), 
will be the dynamical equivalents of the motion of the body, 
collected as a particle at Q ; and since the component accelera¬ 
tions of 0 are h(d6ldtf in the direction QO, 

and perpendicular to 00, 

therefore, resolving horizontally and vertically, 

TFA(<i*d/dt®)cos 0 — lFA(dfl/(j{t)%in 6 = Xg, 
Whimidff)wn FA(d0/di)*cos 6=Yg-Wg-, 

while, from the pendulum motion. 


or 


= -g sin e, il%d6ldtf=g{2JR-lyexs 9). 
From these equations we And 

—^sin*6+^^eos fl—^<jos 0(1—cos 9), 

F h /2h iiai\ .,Sh _ 

-e+jooa‘9i 

X /2h 4Eh\ . ^ Sh. ^ . 

cos 9, 


X /2k 4Bk \ ■ A 3A. . 

w- 

and therefore the resultant of X and F- W(l-h/l) is a force 
r= TF^ — TyrSh. 




cos 0^ — TF-p y) 


in the direction 00; and T varies as the depth of B below 
the line 

whence X and axe easily constructed. 
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94. In the simple pendulum, h=l, and the tension T of the 
thread PO is given by 

A-t the end of a swing y =2J2, and jy F= 1 - 2J2/Z; so that, 
if %R is less than 2* is always positive 

But if 2JJ is greater than I, so that the plummet swings 
through more than 180°, T changes sign, and the thread will 
become slack, unless replaced by a light stiff rod. 

When 2B is greater than 2Z, the pendulum makes complete 
revolutions; and now, at the top of a revolution, y=^2l, and 
TIW=isRll-b ; and when 2J2 is greater than S’is again 
always positive, and the plummet can be whirled round at 
the end of a thread, without the thread becoming aln oV 

95. When the aris of suspension of the pendulum is hori¬ 
zontal, and cut into a smooth screw of pitch p, the e(juation of 
energy gives 

FpCff-A vers d). 

if the centre of gravity descends from a height E above its 
lowest position; so that 

-gUm e, 

and therefore l—h+(l^+^)lk; 

and now in addition to X and F, the reaction of the axis exerts 

a horizontal longitudinal component and a couple vZ, siren bv 

^_W d^d -Wph Bind 

Similarly the increase m I due to the pendulmn being sup¬ 
ported on friction wheels may he investigated. 

As an exercise the student may investigate the small oscil¬ 
lations of a system of clockwork, in which the wheels are 
unbalanced about the axes, and prove that for small oscilla¬ 
tions the length of the simple equivalent pendulum is given by 
Z= (2'w;7c®p^)/(2^^;Ap^cos a), 

where w denotes the weight, v)h the moment, and wk^ the 
moment of inertia of a wheel about its axis; a denoting the 
angle which the plane through the axis and centre of gravity 
makes with the vertical in the position of equilibrium; and 
p denoting the velocity ratio of the wheel. 
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96. The Iidemal Stresses of a Swmging Body. 

These internal stresses are most forcibly realized on board a 
ship rolling in the sea, not only in their effects as producing 
searsidmess, hut also in causing the cargo to shift, if the cargo 
is grain, coal, or petroleum, in bulk. 

It is usual to consider the ship as acted upon by two forces, 
(L) W tons, the weight or displacement of the ship, acting 
vertically downwards through the centre of gravity G, 

(ii.) W tons, the buoyancy of the water, acting vertically 
upwards through M the metacentre (fig. 8). 



These two forces form a couple of moment W.OM. sin 0 
(foot tons), so that the ship will roll about a horizontal longi¬ 
tudinal axis through G, like a pendulum of length QL^IfijGM 

feet, TO denoting the moment of inertia of the ship about 
this axis of rotation. 


Now to ^d the force which acts upon w, any infinitesimal 
part at P of the ship, to give it its acceleration and to balance 

^ ^ ^ drawn 

upwards through GM and perpendicular to GM. 
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This force will balance the reversed effective force of w at JP 
and the effect of gravity on w ; and therefore, in gravitation 
measure, will have components 
VO (PO w fd6\^ 

^ ® parallel to Ox, 

w (P9 w fd6\^ 

-g y \dt) parallel to Gy. 

If w is suspended as a plummet by a very short thread, the 
thread will take the direction of this force, and will therefore 
make an angle with Ox 

-igsin e-x((PeidP)-y(dd m)^ 
geos 9+y{cPeidP) - s^dBldiff 

Supposing the ship to roll like a pendulum of length I, 
through an angle 2a, then 

^d^9l<lP)=- -g sin 9, and ^l(d9ldt)^=g{Qoa 9-cos a); 
and by 8 8, 

cP9/dP ~ —7i%in 9=- 2%%inJ0 cos ^0 = - 2n^K sn rd dn nt, 

(d9/dtf-2nXcos 0-cos a)=4n2(sin*|.a-sin2J0) =4aVcn*n,«. 

At any instant the lines of reversed resultant acceleration 
will bo ec][uiangular spirals, of radial angle 0, round the centre 
of acceleration 0 as pole, the resultant acceleration at JP being 

g^ sin 0 cosec and the resultant effective force sin 0 cosec <p, 

when wo put OP=r, and l(_d9/dtf=gam 9 cot so that 

tan =(sn nt dn nt)/(2K esaha). 

Superposing the effect of gravity, the resultant lines of force 
or internal stress will be equiangular spirals of the same radial 
angle round a pole J", the position of which is obtained as 
follows (tig. 8):—Draw LK perpendicular to OL to meet the 
horizontal line OKmK\ describe the circle on OKsa diameter, 
and draw KiT making an angle with OK^ this will 

meet tlio circle in J. 

For the resultant effective force of vj at P, being 



making an angle ^ with OP, will, when compounded with vo 
upwards, and taking the triangle POJ turned through an 
angle ^ as the triangle of forces, have a resultant 

t=w. PJjOJ, making an angle <l> with JP. 
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This will be the tension and in the direction of a short.thread, 
from -which w is suspended as a plummet at any point P; and 
the deflection of this plumb line from its original mean direc¬ 
tion in the ship will be a measure of the tendency of a body 
to sHde or of a grain mrgo to shift; and to a certain extent of 
the ^dency to sea-sickness at this point of the ship and at 
this instant of its motion. 

The tendency will clearly have its maximum value at the 
end of a roll, when ddldt=0, and ^ = Jtt, and then J coinddee 
■wia E. (Prof. P. Jenkins, On the Shifting of Cargoes, Trans¬ 
actions of the Institute of Na-ral Architects, 1887.) 

The plumb line at P will now set itself at right angles to 
^P, while the surface of water in a tumbler at P will pass 
ttirough P-; and a ^anular substance at P will begin to slip 
if ZP makes with its surface an angle greater t.bn.n the angle 
of repose of this grain. 

Thus up the mast, at a distance a feet from (?, water would 
he ^ilt out of a tumbler, or sand in a box would shift, by the 
roUmgof the ship through an angle 2a, which would not spill 
or shift, if ihe ship heeled over steadily, until an inclination ^ 
(the angle of repose of the sand) was reached, given by 

tanjS=(l-f.o/i)tana. 


At the centre of oscillation L, where a ——I, there is no 
tendency for the water to spill, and this shows that the motion 

0 he ship m felt least by going down below as far as possible 
in the imddle of the ship. 

In a sw^ the body is very near the centre of oscillation, 
so that ordinary swinging is very Uttle preparation for the 
motion of a vessel. 


^ ^ properly as a preparation for a sea voyage 
should be constmcted as in fig. 6, to imitate, in full size, Se 
^ss sechon of the ship, suspended at M ; and now the varying 
^ect of the motion can be experienced by taking up different 

“ tie -bi.,, co». 

to a* -“is of roMon of a 
S^p ^d the angle through which the ship rolls by noting the 
direction of the plumb lines of two such p'lummei 
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at two given points across the ship ; planes through the plum¬ 
mets perpendicular to the plumb lines at the extreme end of a 
roll would intersect in K-, the horizontal plane through Z” would 
meet the median longitudinal plane of the ship in the axis G ; 
while the plane through K perpendicular to the median plane 
would meet it in L, whence OL, the length of the equivalent 
pendulum, and therefore the period of small oscillations could 
be inferred, as a check on this construction. 

Exa/m'ple. A rod AB, whose density varies in any manner, 
is swung in a vertical plane about a horizontal axis through A. 
Prove that the bending moment of the rod is a maximum at a 
point P, determined by the condition that the o.a. of the part 
PP is the centre of oscillation of the pendulum. 

97. Problem VL The Mastica or lAmteaHa. 

The Elastica is the name given to the curve asanmA/^ by a 
uniform elastic beam, wire, or spring, originally straight, when 
bent into a plane curve (fig. 9) by a stress composed of two 
equal opposite forces T, on the assumption that at a point P 
at a distance y from the line of the applied stress the bending 
moment Ty is equilibrated by a moment of resistance Bjp, 
proportional to the curvature 1/p; and the constant B is called 
the flexural rigidity of the spring (Thomson and Tait, Naim/raZ 
Ph^sophy, § 611). 



Fig. 9. 

Then Ty—Bjp, or yp^BjT=c?, suppose ; 
and by KirchhofFs Kinetic Analogue, the normal of the 
tica performs pendulum oscillations on each side of a perpen¬ 
dicular to the line of stress, as the point on the curve moves 
with a constant velocity. 
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For, when the noixnal has tunuKl Utroiip;h hii niifrii* (K th(^ 

, 1 tW ■}! 

curvature - s=-^a=^,* 

and by differentiation 

_ * Hi,, ri 

<<«* c“<& c“' ' 

which agrees with the equation of ptnnluluiu nioltoii 
d^Qldt^=B — w%iu 0, if »/<'. -■■■• iit. 

Corresponding with the oscillating puuiluiuiti w«* Iihvm til** 
undulating Elastica, intersecting the lint! of atrissH at itu aiiglt* 
a; and thus, writing a/o for nt in § 8, 

sin J0SSKsn a/e, ct>8 Itlza tin n/t', 
sin 0 = — (ly/da m 2 k «« a/c tin H/t% 
so that jy = 2ck cn a/r, 

measuring a from the point A, ata rnaxiiiiuiit (nstnitt'o frotn thw 
line of thrust; and a graduated liow might thus In* 
forgiving mechanically the numerical valut's (»f thi* cn fimcf i«»n. 

In the nodal Elastica currus|)on<ling with the r«!Vti|vitig 
pendulum, 

0=2 am s/cff, sin 0 <= 2 sn aft'K cn «/«-«■:— tit/'ita ; 
'^*%/*:)Uns/.v. 

In the separating case, «= 1, and iy«2,««(.ph «/«•; and 

J0=amhs/c, 8ini0sstanh«/<}, tan J0 .. .slnh a •% oic. 

In the undulating Elastica 
dx 

■^=008 6=,J(1 - 4x® aa^a/e dti-a/e) tr • l - ; 

and in the nodal Elastica 
dx 

^ = CO80 = ,y(l_48nV<JCU!V(/t!) =*: I ~2 hii-XV; 

so that ® is given in terms of « by mcauH of dliptic ino-gn.!. 
of the second kind (§ 77). 

A great simplification is introduced when k-«k t)io 

Elastjca now cuts the line of thrust at right anghw, nn.l 
cos0-cn»«/<5«i?/«/c», 

whK* shows that this Elastica is the roulette of the iH.iitre «f 
a rectangular hyperbola, rolling on the lino of thrmst. 

« curve tho radius of curvature 

P IS half the normal FQ-, also that a chain can hang in tl^h. 

t CS/C) , this IS left as an exercise for tlm stmlont. 
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When /c = 0, the undulating Elastica corresponds with small 
osmllations of the pendulum, and the Elastica is ultimately 
coinddent with the line of thrust, the ordinate y varying 
as sins/c or sina:/c; and then the length of the beam, 
ire = 'irJ(BIT), is the extreme length at which the straight 

form of the beam begins to become unstable under the 
thrust T. 

The nodal Elastica becomes practically a circle when k = 0 
corresponding in Kirchhoff’s Kinetic Analogue to the practi¬ 
cally uniform revolutions of a pendulum when the velocity is 
indefinitely increased. 

The Elastica is also called Bernoulli’s Lintearia, being the 
CToss section of a horixontal flexible watertight cylinder, when 
filled with water, the free surface of which lies in the line of 
thrust Ox-, for if < denotes the constant circumferential tension, 
'^Ip—wy, the pressure of the water, 
or yp=tfw=c^. 

It is also the profile of the suiface of water drawn up by 
Capillary Attraction between two parallel plates (MaxweU, 
Encyclopaedia Britanniea, CapiMary Action), 

The student may prove, as an exerdse, as in § 80, that if the 
wire is bent into a tortuous curve by balancing forces and 
couples at its ends, it will assume the fonn of a curve in a 
surface of revolution defined by an equation of the form 

y^+z^—a^n^aje) -|- Z»%n®(8/c). 

(Proo. London Ma-Oi. Society, vol. XVIII.) 

98. Problem VII. Sumner Lines on Met-calor'a Ofiart. 

Sumner Linos, so called after Captain Sumner, of Boston, 
Maswebusetts, are the projections on Mercator's chart of 
snaall circles on a sphere; if simultaneous observations are 
taken of the chronometer and of the altitude of the sun or a 
star, the observer knows that he must lie on a small circle 
having Its pole where the Sun or star at that instant was in 
the zenith, and having an angular radius the complement of 
the observed altitude; and two such observations are em- 
ployed in Sumner’s Motliod for determining the shijfs place. 

According as the observed altitude of the Sun or the star is 
greater or less than the declination, the small circle on the 
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Earth does not or does enclose the polar axis; and the cor¬ 
responding Sumner line will be a closed or open curve, whose 
equation may be thrown into the foim 

cosh yjc = sec a cos xjc, .(i.) 

or sinh yjc = tan ^ cos xjc .(ii) 

On Mercator’s chart (§ 16) the latitude 6 and the longitude 
^ of a point whose coordinates are x, y may bo written 
^=cc/c, Q =amh yjc, 

where tc/ 180 is the length on the chart of a degree of longitude 
at the equator. 

These relations are obtained by noticing that the bearing by 
compass of two adjacent points on the chart will be the same 
as on the terrestrial sphere, if 

d/y _ do 

dx~~'QOQdd<j> 

and now, if x=c^, so as to make the meridians of longitude 
equidistant parallel straight lines, then 

dyjdd=c sec 0 , yjo =/sec Odd^ 
or (§ 16) d =amh yjc. 

Now let 8 denote the declination of the Sun or star, y the 
observed altitude, ^ the dijSerence of longitude of the observer 
and of the object; then in the spherical triangle 3PZ 
JPS^iw-S. PZ= j7r-0, SfPZ=^, 

S denoting the Sun or star, Z the zenith of the observer, and 
P the pole of the Earth’s axis. 

Since cos SZ = cos PS cos PZ+ sin PS sin PZ cos SPZ, 
therefore sin a = sin d sin 6+ cos d cos 9 cos 
or cos 8 cos =sin a sec 6 —sin 8 tan 6 

=sin a cosh ylc —sin 8 sinh yjc ; 

and according as a is greater or less than d, this is reducible to 
the form ^ cosh( 2 /-&)/c or -£smh( 3 /- 6 )/c; and this again 
hy a change of axes to the fom of (i.) or (ii.). 

(Crelle, XI., Gudermann, on the Loxod/rome ; MessengeT of 
ifccOicTfiaMcs, XVI. and XX, Sv/mnev Zivnes.) 

Differentiating equation (i.) with respect to x, 
dy_ -secgsing/o -secasinas/c 
^ sinh 2 ^/c ^Qc^aeoshi/c-iy 

ds _ tan g _ 

dx ^( 860*0 003*03/0-1) “sin^c/c) ’ 
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30 that, as in §§ 3, 4, and 8, 

sin oj/c=/c sn s/c, cos xjo = dn s/c, 

cosh yjo =sin a dn s/c, sinh yjo =tan a cn s/c, 
the modular angle being a. 

This shows that sjo in the closed Sumner Line (i.) may be 
eq^uated to Tit in the oscillating pendulum, and then xjo will be 
half the angle made by the pendulum with the vertical; also 
in the Sumner Line 

cos'^=s-^=cns/c, or \/r = ams/c, 

the intrinsic equation; and p = c sin a sec cc/c. 

The differentiation of equation (ii.) gives in a similar manner 
da _ 1 

dx ;^/(l—sin^^ sin^cc/cy 

so that xfc^sma/c, with mod. angle /S; 

and now, in the corresponding undulating Sumner Line, x/c is 
half the angle made with the vertical by a revolving pendulum, 
if we put ajo^Kfnt 


Also 


, dx 


!dtia/c=:(CDlKS/0, l/jt) 


by § 29; so that i^=am(/c8/c, 1/k), 
the intrinsic equation; and p—c cosec jS sec as/c. 



The second curve, by a shift of origin a distance J’jrc to the 
right, becomes sinh yja =tan ^ sin xjc, 

and then it cuts at right angles the first curve (fig. 10) 
cosh yjo =sec a cos xjo. 
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For, differentiating these equations logarithmically, 


cot-. 


coth^ 

0 dx 

tanh^ - tan-; 
c dsa c' 


and therefore the product of the is -1. 

In fact putting seca = cotha', the curves are derivable as 
conjugate functions from the equation 

x+iy—c amh(a + ifi). 


99. Problem VIII. OateTiaries. 

'‘The catena/ry for a line density proportional to cosh s/a, 
where 8 is the length of the arc measured from the lowest 
point, is of the form 

tanh yjh = dn xja, or dn xjb, 

according as a, the ratio of the tension in pounds to the density 
in lb. per foot at the lowest point of the catenary is greater 
or less than h ; the Catenary of Uniforrri Strength being the 
curve in the separating case of a = 6.” 

The equation of the Catenary of Uniform Strengthf in 
which, the linear density or cross section is so arranged as to 
be proportional to the tension, is well known (Thomson and 
Tait, Natural Philosophy, § 683) being 

6*'/®cos xjh = 1, or e*'/*=sec xfh ; 
or as it may be written 

tanh ^yjh = tan^Ja/h, 

For if o-Q denotes the density in lb. per foot, and <rj6 the 
tension in pounds at the lowest point A., tr the density and 
(rb the tension at any other point P, at a distance s from A, 
measured along the cui-ve, the equations of equilibrium of 
AP are 

ah cos yfr = (Tob, <rb sin ^ = Jads. 

Thence a—a^sea yjr, and fads = a^ tan ; 

so that a=agb aec^yffdyp'lds ■= (ToSec 

or dsjdyp-^b&sioyjr, 

8 s®® ■'pdAjr = b cosh'^^sec y}r=h cosh “ V/a-(^ 

a =(TgCOsh s/b. 
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We might therefore take a piece of uniform flexible and 
inextensible material, cut out from a plane piece by two 
catenaries, or modified catenaries, say 2//c= +coshx/b, and 
hang it up in a catenary of ec^ual strength. 

■Also x=ycosypds=y'bd\lr=byp‘, 

y =^i3i ‘'Irds =J'h tan yjrdyff = b log sec ; 

so that y/b =log sec x/b, or e«l’> =sec x/b, 

the equation of the Catenary of Uniform Strength. 

But now suppose two supports at the same level to be 
to approach or recede from each other; the piece of cloth or 
the chain will hang in a different catenary. 

Denoting by er^a the tension in pounds at the lowest point 
A, and by t the tension at P, then 

t cos ^ =• (T^a, taiii\fr=Jcrda = cr^b sinh a/b; 


so that p or ^ = tan yfr 

the intrinsic equation of the curve. 

an elliptic integral, of the form (10), p. 33; and putting p=tan 
d\lr IfcoB^ , sin^x^V 
dx yv'W ¥ )' 

In the separating case, a=6; and then x=h^, as in the 
Catenary of Uniform Strength; the greatest possible span of 
a catenaiy of given material is therefore 'irb=irrfw, where r 
denotes the tenacity of the material, in pounds per sq. foot, 
and w the density or heaviness, in lb. per cubic foot. 

But with a>b, 

^=-|N/(l-K*cosV)=^A(i7r+V', k), where K=b/ai 
SO that am x/b, 

»nd 

CM! ^ sn x/b 

0 

or tanh y/h = dn x/b. 


b , .8 
= - sinh,, 
a b 
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With a <6, 

^=amaj/a, 


so that 
and 


cio; 


tani/r= 


sn xfa 
tnxja* 


ty § 67; so that by a change of origin, taking the axis of y in 
a vertical asymptote of the curve, its equation may be written 
tanh y/b =dn asja. 

(Compare Cayley, on A Torae d&penOmg on EllvpUo Ewno- 

Uom, Q. J. M., XIV., p. 241.) 

100. In the catenary formed by an elastic rope or flexible 
wire, obey^ Hooke’s Law “ut Unaio sic via,” we may still 
haTO p=8inh u; but n is no longer proportional to the arc a. 

We use 0-0 to denote the uniform density of the rope when 
rmsketch^ and s^ to denote the lengi^ of rope which stretches 
m ^ to length a, denotes as before the tension in pounds 
of ^e rope at the lowest point A, and is used to denote the 
modulus of elasticity of the rope in pounds; so that, by 
Hooke’s law, —= 1 j 

Then, as before, for the equilibrium of AP, 

*cos^=<roa, tam^=/ada=^^^ 

80 = 0 8^0104; 

^ ~ ®'oa/( a®+Sj*)=(TpO cosh 04 . 

*_/i, , a? 

\ ®®®^ cosh*o4. 


so that 

if we put 
and then 


Then 

and 


da 


-s/(l +i>®) == cosh 04, 
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so that 


c&p 

d/u. 


=o+— cosh u, 
0 


ay • V a® , 

a smh ■“>+— cosh sinh u. 

lategrating, putting afc—h, 

8/a= smh u ++cosh u sinh u), 

®/a= ti+ A sinh u, 
y/a =s cosh u+^h sinh®u. 

For the corresponding points on the rope, when it is supposed 
inextensible, putting e=oo, and A=0, 

8o/a=sinhu, xja—u, yj^ascoshu, 
giving an ordinary catenary; so that the tangents are parallel 
at correspontog points of the catenaries of the elastic and of 
the inextensible rope. 

The terms depending on A, considered separately, define an 
ordinary parabola; so that the catenary formed by an elastic 
rope is something intermediate to a parabola and a common 
catenary. 


101. Problem IX. Oeodesioa. 


“Investigation of the geodesics on the Catenoid, the surface 
formed by the revolution of a catenary round its directrix, and 
on the Helicoid, into which it can be developed; also of the 
geodesics on the Undidoid and Nodoid, the capillary surfaces 
of revolution, of which the meridian curves are the roulette 
of the focus of a conic section, an ellipse or hyperbola, rolling 
upon the axis of revolution.” 

The simplest mode of determining a geodesic on a surface of 
revolution is to treat it as the path of a particle moving 
under no forces on the surface, considered as smooth, so tha t 
dsidt is constant; and then, since the reaction of the surface 
passes through the axis, is constant; and therefore 


(Is 


= 6, a constant. 


r and 6 denoting the polar coordinates of any point of the 
projection on a plane perpendicular to the axis 0®; and thus 
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In the catenoid rja =cosh xja, 

so that ^=sinh xja = ^; 

and therefore, in the geodesic, 

r®—cZr® ^ 

nr 

62 '"“.• 

We must distinguish the two cases according as ; 2 (i\ 

When h^>(i\ then ^^>6®; the geodesic osculates the circular 
cross section of radius b; and we have 

r sn 0=6, with K^ajh, 

as the polar equation of the projection of the geodesic. 

"V^en 6^ < then 7^>a^; the geodesic crosses the circular 
section of minimum radius a\ and supposing it cuts the 
meridian here at an angle a, 6=a sin a; and now 
r sn(0/Ar) = a, the modular angle being a. 

In the separating case, 6 = a and /c=1; and then sn0 = tanh $; 
so that r tanh 0=a 

is now the polar equation of the projection of the geocU^sic, a 
curve having r=a as an asymptotic circle. 

Generally in any geodesic on a surface of rovoluti(ni, which 
cuts the meridian curve at a distance r from the axis at an 

angle X. smx=r^^=-: 

as r 

so that sin x varies inversely as r. 

102. Now suppose the catenoid is divided along a inciidian 
curve J.P, ^d again along the smallest circular section AA^, 
and that this section A A' is drawn out into a straight line, of 
le^h 2xa; the rest of the surface, if flexible and inoxtenHiblc, 
■mil assume the form of a Hdicoid, or uniform screw surface 
of pitch a, such that its equation is 


i=a<f,, 


taking the axis of » along the axis of the surface, and «, 0 the 
polar coordinates of the projection of a point on a plane {.or- 
penMar to the ; and AP will become a generating line 
of the Hehcoid; this is proved geometrically, by noticing that 
the length of the helix PP' on the Helicoid is equal te the 
length of the arde PP' on the Catenoid. ^ 
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The surface being ineztensible, and a circular cross section 
of the Catenoid becoming a helix on the Helicoid, it follows that 

=(/>*+ dF)d<p ^; 

and since r®=p*+a®, therefore 6=^. 



Therefore the equation of the projection of a geodesic on the 
helicoid is either of the forms 

(yo®+a®)sn®(^/«)=a*, 

/)tn(^i/«)=a; 

or (p®+a®)sn®^=6®=a®/«®, 

_adn^ 

^ /csn 9^’ 
p <si{K—(I^— clkIk. 

The Catenoid is the surface of revolution formed by a 
capillary soap bubble film, when the pressure of the air is the 
same on both sides of the film. The surface is easily formed 
practically by dipping a circular wire into soapy water and 
raising it vertically; and it is evident from mechanical con- 
.siderations that the surface is a mi/nimv/m ivmface (§ 31). 

The Helicoid, into which the Catenoid can be deformed, can 
be produced in the same manner by a film between two coaxial 
helical wires of the same pitch (C. V. Boys, Soap BvbhUa). 
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These surfaces are particular cases of Soherk’s mmimvm 
surface, whose equation is 

or 

+b coah-^ ^ (jp^+j/^+g^ . 

V(aH6*) ’ 

reducing to the Catenoid when a=0, and to the Helicoid 
when 6 = 0. 

The verification in the manner of § 32 is left as an exorcise 
for the student. 


103. The meridian curve of the Catenoid is the roulette AP 
of the focus of a parabola aQ, the pressure of the air being the 
same on both sides of the film (fig. 12). 

But when the pressure of the air inside the film is 
or dnnimshed, we find that the surface of revolution formed 
by the capillary film has as meridian curve BP or OP, the 
roidette of the focus of an ellipse or hyperbola, the first surface 
being called the Unduloid and the second the Podoid. 

(Maxwell, Capillary Attraction, Encyehpced/ia Britannica.) 

Denoting by y, j/' the perpendiculars from the foci P, P' on 
the axis Oa; on which the conic rolls, then in the TJnduloid 
JiJr, generated by the focus P of a rolling ellipse bQ, 

y+y'={PQ+QP)(tos yfr^ia cos yjr, 
and yy'‘=b^; 


so that l^+y^=2ap cosyj/'. 

of the Unduloid, wo denote 
tile radius of curvature by p, and the normal PQ by then, 

smce ^+y^=2aycoayfr=^2ayyn. 


therefore 2 = j. . 

'n 2ay^^2a' 


and since 
■differentiating, 



L 
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SO that ■ — 

n p a 

Then, if p denotes the excess over the atmospheric pressure 
of the air inside a capillary film, in the shape of an ITnduloid, 
and t the tension of the film. 



so that, if inside a Catenoid, the pressure is increased, the 
surface is changed into an TJnduloid. 

If the pressure is slightly diminished by p, the surface be¬ 
comes a portion of a Nodoid OP; for now 


p=t 



and in the meridian curve CP of the Nodoid, the roulette of 
the focus P of a hyperbola cR with foci P and 

“if—y — {P"R— PP)co8 cos ylr, and yy' =6®; 

so that ' — 1 /®=2«j/ cos yfr=2ay^fn ; 

1 6 ® 1 
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In the geodesic on the Unduloid, 

y^6fd8=a sin y, 

supposing the geodesic cuts the meridian curve at an angle y 
at its maximum distance a from the axis; also a=a(l+e) and 
the minimum distance /3=a(l-e), so that a^=6*, a+;8=2a- 
and y lies between a and ^ ’ 

Now, in the projection of the geodesic on a plane perpen¬ 
dicular to Ox, writing r for y, so that ^yjr^dyldx^^drldx 


d/!^ 

cosecV+r2= 


a*sin*y ’ 


and rcosi/r=(2»s+r*)/2a; so that 

t 4a* /\a%in*y V 
^ (a*-r*Xr*-^')(r*-a% m*v^ 
a*(a-|-/S)*sin*y ’’ 

leading to integrals of the form (72) and (73) p 52 
We suppose first that ^>a8iny. so that the geodesic crosses 
e mimmum section of the surface, and therefore all the 
sections if produced; and now with a>r>^>asiny, we 
nave, according to equation (72), ^ 

_ ma(a-f^)sinydT’ //S®.a*—r* 

^.r*—a*sin*y)~®^ 'sj 
or l_ cn*me sn^mfi 

^ a* 

the^Zlfnf^ a>»’>a8iny>^, then the geodesic osculates 

l_ sech*me . tanh*mfl 
r* a* j§2—' 

a c^e having an asymptotic circle y=/3 
The formulas are rimilar for the geodesics on the Nodoid. 
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104. Evler's Equations resvmed, Foimofa OeometHeal 
Fepresentation of the Motion of a Body under No Forces. 

We now resume these equations of motion, of which the 
solution by elliptic functions has been indicated in § 32. 

By the Principle of the Conservation of Angvlar Momentum 
(Kouth, Rigid Dynamics, Chap. IX.) the axis OG of the re¬ 
sultant angular momentum G will be fixed in space; and the 
direction cosines of this axis with respect to the principal 
axes of the body being 

ApjG, BqlG, Cr/G, 

the component angular velocity about 00 will bo 

where, as before, T denotes twice the kinetic energy of the body. 

It is convenient to denote this component of angular velocity 
about 00 by a single letter, say /*; and also to replace Q and T 
by Dfji. and making T/Q=/j. and G^/T=i 2); and then 1) will 

be a constant quantity, of the same dimensions as A, Ji, O. 

If I denotes the moment of inertia about the instantaneous 
axis of rotation OP, and if OP donote>s the vector of the 
inomental ellipsoid at 0, then / varies as OP"*, so that wo may 
put /=!P/t*/0P*, where h is a new constant length. 

Now, if <e denotes the resultant angular velocity about OP, 
T=>Ja?, or 

so that the angirlar velocity w varies as OP; and 

f''S.0J* _x _y _z 
fA a p q r 

The direction cosines of the normal of the momontal ellipsoid 
at P being proportional to Ax, By, Oz, or Ap, Jiq, Or, ai-e 
therefore ApfG, BqjG, OrjO; so that 00, the axis of 0, is 
perpendicular to the tangent plane ati'; and if 00 moots this 
tangent plane in 0, it follows that 00—h, so that the tangent 
plane at P is a fixed plane; and <luring the motion tlu* 
momental ellipsoid rolls on this fixed plane, called the in¬ 
variable plam, with angular velocity proportional to 01*. 

The curve traced out by the point of contact /' on the 
momental ellip.soid is callo<l the polluxh, and the curve traced 
out by 1* on the invariable plane is called the Umptollwdc; 
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these names are due to Foinsot, as well as this geometrical 
representation of the motion. 

(Thiorie nomdle de la rotation dea corps, Paris, 1852.) 
The equation of the momental ellipsoid may now be written 
Aa^+By^+Oa^^m ; 

while AxIBh, By/Bh, GzIBh are the direction cosines of the 
invcmable Ime 00; so that 


The polhode is therefore the curve of intersection of these 
two coaxial quadric surfaces, and therefore lies on the cone 
A{A-B)cd+B(^B-Byy'^+C{0-D)z‘^^(i, 

called the pMode cone; and the projections of the polhode 
on the principal planes are therefore 

(A-B)By^^{A-G)Cz^={A—B)Bh^.... 

105. Denoting by v the component angular velocity of the 
body about the axis OE, where OH is equal and parallel to CP, 

2*4- r*=co»=;t*4-j^, 

Af+ F 3 S 4 - c?r*=: T 
riy 4-5*2*4-CV= CP=B^f/i ; 
and, by solution of these equations, 

A — B .A —(7, , /I i\ ciz 

BO suppose. 


or 


suppose; 


GA 
0~A. G-B 
AB 


EmmpU.—BTovs that 

("‘t)+(^)’+(c§)‘=(I>».)>, 


by 


and simplify 


^dqy . /dr\^ 
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106. On the supposition that 

AT>BT>Q^>CT,ot A>B>D>C, 
r never vanishes, and the polhode encloses the principal n via G; 
but p and q alternately vanish, so that oscillates in value 

and 


then 


cos« 0 , 


B-C 

We now find, on substituting in one of Euler’s equations, 

dt^ -i)M- 

and _j 

dfa ZBO Sin 0 cos 0, 

the solution of which is of the form, as before in §§ 18 and 32, 

0=am(ii<, k), 

where ■na=2)^a 


.A-JD.B-0 


and if*! 


A-B.D-0 


ABO ’ -A-JD.B-Cr 
the anharmonic ratio of A, B, J), 0; while 

Ap^ == 

Bg®=sn®w<, 
(7r®=i)^®i^dn*ut; 


giving (§ 32) 


P®= 


D.L-C , D.D-C 


D.A-I) 


_ - « n2 _o r>4 JLA .J\' 

A .Z—0^ ’ ^ 'B~B'—(f' ’ ~T)7A^~0^‘ 


107. Quadrantcd Osoilkdwiut. 

The oscillations given by a differential equation of the form 
d?6jdt^ = — m%in 0 cos 0 

arc called quadTantcd oscHlations (Thomson and Tait, Nodv/rod 
PhiloHophy, § 322), the system having two positions of stable 
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equilibrium given by 0=0 and 0 = 7r, and two unstable posi¬ 
tions in the remaining quadrants, given by 0 =±^x; for 
instance, an elongated piece of soft iron in a uniform magnetic 
field, or an elliptic cylinder moveable about its axis in a cur¬ 
rent of liquid performs quadrantal oscillations. (Q. ilf., xvi.) 

When the system performs complete revolutions, the solu¬ 
tion is (§ 18) 0 =am(m#/yc, k) ; 

but if it oscillates about the positions of stable equilibrium, 
given by 0=0, the solution is (§ 29) 

0= sm{mty 1/ic), 

or cos0= dn(7n^//c, k ), 

sin 0=/csn(m^/ic, k ), 
where k is less than unity. 

The second solution will apply to the second state of motion 
in § 32, whereor A>D>jB>C?,and where 
p never vanishes, and the polhode encloses the principal axis A . 

108. Differentiating the equations of § 105 with respect to t, 
da> dv A^B.A^G dp B-C.B-A dq G-^A.G-Bjlr 
- W 53 AB ^dt 

ABG ^ ’ 

*^- = — 

^ = — • ‘'o* ~ ~ ; 

SO that CO® and v® are elliptic functions of t, of the form given 
by equation (16), p. 36. 

But, on reference to equation (A), p. 43, we see that 
^'u = - - i/a) = - . pu - . pu - - e^), 

if 66, Be denote the roots of 4s®—grgS—^ 5 = 0 ; so that on 
comparison we may make 

Wa®— CO®, ft)6^ — OJ®, — CO®, or J/a^ —J/®, 1/6^ —V®, J/^,® —>/®, 
proportional to pu-a^, pw—66, pu-ec*, 
or, symmetrically, we can put 

Af= -mHB-G){fv,-6a), 

Bq^= -m^G-AXpu-et), 

Or*- m\A-B)(ipu-6,); 

■where the factor —m® is iatroduced for the sake of homogeneity. 
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m being of the dimensions of an angular velocity, such as p, q, 
r, w, ft, v; and now, on substitution in Euler’s equations, 


dt^ ABC 

suppose; so that 


\ A 




u=& constant ±72,^. 


109. As in § 32, we take A>B>C-, and then 
(i.)when AT>BT>G^>OT, ox A>B>D>G, 
r never vanishes, and we must take 

€<,>ea>pu>cj; 

so that ei=e<.. « 2 =««. «s = es; 

(ii.) when AT>CP>BT>GT, ox A>J}>B>G, 
p never vanishes; and then 

and we must take = 

Since pu oscillates between and and is taken 
initially equal to we find, on reference to equation (42), 
p. 45, that we must put 

u = 2ctJi+0)^— 

so that the constant of integration for u in § 108 is 201 ) 1 + 0 ) 3 . 
Now, at the cost of symmetry, to get rid of the imaginary 
and to make the argument of the elliptic functions a real 
quantity nt, ecjuation (42), expressed in the direct notation, 

gives €3 = 

* fpnt—e^ 


{»«—«i 


* Cj, 

and e, always replaces Sj, while e„ replaces e^, e* replaces or 
vicfi versa, according as the polhodo encloses A or 0, 

110 . For the determination of Co, cj,, Se, we have the equations 
® 0 + <' 6 + ®« = 0 , 

{B-G)ea+ (0-A)eb+ iA-B)6,= Tl'm?^ Dix^jm?, 
A{B- a)e,,+B{G- A)e„ + G{A - By,= G*/m»=DVVm®, 
whence AT- CP=m\G -A^A-Byet-e,), 

BT- 0‘^^m%A - B){li - G){e, -e„), 

GT- Q^=m\B - G){0 - A)(e»-eft); 
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J -D 

or = 

^ ^ _DAt® B-D 

‘ * m* A-B.B-C’ 

G-D . 

SO that Bo—€a is taken positive or negative, according as 
BT-GP or jB-i) is positive or negative; while and 
eft—ea are always negative, as explained above. 

Also {Sa - eft) - {Cc - O = 3ea,..., 

whence the values of e®, Cft, 

Then fl's=|{(es- «.)*+(«.- ea)H («<,- ej,)*} 
can be found; and the diseriminant (§ 53) 

A = 16(66—e,)*(e«-ea)*(ea—ej)® 

_T -D)\B-DnG-l)Y 


111. We have supposed no forces to act; but the case in 
which the impressed couple is always parallel and proportional 
to the resultant angular momentum leads to ecjuations which 
can be solved in a similar manner; in this way we imitate the 
motion of a body, like the Earth, which is cooling and con¬ 
tracting uniformly. 

Now, the component impressed couples about the principal 
axes being of the form XAp, XBq, \Cr, 

A{d/pldt)-{B-0)qr =\Ap. ..., 
which, on putting p=e-^‘p', and \t'=l-e-^‘, reduce to 

SO that p', r' are the same functions of If, which p, q, v would 
he of t, in the case where no forces act. 

In the case of the cooling and contracting body, we put 
A=6 B=e-^*BQ, (7=6"^*(7q; and the equations become 

which are solved as before; and Poinsot’s geometrical repre¬ 
sentation of the motion still holds, with slight modification. 
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A similar procedure -will solve the follow ing theorem: 

^ “A rigid body is moving under the action of a force whose 
direction and magnitude are constant, always passing through 
the centre of inertia gravity), and of an absolutely con¬ 
stant couple. 

“If p, q, r denote the component angular velocities about the 
principal axes at the centre of inertia, and if u, v, tv denote the 
compound velocities of the centre of inertia along the principal 
axes at the time t; then the determination of 
p/t, qjt, r/t, ujt, v/t, w/t, 

in terms of is the same as that of p, q, v, Vi, v, w, in terms 
of t, when no forces act; t being reckoned from the commence¬ 
ment of the motion.” (W. Burnside, Math. Tripos, 1881.) 

112. To obtain the equation of the herpolhode, we notice 
that during the motion the polhode cone, fixed in the body, rolls 
on the herpolhode cone, fixed in space, 0 being the common 
vertex; corresponding areas of these cones are therefore equal, 
as also their projections on any fixed plane, for instance the 
invariable plane. 

Therefore if p, <p denote with respect to 0 the polar co¬ 
ordinates of P on the herpolhode, 

By/cte dii\,Gz( dy da:\ 

Since 

y q r V PL 

therefore 

(it h A ^ ’ 

^ (A-I >)AV+(£-D)£Y-+(C-jD)0^z* 

" 'A£0" ^ 

_ s , A-P.P-P.C’-P,, 

AW 

which, combined with the value of di^/dt or dp^dt of § 108, 

~ f ~ 

will determine the equation of the herpolhode. 


so that 
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113. Using Weierstrass’s functions of § 108, 
s,G-A, 


with 


ii-C 


■6o+ 


B ® 6+—^-^0 


5-0. C-il . ■’ 

4 + 5 +~ 5 ~ 


and then 


?«-«<>=J(l-j)(j-l), (negative), 


p'^v= 4:(pv—ea)(pv—ei)(pv—ec) 

== -am* (A-l))\B-JDf(C-D)\ 
A^B^O^ " ■"' 


and, since (or O > pv > (or e*), 

we must, by (39), § 54, where f is a proper fraction, take 
V = Q)l + f’w8. 


Therefore 


or 


at pv—pu 
^_M , ¥^'v 

du w"'” pD — py/ 


and, integrating, ^, 

J pv-pu 

and we are thus introduced to a new integral, called 

_77'—A • _ •_t V >1 ® 


The cone described in the body by OH (§ 105) is called by 
Poinsot the rolli/ng and sUd/mg oone; during the motion this 
cone ro^ qn an invariable plane through 0, while at the sanitr 
time this plane turns with constant angular velocity abont 
OG; so that, if p, denote with respect to 0 the polar co¬ 
ordinates of H on this plane. 


^'=<h — u,t = 
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114 With the notation of the elliptic functions of Jacobi, 
as in § 106, 


p^_\DI)-C .^DD-G 
A*-! A-G 

A-B.D-G B.A-B.D-G , . 

- ^ - Aosc — 

which can he thrown into the form 


dn®nf 


A—D.D—G,^ « 2 o ,, 

^2 “- ~ACr —— K^^VrO/ 


on putting 


, « LA~B 

KWa = -=: -i—^ 


LA-iy 
G B-D 


_2 _ BB-G 2 G B-B , , AB-B 

^~B B-&^^~~BlX^G’^^^~BA^’ 


With e«=ej, ei,=e^ c«=«i, and t;=wj+t wg, then by (32), p. 44), 

^(e^-e^yu:=K+fiK'; 

and dn2(ii:+«'iir')=^^^=:4. ^"^^dn*®; 

pv—ej, B A--D ' 


so that 


a^K+nr. 

S^JD ^ jUL 
B l~-K^ii^asT?nt 


icnadna 


sn a 1 — Khn^a sn^t* 


and, writing u for nt, 

. . isnadxia 


/Ass ^_' ^snac Lna < m 

sna ^1—/c^sn^asn^ 


. ^cnadnct 

-fit -r- w- 

^ sna 


/ An a cn c6 dn a sn^ . 
0 


the last term an dUptio mtegral of tfic tlmd hind, in tlie form 
employed by Jacobi. 

On putting sn'i4=sin 6, and sna^sin a, ic®sn*a= — m, then 
, . cos aA ar _ d6 

9 P- sin 0 ^( 1 +msin**6)^(l—)e^inW 
0 

the third elliptic integral, as employed by Legendre; the 
further discussion of this integral must be reserved for a 
subsequent chapter. 
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Examples. 

1 . Prove that, if the excentric anomaly in an undisturbed 
planetary orbit of excentricity e is represented by 2 am(tt, e), 
the mean anomaly is 



2 . Prove that the envelope of the straight line rays 

snu+(cn 'w+K dn u)ysn t6(dn u+/c cnu) 
where u is the variable parameter, is the curve 
-K- W+ic(l ; 

the ca^tic of parallel rays, after refraction at a circle, of 
refractive index !/«; and find the order of this curve. 

(Cayley, Phil. Tram., 1857, "Caustics.”) 

3. Prove that a portion of a fiexible inextensible spherical 
surface of radius a, bounded by two meridians (a lune, or gore 
of a spherical balloon) can be bent into the surface of revolu- 
tion given by 

a5=acos0cos(^/4 y=aco8fisin(^/*:), z=aE{d, k)-, 

8 , <}» denoting the latitude and longitude of the point on the 
sphere. 

Explain the geometrical theory, distinguishing the cases of 
*<1, andic>l. 


4. Denoting by « the soUd angle subtended by a circle of 
radius a at a point whose cylindrical coordinates are r, z with 
respect to the axis of the circle, prove that 

aa K* „ 
da 2(ar)*^'i^’ 


where gi— »*)® 

2*+(a+r)» n^+ia+rf 

Show how to determine the illumination at any point of the 
“ ““ I™ to th. 
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6 . A uniform circular wire, charged with —e coulombs, is 
presented symmetrically to a fixed insulated sphere of radius 
a centimetres, so that every point of the wire is at a 
^ cm from the centre of the sphere, the radius of the wire sub¬ 
tending an angle a at the centre of the sphere. 

Prove that the electricity, in coulombs per cm®, induced at a 
point of the sphere whose angular distance from the axis of 
symmetry is 6, is given by 

_ B _ 

2 -7:% {a®- 2a/cos(d - a) +f^j a® - 2a/ cos(6 -|- a) +■/*} ’ 

where .2- - Wsinasinfi .,a_ a®-2a/cos(e-a) H-/® 
a® 2tt/ cos(d -h a) +/*’ o*—2<)yf'‘cos(d+a)+/*' 

6 . Prove that if this sphere and wire gravitate to each other, 
and if the wire is free to turn about a fixed diameter perpen¬ 
dicular to the line joining the centres, the wire will be in stable 
equilibrium when its plane passes through the centre of the 
sphere; and prove that the oscillations of the wire due to the 
gravitation will synchronize with a pendulum of length 
irh\b+c) 

where h denotes the radius of the wire, c the distance between 
the centres of the sphere and wire in cm, M the weight of the 
sphere in g, (7 the gravitation constant; and 

FJ:±^:E-K=k<^+K'^) ^^{( 1 + 0 ^^}. 

where K^=4ibo((b+ c)®. 

Determine the position of stable equilibrium and the length 
of the equivalent pendulum, when the attraction is changed to 
repulsion. 


"7. Two uniform concentric circular wires of radii b and c cm, 
weighing M and M'g, are freely moveable about a common fivad 
diameter. Prove that in consequence of their gravitation, the 
oscillations will synchronize with a pendulum of length 

where F and x have the same values as before. 




CHAPTER IV. 


THE ADDITION THEOREM FOR ELLIPTIC 
FUNCTIONS. 

115. So far we have considered the elliptic functions of a 
single argument u ; but now we have to determine the for¬ 
mulas which give the elliptic functions of the sum or difference, 
u±V, of two arguments u and v, in terms of the elliptic functions 
of u and v ; and thence generally the formulas for the elliptic 
functions of the sum of any number of arguments u+v+v)+ 
and the formulas for the duplication, triplication, etc., of the 
argument. 

The Add/iMon Theore'm for Cvrciular dnd Hyperhol/io 
Fv/nctiona. 

The analogous formulas in Trigonometry for the Circular 
Functions are well known, namely, 

sin(u±'v) = sin u cos i;±cos u sin v, 
cos(u±'(;)=: cos u cos v+sin t^sin^z;; 
or, as they may be written, 

sin(u±t;) = sin u sin't;±sin'u sin v, 
cos(u ±v)= cos u cos V +cos'u coq'v ; 
the accents denoting differentiation; and to these may be added 

1 +tanutanv’ 

these formulas constituting the Addition Theorem for the 
Circular Functions. 

For the Hyperbolic Functions, the formulas are 

cosh(t(»±?;)=cosh cosh v± sinh u sinh v, 

sinh('M.±'z;)=sinh u cosh cosh u y • 

112 
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or, as they may be written, 

cosh(i6± v)=cosh Vf cosh v±eosh'u cosh'v, 
sinh(u±v) = sinh sinh'v±sinh'i6 v ; 
and to these may be added 

t.«.nK(„4...)- famhu±tanhv . 

l±tanh^6tanh'l;" 

constituting the Addition Theorem for the Hyperbolic Func¬ 
tions. 


116. The Addition Theorem for the Elliptic Functions, 

For the Elliptic Functions the analogous formulas of the 
Addition Theorem are found to be 

sn(u±v) = (sn u &n^v± sn'u sn v)JD, 
cn(u±i;) = (cn cn cn'u cn'a;)/D, 
dn(tt± v) = (dn u dn v±.K'“^djOLU dn^v)/J), 
where D = 1 —K^jxhi&nh;; 

or, performing the differentiations, and dropping the double signs, 

^ 1 —/c^sn^sn^v * . ^ 

. 

1—irsii%sn®t; '• 

^ 1—<c®sn®wsn*v .' ' 

Putting K=0, we obtain the formulas for the Circular 
Functions, sin(tt+'y) and cos(«+v), the denominator D re¬ 
ducing to unity. 

Putting K=l, remembering that then (§16) snw becomes 
tanhu, cnu or dnu becomes sooh u, we obtain from (1) 

._ ,, , X tanh«.8ech®«;-l-sech*utanhv 


_ tanh ^(1—tanh^) -f- (1—tanhHt)tanh v _ tanhu-btanhy 
1 —tanh^u tanh% 14- tanh u tanh 

as before; with the corresponding formula for sech(uH- v) 
or cosh(M-J-v), the formulas for the Hyperbolic Functions. 


117. To establish these formulas of the Addition Theorem 
for Elliptic ITunctions, let us employ the geometry invented 
by Jacobi {Orelle, Band 3; Oeaammelte Werke, I, p. 279), at 
the same time interpreting the geometry in connexion with 
Pendulum Motion. 
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To do this, let us suppose that P' would be the position of 
P in fig. 2 at the tinae t, if it had started r seconds later, and 
put t—T=f ; then (§ 6) 

A2l''=AD en®»it', N'D=AB cnhif, N'E=AE dn®«.t', etc.; 
and we shall prove that PP' touches a fixed circle through B 
and F during the motion (fig. 18). 



For suppose that, in the small element of time dt, P has 
moved to an adjacent point p and P' to p' \ and let PP', pp' 
intersect in B, so that 22 is ultimately the point of contact on 
the envelope of PP'. 

Then since, by a property of the circle, PP' cuts the circle 
AP'P at equal angles at P and P', 

-P-S . velocity of P jND 

BP' P'p' velocity of P'~‘yNJD'‘ 

Now describe a circle with centre o on AE, passing through 
B and F, and touchuig PF at a point which we shall denote 
by F; then 

PJ2'2=Po*-oJ2'*=P0*+0o*-20o. 01 V-oi 2'2 
= 05*+0o*-20o. ON-Bo^ 

= 0i)*-2)o*+0o*-20o. OF 


Similarly, 
80 that 


= Oo(OD+Do+oO--20N) 

= Oo(20P-202V) = 20o. NJD. 
RP'^^iOo.N'D, 

PR_ IBP PJR 
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and therefore It and coincide j and we have thna verified 
that PP" touches at R the circle oR (using the notation oR to 
mean a circle of centre o, and radius oR). 

Putting Oo=a, and denoting the angles AOP, AOP' by d, 
&, and ABQ, AI)Q[ by yj/-, then 
PR^ =2o. NX) = 4:aR cos^=4aZAos®^, RP^ =4aZAosV: 
so that P'R+RP='2.J{al)K{(iG& y;r+cos <p), 

while P'P =2Z sin - &), 

and therefore aini(d-fi')=^(a/i))c(cos^+cos^). 

Putting nt=u, nt'=v, 7i/r=u — v=w, then since (§8) 
^=amu, sin^d =/csin ^ =jcsnw, cos Jfi =dntt; 
•^=amu, sin^d'=Ksin'^=icsnv, cosJ0'=dnv,; 

V ct_ sin.i^(fi—y) _sn‘U'dnr;—dnotsnv 

I /f(cosi/c+co8 cnu+cnu i a cons an. 

Putting If=0,v=0, and therefore u=nT=w,\r& find 

V a_ saw _ l—cnw _ jl—eaw. 
t l+cn^o snw ”^1 + 


4 


1 +cn^y ’ 
-dixusnv 


cn-v—cn^6 


VI 


so that 

/I —cn(‘u— _ sn w dnj; 

il+cn(it—v) cnw+cnu snudn'v+dnusntf 

one form of the Addition Theorem, which by algebraical trans¬ 
formation can be reduced to one of the preceding forms of § 116. 

118. Representing, as in § 31, sn u by Sj, cn u by Cj, dn « by 
di, and the corresponding functions of v by ; then 

1—cn(u—'») _ ^^ 2 —_ Ca -Ci 
l-l-cn(w—-u) Cjj+Ci SjcZg-l-s^i' 
l-c n^u-t)) ^ (c3-Ci)(a,4-8gd i) 

1 +(ax{u-v) (CgH-CiXsA-f Sadi)’ 

and changing the sign of v, 

•' SiO/iij—SaCiOi 

another form of the Addition Eciuation. 

Again or = 

** l-|-cn(u—t;) \ Cj-I-Ci / Xs^dg-f Sadj/' 

or _ (^1*^2+~(<^2~ . 

^ ics+o^+isidi-v^dj)’ 

and, adding numerators and denominators {componendo), 


so that 


or 
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- 2(OlC8 + 8i<^ig2<?3). _ 

_CiC2+®idiSj<4 

1 -AV ’ 

cn(u+2;)=.(2) 

the usual form (2) of the Addition Theorem for the on function. 
But, subtracting numerators and denominators (dwidendo), 

_ 1-8,^-8,^+AV . 

C\Co ^‘idnSado 

and another form can be easily established in the same way, 
cn(tn-v) 

(Qlaisher, Messenger of Mathematics, vol. x., p. 106; 

M. M. TJ. Wilkinson, Proc. London Math. Soc., vol. xiiL, p. 109; 
Woolsey Johnson, Messenger of Mathematics, vol. xl, p. 138.) 


119. Expressed again in Legendre’s trigonometrical form, 
with ^=amu, am v, y=am(t6—a;). 




Therefore, eliminating ^yfr, 

2sin^sinyA^=(cos^-cos0)(l+cosy)-(cosi/r+cos^)(l-cosy) 
= — 2cos 0+2 coscosy, 
or cos 0=008 0^008 y—sin *0* sin yA0, 

Expressed in Jacobi’s notation, since 

cn(^+u;)=cn cn ta—sn an 77; 

v+w into u—v, this becomes 
cn(u - u)=cn u cn v+sn u sn V dn(u— v), 
cos y=cos 0 cos 0r+sin 0 sin 0rAy. 

Conversely, these relations, treating y as constant, lead to 
the differential relations du—dv^ 0, 
or d^lA.<p — dylrj^yjr = 0 , 

or (d!0)®(l - /c^sinS/r) - - /c^sin^)« 0. 
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Writing X for sin tp sin \/r, y for cos p cos yjr^ and m for Ay, 
then cosy=^(m®—ic'^)//c (§ 17); and the integral relation 
becomes y+mx^ - ic'*)/ic, 

leading to the differential equation, of Olairaut’s form, 
2/-ajp=V(iP^-ic'2)/jc, 

denoting dyjdoG by p ; this is the form of the differential 
equation when we change to these new variables x and y, 

120. We have begun in § 117 by supposing the points P and 
to oscillate on a circle with velocity due to the level of the 
horizontal line BDF, cutting the circle in B and B' (figs. 2,13); 
but if they are performing complete revolutions with velocity 
due to the level of a horizontal line BB' through D not cutting 
the circle, but lying above it (figs. 8,14), a similar proof will 
show that PP' touches a fixed circle having with the circle 
PP' the common radical axis BP, the two circles not inter¬ 
secting; and the Landen point L (§ 28) will be a limiting 
point of these two circles. 

But this motion of P and P' in fig. 14 is imitated by the 
circulating motion of Q and Q' on the circle in fig. 13; so 
that QQ' touches at P a fixed circle, centre c ; and the hori¬ 
zontal line through E is the common radical axis of this circle 
and the circle CQ, the Landen point L being a limiting point: 
and thus the Addition Theorem for Elliptic Functions can be 
deduced from the motion of P and P' in fig. 14, or of Q 
and Q in fig. 13, as given by Durfege, Ell^tische Fv/nctionen, X. 

For if in fig. 14 a circle is drawn with centre o and radius 
oR, such that BDB' (fig. 3) is the common radical axis of this 
circle and of the circle AP, then, since the tangents to these 
circles from D are equal in length, 

DO^^OP^^JDo^^oR^; 

and now, if the tangent to the inner circle at R cuts the outer 
circle in P and P', 

PP2=Po2-oP2=P0H0o2-20o.Oiy‘-P02+0i)2-Po2 
= OP*- PoH Oo2 20o . OJ\r= 20o. PD, 
as in § 117; and similarly EP^^20o.FD; so that 
PR _ jN'D _ velocity of P 
liP Va'P velocit^fF^ 

and therefore PP' will continue to touch the circle R, during 
the subsequent motion of P and P, 
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Similarly, in fig. 18, QQ' during the motion touches a fixed 
circle, centre c and radius cT; and putting (Jo=o, 

QT<‘=2e . NE=4id dn*n,i, TQ^=4d dn^wt'. 

We notice, on reference to § 28, that 
L(^=2LG. I!N=2LC. EA dn*iit=4J*(l-icO®dn%t=i:.d*dn*wi, 
so that LQ=LA dn rvt ; 


and therefore 

or LT bisects the angle QLQf in fig. 13; while LJR bisects the 
angle PLP in fig. 14; we may state this theorem geometrically, 
** the segments of a tangent to one circle, cut off by another 
circle, subtend equal angles at a limi ting point of the two 
circles.” 

Then, with the notation of § 117, 

QfT+TQ^2J{cl){Aylr+Aip), 

aiiid QfQ=^ 2jB sin(^—= 2kH sixx{<f> — yjr ); 

so that, in Legendre’s trigonometrical form, 

Putting ^=0, then ^=y; so that 

V o _ icsin(^—•y/r) Ksiny 1 —Ay 

R A^+A^ 1+Ay’ jcsiny’ 

V iZ_ ic8in(^+i/f) Ksiny 

0 Ayp‘~A<f> 1—Ay’ ^ jcsiny’ 
the product of the two equations being unity. 

Conversely, the relation 


8 in(0 ±i/r) = a(A^+A^), 

where (7 is an arbitrary constant,leads to the differential relation 
d^/A^ ± dyjr/Aylr = 0. 

121. Tahing the equations 


^+^y_ «^sin(^+Vf) 1-Ay 
siny A^—A^ ’ siny Arfr+A^ ’ 
we find, on eliminating sin 

2ic*co8 ^8inVrsiny=(l+Ay)(A'<^-A^) - (1 - Ay)(AV'+A^) 

= 2 +AyA*^, 

A<f>= AyA\/r— k^qos 0 sin yfr sin y, 
dn dn V dn ty—K®cn i6 sn v sn w, 

U=iV+W, 


or 

with 
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By elicoiziating cos 

2ic®sm <p cos sin y=2 — 2 AyA^, 

A>/r=A^Ay+/c%in <j) cos yp- sin y, 

dn(u—-io)=dn‘U-dnw+/c*sn'itsniocn{w—w). 

Changing w into v, 

dn(M - ^;)=dn u dn v+/c^sn u sn ■!; cn(t 4 —v), 

Ay= A^Ayp+ K^sin ^ sin cos y. 

Writing a for /c%in <p sin yp, y for A^Ayp, and m for cn y, 
y+mx=^(K^+ifyn^), 

the integral relation of Clairaut’s differential equation 

3/—*1?=*/(«'*+K®p*), 

which is therefore the transformation of 
d^/A<f> — dypjAyp = 0 , 

when we diange to these new variables a and y. 

Taking the two trigonometrical expressions from § 119,120, 
for the Addition Theorem, 

l^^s y _ sin 4,A-p - sin yPA<i> l-Ay jc^i n(<^-.yp) 
siny cosyp+co3^ ‘ siny A^‘+A^ ' 
we obtain, by subtraction and reduction. 

Ay—cos eos'^A^—cos ^Ayp 

sin y sin ^+sin”^ 

or dn(tt.—z;)—cn(u—■») dnwcnt>—cn^dn v 
8ii(u—v) sntt+sni; ’ 

the form of the Addition Theorem given by J. J. Thomson 
(Messenyer ofMatAematzcs, vol IX., p, 53). 


122 . With the notation of the elliptic functions, 

l~bdn(u— v)_/c(sn w cn v+sn ® cn w) 

/csn(tt.—-y) ~ dnv—dnu ’ 

1 —dn(u—y) /c(8nttcny—8nt>cnit) 

K 8n(u— v) dny+dnl* * 

Therefore, as before, with Glaisher’s abbreviations, 
1—dn(u—y) _ (dig—cZ tXsi Ca-Sagi ) 
l+dn(at-y) (ti{s!+c4)(«lcj+SjcJ’ 

dn(tt — v) as 
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Similar algebraical reductions to those given above for 
cn('U.—v) -will establish the formulas for dn(u—v) and dnC^+v), 
given by Glaisher (Measenger, X., p. 106), 

' Sjd^—s^d^Oi OTfii+sSjCtja^ 

flS^^j+K^SlSjCiCj l — l^8j^8^ 

the last of form (8), § 116. 

123. The Ihipl/icaiion, Triplication, etc., Formulae. 
Puttingv=u in formulas (1), (2), (3) of 116, and writing 
8, c, d for sn« ^nu, dnu, we find 


sn2‘U= 


28cd 


cn2‘U= 


dn2tt= 


* —2s®+/c* 8* _ —/c'*+2jc'®c®+/c®c* 
l-ic*s* “■ K'*+2ArV-KV’ 

1-2k?i^+k? 8^ K'^--2K'^d^+d* 

I-kSb* - _^'2+2d*-rf*‘ 


Writing S, C, D for sn2«,, cn 2«, dn 2 - 14 , we find 
l-0_8*d* l-J) m D-0 _k'^8^ 
1+0“ c»’ 1+D“ d* ’ JL>+C~oH^’ 


s®= 


1-0 1 1-D 


= etc.. 


'1+D K* 1+0 

^ 1+D“** 53^“®*°-’ 

,j 2 _J5+0_ , 3 !“^_ 

^ l+0“* D^~ ^ 

Puttingtt=JZ’, then S=1,0=0, i)=K'; and 

Again, in § 67, 

anfi; ^N- (1 d-^cOsnCu, jclcnfa /c) . 1 +/ /I—dn(2«, k) 
'' dii(u,ic) K ■Vi+<iii(2"'i4,/c)’ 

and 2u={l+X)v, X=(1 -k')/(1+/), 

1+X8n*(t;, X) 

winch is called Lamd&rCs Bemnd trcmsformation. 




FOR elliptic PUNCTIOMS. 121 

Again, putting t;=2i6, and making use of the above formulas, 
we shall find 

sn 3u=+6 k® 8«—jcV 
1 - 6icV+4(1 

l-sn3u _ 1+8/1 - 2s+2icV- 
1+sn3u 1 • 

1—KSnSu _ 1^ kS/1 — ^Kg + 2Kt^ —. ;f28*\ 2 
l+KsnBu 1-/c8\1+2/cs-2/c8*-;c*s*/’ 
with similar expressions for cn3u and dnSu, leading to 
l-cn3u 1-c /^A:'H2ic'2c+2,c2c3+/e2c*V 
l+cn3?^ l+J V=*~2/c'^c-2ic*c*+KW ’ 
}:Z:^R^u_l-di'K'^+2K'^d-2d? -d*\^ 
l+dn3u l+(f \/c'^-2K'*ciH-2<f=* -dV ’ 
dn Su-K' d-K'fd*+ 2K'd?-2K'd 
dnSu+ic' <(+/c\3*-2icVF+2ic'<r^^/ ’ 
the algebraical work is left as an exercise for the student 

124. Poristie Polygons of Ponoelef., with respect to two Cvrcdes. 

starting from the point A. in fig. 13, and drawing the 
successive tangents AQ^, to the inner circle* 

centre c, from the points Q^, ... on the circle CQ; 

or starting from A in fig. 14, and drawing the tangents 
•PiPj, •P2-^3> iio iilio inner circle, centre o, from P^, P^, Pj,... 
on the circle OP ; then, if wo denote the first angle APQ^ or 
APPj^ by am w, it follows from this construction that 
A.ilQ2=:.4PP2=am 2vj, APQ,^=AliJP^ = &m3w ,...; 

^d we have thus a geometrical construction for the elliptic 
functions of the duplicated, triplicated,... argument. 

When ti) is an aliquot part, one of the half period S.ff, or 
T of the half period 2P seconds, then after n such operations 

the polygon AQ^Q.,Q^ .or AP^P^\ ..., will close on itself 

at the starting point A ; and the preceding investigations show 
that during the subsequent motion of these points, the polygon 
formed by them will continue to bo a closed polygon, inscribed 
in the circle OQ and circumscribed to the circle cT, or inscribed 
in the circle OP and circumscribed to tho circle oR ; and thus 
we have a mechanical proof of Poncelct’s Poristie Theorem for 
two circles, a problem discussed by Fuss, Steiner, Jacobi, 
Richelot, and Minding. 

(Oayley, PhilosophiaaZ Magazine, 1853,1854,1861.) 
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Let US consider the particular cases o£ w equal to J, 

...of the half period 2Z‘. 

(i.) When PP' is horizontal in fig. 13; sJid P and 

P' coincide in fig. 14. 

(ii.) When the circle oB in fig. 14 and the circle cTm 
fig. 13 flhrinlr up into the limiting point L, Landens point 
(§ 28); and now any straight line through L will divide these 
circles OP or CQ into two parts described in equal times, ; 
while in fig. 13 the line PP will touch the circle described 
with centre E through J5, L, and S', subtending an angle 4a 
at 0 ; and any arc PP' will be described in time jr, half the 
time of describing ; hence the following theorem— 

" Two segments of circles are described on the under side of 
the same horizontal straight line, one subtending twice as 
many degrees at the centre as the other; if a particle oscillates 
on the lower segmental arc under gravity, any tangent to the 
upper arc will cut off from the lower an arc described in half 
the time of oscillation.” (Maxwell, Math Tripos^ 1866.) 

As P is passing through A in fig. 15, P is instantaneously 
at rest at B ot B'; and AB, AP are obviously tangents at B 
and P to the circle BLP, drawn with centre B ; while PP' is 
one side of a crossed quadrilateral, escribed to this circle BLB\ 
and inscribed in the circle BAP, 

When the circle cT shrinks up into the limiting point X, 
then, as in § 120, 

QD^WL.EN, L(P^%OL,EN'\ 
and since QX.iQ' is constant in the circle OQ, therefore 
EN,EN' is constant, and equal to XIE®, the value it assumes 
when AT and N' pass each other at the point X. 

Since EN, EN'^EP=EP, 

a circle can be drawn passing through N, and touching EB 
at B; and the triangles EPB, EBP' are therefore similar, so 
that ENB^EBN', EP'B=EBP, 

(Landen, Phil. Tram., 1771, p. 808.) 
Translated into a theorem of elliptic functions, 

EN. EN'^EA^djihjbdji\ and EP^k!^ . EA% 
so that, as in (59), § 67, 

daudnv=ic', when 
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Otherwise, since (§ 28) 

QL—ALdi-D.u, L(^=AL^v, 
aad qL.LQ'^AL.LD, 

therefore dca.udsiv=LD/AL=K. 



Fig, 16. 


The similarity of the triangles AQL, LD^ shows that 
AQIAL=DQflLQ'i 

and since (§ 10) AQ=Al)w.'U,, D^=AJD<inv, 
therefore, as in (57), § 67, 

sntts=cnv/dnu or cdv, when u=v+K. 
Again, since D(^IDL=AQILQ, 


therefore 


DL 8 n't6 _K'8 nu 
j£L Aav, dnu' 


as in (58), § 67, when v^su—K, 
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Conyersely, if the straight line QLQ, passing through L, 
moves into the adjacent position then 

ij.fl'Q QJj jEN velocity of Q 

of <2” 

if Q and Q' move under gravity, or diluted gravity, on the 
cirde OQ with velocity due to the level ot E; so that QLQ^ 
will continue to pass through L, and will divide the circle OQ 
into two parts described in the same time (§ 28). 

If in fig. 13 we denote the radius of the circle cT by t, then 
cosy=r/(J2+c), 

y or am 10 denoting the angle ADQ-j ^; while, from § 120, 

1—Ay c . R—o 
1+Ay~:ff " 

4eJB 


and thence 


/c*=, 




•(iJ+c)2^r2’ 

Again, if Dj is drawn from D to touch the circle cT^ ajad 

the angle ABq^ is denoted by y or am w\ then 

. , T cosy f (snw 

smy - = or snay - , 

^ jR-o Ay' diLW 

so that (§ 67) w+v/=K. 

125. Foristic TriaTigles, 

(iii.) When or triangles QiQzQz can be inscribed 

in the circle CQ and circumscribed to the circle cT, while at the 
same time triangles F^PJP^ (or hexagons) can be inscribed in 
the circle OP and escribed to the circle oR (fig. 16). 

The well known relations- of Trigonometry 
c2=P2~2Pr, or a*=PH2Pr', 
where (7c==c, Oo—a, cT—r, oR^r\ are now easily deduced. 
We may write these relations, more symmetrically. 


R—o 


■ = 1, or 


.= 1. 


R+c ** a—R a+R" 

Lifig. 16, AP(2j=y=amfir, ADQ^^y'^ena^K; 
and since cQj bisects the angle which is equal to y, 

therefore DcQ^=^i{^^y ); and PcQ|=PQjc, or DQ.^Dc. 
Similarly AQj=Ac; so that 


Therefore 

or 

or 


AQj+PQj=A jD. 
sin y -f- cos y = 1, 
snJjB:+cn§Z=l, 

^ ,_ r _ 1 

P—c'^P+c 
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We shall employ this suffix notation for the points W, P, Q 
to signify points corresponding to aliquot parts of K. 

Corresponding to w=%K, the circle oR becomes the circle 
through B, Pg, S'] and nowPg.4P|, is a triangle escribed to 
this circle, and inscribed in the circle OJP. 

For w= the circle oR becomes the circle through 
B, iVg, P; and now we shall find that hexagons bo 
escribed to this circle, and inscribed in the circle OP. 



Tho tangents at Pj, Pj touch tho circle BFJy, and tho 
tangents at P^, Pj touch the circle PWgP; while APt, AP^ 
are tho common tangents of tho circles BN^1¥, BN^B'. * 
Denoting tho aides of the triangle by q„ q^, then 


7e,.._ . <hm 

fi<h+<k+<hy 

But u-i, w- 2 , W;, denoting tho value of u corresponding to tho 
points Qj, Q^, Q,/, and <1^, <1^ denoting tho corresponding 

values of dn u, tlion (S120) 


so that 




'd' 


a constant, a rolation connecting di, d^ d^, when 




-'U3=§A’’. 
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126. Forisdc QuMd/rUai&rala. 

(iv.) When 'U)=^K, qiiadrilaterals QiQaQsQ* inscribed 

in the ciicle CQ ■which are circumscribed ■fco ■the circle eT, and 
now the corresponding relation is found to be 

while TjTs, intersect at right angles in Z, being the 
bisectors of the angles between QiLQ^ Q^Qs (fig- 

This relation is proved immediately by taking the quadri¬ 
lateral in ■the position A-Q^ZR^ j and now y=y'=am 

so that squaring and adding leads to the desired relation. 

As in (ii.)) quadrilaterals can be escribed to the circle BLW, 
which are inscribed in the circle OP, since coincides with i. 

But the circles £2T^B' and are related to the circle 

OP with regard to poristic octagons; and the common, 
tangents of these circles are easily recognised at the points 
Pj,Pl,P|. 

Conversely, starting with the circle cT and the internal 
point i, and drawing T^LT^ through L at right angles 

to each other, the tangents to the circle cT at T 2 ;, Tg, 
will form a quadrilateral Q 1 Q 2 Q 8 O 4 yrhitii is inscribed in a 
circle GQ, the diagonals QjQg, Q 2 Q 4 through Z, and 

being equally inclined to T^Pg and 

II QiC, QgC, QgC, Q 4 C are produced to meet the circle OQ again 
in 3 g, then q^q^ and q^q^, are diameters of the circle 
OQi for bisects the angle Q 2 Q 1 Q 4 ’ 

QiSi=arc 21 Q 4 , and similarly the arc 

arc 9 iQ 428 » ^ therefore a semi-circle. 

It follows, from elementary geometrical considerations, that 

or ; 

80 that cgi2+c28®=c3*®+®9'4*=(-^”<^*M 
leading to 2(iZ*-l-c®)=(iJ®— 


or. aa before, 



FOR BLLrmO FUNCTIONS. 


127 

Denoting by u,, the values of u at Qi, Q,, Q^, 

so that ^“'W'2 = W2~'“'S= W8~‘“'4=3-K"; 

and denoting by dg, d^ the corresponding values of dn u, 
then (§ 57 ) d^<h=d^t=K'i 

and (§ 120 ) LQ= 2 l(l -ic^dn u, 

so that QiQs= 2 i(l QiQi=^l-K')(d^d^); 

while QiQz=^/^(dXdi+di), etc. 



Now by^a property of the circle (Euclid VI. D) 

QiQs • QiQi ~ Q 1 Q 2 • ■ ^2^8 > 

so that l\l-K')H,di+d^X<ii+di) 

= d{ {d^ + d^d^ +<^' 4 ) + (^ 1 +<^ 4 )(^+^)} 

=cZ{ (di+ d^d^ +• d*)+4/c'}, 

or (d^+d-sXd'a+dJ is constant, and = 2 ^/c'(l+')>« 
the value obtained by putting 'U'4=0, when 

Ui=fZ, «2=Z, Mj=|5r; 
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Then (dn «i+g^)(dn «s+^) = V* d +*0. 

when rjt^-~Ui=^E. 

Thus /Iti/'-.i-LITAJ_*_= ^jKO.-^K)dXi.U 


dn(«+JZ)+ 

dn(tt+JiO- 


80 that 


dn(u+ JZ) dn%+K 

K _ — 2 VicXl — K ^)sn It cn « ■ . 

dn(i4+Jjff) dn*tt+ic' ’ 


an(»+JZ)= 

■«(«+w= 


m(ii.+i.g)-^.va+«') °°“jT‘!‘t‘“ - 

dn^+jc 

12 T. Poristio Pentagons, etc. 

(v.) Wlien v=iK, or ^K, the poristic polygons are pentagons 
(fig. 18), and the relation to be satisfied is of the form 
l + p + g-(p + 2)2-.(p + g)(p-g)2==0, 
or {p-qy^p+q-i-i/{p+q)> 

where p and q are used to denote and r/(iJ + c). 

We notice that the relation for pentagons leads to a cubic 
equation, when two of the three quantities iJ, r, o are given; 
but the equation reduces to a quadratic when c=0 or the circles 


are concentric, the case considered by Euclid. 

The reader is referred to the articles of Oayley (Phil. Mag., 
Series IV., Vol, 7, and Collected Works) and to Halphen’s 
Fonctions Flliptiq'iies, t. H., chap. X., for the proof of this 
relation and the similar relations for other polygons. 

We shall find that Halphen's a and y (t. II., p. 376) are con¬ 
nected with our jR, r, c, /c, and w by the relations 


2 4jjRc ^ ^ / P — 

y-^-KinrJ ■ 

and thence Halphen’s x and y can be formed. 


By the use of Legendre’s Table IX. for F(<p, k) (F. R, t. II.) 
we are able to construct geometrically, to any required degree 
of accuracy, figures of circles related to each other for poristic 
polygons of any given number n of sides. 


Having selected an arbitrary modulus k or modular angle 
Ja, we look out the value of K, and then determine, by pro¬ 
portional parts, the value of 0 in degrees corresponding to an 
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amplitude of Kjn, ^Kjn, ; and these values of <f> ■will mark 
the position of the points Q^,.... 

Thus, in drawing figs. 13, 14, 16, 17, we have selected 
«=sin 60°, when 1?=2-1565; and in drawing fig. 16 for poristie 
triangles, we find, from Legendre’s Table IX., 

am JX’=c.m, of 38°49', am§X’=c.m. of 68“5'. 



Fig. 18. 

These angles enable us also to sot out figs. 13 and 14, where 
the circles are drawn so related as to admit of poristie hexagons. 

In drawing figs. 16 and 17, Landen’s point L is sufficient to 
complete the diagram ; also to double the number of sides of 
a polygon of an odd number of sides. 

In fig. 18, K has been taken as sin 75°, as in figs. 1, 2, 3; and 
now .2’=2-7C806; and from Legendre’s Table IX., 

am -’tf7f=o.m. of 30"18', am «A’'=c.m. of 70°20', 
by means of which the figui-cs can bo drawn. 

Fig. 19 shows poristie heptagons, to the same modular angle 
of 75°, laid out by moans of the relations 

^i=am |if=am. of 22°8', of 56°49', 

^ 5 =am j| 7v=c.m. of 77°6'. 
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Fig. 19. 


128. The poristic relation between the quantities R, t, o 
has been obtained by placing the polygon in a symmetiical 
position; but another method is employed by Wolstenlioline 
(Proceedings London Math. Society, voL Yin., p. 136; also 
by Halphen, FF., IL, chap. X.), where the polygon on the circle 
OF is considered in its limiting form, when passing through 
one or both of the common points B and B\ 

Thus wi& triangles, the tangent to the circle oR at B must 
meet the circle OP again at a point Pj, the point of contact of 

a <»mmon tangent of the two circles P and R, the degenerate 
triangle being BPP, 


For qua<hilaterals, the tangents to P at P, P' must meet at 
on the circle P, PjIOuIP being the degenerate quadrilateral. 
For pentagons we obtain the degenerate form PP.P.P^P, P, 
whwe PP^ is the tangent at P to oR, the circle though 

and P^ is the point of contact of a common tangent 
of the circles OP and oR (fig. 18). 

For hexagons (fig. 16) the limiting form is PPiP^PP.P.P 

B tangents at P, P' to the circle through 

P, iVj, P ; and so on. ® 
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129. QeometHoaZ Applications of EUiptio Functions to 
Spherical Trigonometry. 

Taking the fundamental formulas of Spherical Trigonometry 

coso=co3acos h+sinasinhcos C, 

sin A sin B sin C 

— -=-:—f-= — =K, suppose: 

sina sino smc ’ 

then C08 0=;,/(l —K®sin*c)=Ac, 

so that cos c=cos a cos 6 4-sin a sin 6Ac, 

a formula like that of § 119, with a, h, o for so that if, 

keeping G, o, and therefore k constant, we vary a and 6, then 

cos(fa4-cos .dh=0, 

or da/Aa—db/Ab= 0 ; 

and, conversely, the integral of this differential relation is the 
formula above. 

(Lagrange, ThAorU des fondtions, p. 85, §§ 81, 82; 
Legendre, Fonctions eUiptigues, t. L, p. 20.) 

If, in Jacobi’s notation, we put 

a==am(u, k), b=&m(y, k), c=&m(w, k), 
then the difierential relation becomes 
du~dv=0, 

so that - 1 ;=a constant= 1 C, 

since a=o, otu = w, when 6=0 and v=0. 

Supposing K is less than unity, and the angle C is acute, then 
oO, and of the other angles, one. A, must bo obtuse, and the 
otiier, B, acute. 

But by changing to the colunar triangle on the side BC, we 
may convert the triangle ABO into one in which all three 
angles are obtuse; and in such a triangle we may put 
a=am'U^ 6 =t— am'o=am(2£'—v), c=um(2.S'—ic); 
so that if the triangle ABO has three obtuse angles, we may put 
a=ami4i, bs=ainu^, c=&mu^ 
where u^+U 3 +i.t^=u-]- 2 K-v+ 2 K-w=iK; 
and now 

cosJ. = —dni4j, cos jB = — (Inii-j, cosO=—dnitj, 
so that, by § 29, we may write 

A=ir—am(KWi, l/(c), jB=7r—(un(KWjj, l/c), C'=t— am(/cit3, I/k), 
where k is less than unity. 
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For instance, if ABO is the spherical triangle fomaed by three 
summits of a regular tetrahedron, 

A= B G = |x, 
and cosa=cos 6 =coac= —J, 
sina=siii 6 =sinc= 

8in^_3V3_3^ 2 /_3x/15. 

sinffl~4V2“ 8 ' " 8 ’ “ 16 ’ 

while ^=^ta='W 8 =i^» 

so that cn iZ= - J, sn 1 ^ 2 , dn 

When K=0, £’=^'jr, and the triangle j 45(7 is coincident with 
a great circle; and now 

a=Vj^, 6 =« 2 , c=Uj, and a+h+c= 2 x; 

while cos^=cos5=cosa=-l, J.=-B=a=x. 

When /ic=l, K= oo; and therefore of u^, 'Mj, two of them, 
say tij and are infinite; so that 

cosa=sech'Uj= 0 , or a=jT; and similarly 6 = Jx; 
the triangle ABO now has two quadrantal sides and therefore 
two right angles, the third side e and angle 0 being equal, and 
taken greater than a right angle. 

130. For values of k which would be greater than unity, we 
change the notation by considering the polar triangle; and now 
if ABO is such a polar triangle, having three acute sides, instead 
of three obtuse angles, we put 


sin a __ sin j _sinc _ 
sin -4sin 5 ““ sin 0^^' 


and 
where 
so that 
Now 

so that 


-4—amvj, B=amv2, 

\=2K-v^, v^=2K-%^ v^^2K-u^ 
\-^Vi+v^^2K. 

sin a=K sn Vj, sin 6 =k sn sin c=« sn ; 
cos o= dn v^, cos 6 = dn v^, cos c = dn Vg; 


cos c=eos a cos h+sin a sin h cos c 
now leads to the formula of § 121 , 

dn t ;8 =dn Vjdn +)c%n v^sn cn v~. 

In the degenerate case of «=0, K= Jx, and 

^i+^2+^a=w, or^4.5+(7_^. 
an now a- 0 , 6 = 0 , c= 0 , so that the spherical triangle is 
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indefinitely small, and may be considered a plane triang'le j 
and we can tbus deduce the formulas of Plane Trigonometry. 

131. A spherical triangle thus falls into one of two Classes, 
i or II.; in Class L the triangle, or a colunar triangle, has 
three obtuse angles; in Class II. the triangle, or a colunar 
triangle, has three acute sides; the quadiantal triangle falling 
into Class I., and the right-angled triangle into Class II. 

In Class I. we put 

sin A sin jB sin G 
sin a ~ sinb ~ sine 

and then k is less than unity; and we put 

a=amui, h=BXD.'a^ csamWg, 

and then 

^ = T-am(^, IIk), 1/4 C=x-am(irt48,1/*). 

In Class II we put 

sip a sin 6 _ sin c 

sin "" sin’5 “ suTC ~ 

and then k is less than unity ; and we put 

A^amv^, Ji==amv2, O^am'v^, 

where 

and -then a=am(/rt;i, 1 /k), 6=am(KVj, 1/4 c=am(irt;3, l/«). 

_ When this triangle of Class IL is the polar of the tiianglo 
in Class I., Ul-|-v^ = Uss+V2=Ug+'Vg=:2B'. 

^6 change from one Class to the other affords an illustration 
ot tte change from one modulus to the reciprocal modulus (§ 29). 

The spheric^ triangles employed originally by Lagrange 
and L^endre fall into Class I; and a full discussion of tho 
connexion between Elliptic Functions and Spherical Trigono- 
metry will be found in the Quarterly Journal of Math&matioa, 
vols. 17,18,19, in articles by Glaisher and Woolsoy Johnson 
But It IS preferable in some respects to work with tho 
spherical tnangles of Class IL, as growing out on the sphere 
more naturaUy from tho infinitesimal plane triangle; so it is 
proposed to develop here the relations with EUiptic Functions 
by means of a typical triangle of Class II., having throe acute 
sid^, and to refer to tho articles of Glaisher and Woolsev 
J ohnson for the corresponding relations of Class I 
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132. Writing for cn-Vp sn-Vi, dn^;l, etc.; then with 

Vi+^2+^8=2-S:, 

we may put, in Class II., 

.4=ami;p 5=:amv2» 

so that cosj4 = Ci, sinui = Si, etc.; 

and now sin a=/c sin j4 = k 8 -^, cos a=etc. 

From the fundamental formulas 

cos c=cos a cos &+sin a sin h cos (7, 

— cos (7=eos cos JS—sin J. sin B cos c. 


we obtain 

— Cg = CjC2 

where d 3 =dn'y 3 =dn(vi+^; 2 )^ C 3 =cnt;g= —cn(Vi+'y 2 ). 

Again, from these two formulas of spherical trigonometry, 
—cos 0=cos A cos jB— sin A sin jB(cos a cos 6+sin a sin h cos C7), 

or —cos C— jB— sin AL sin B cos a cos h 

1 — sin A sin B sin a sin 6 ' 


so that 




Similarly, cosc= 


cos g cos &—sin a sin b cos A cos B 
1—sin A sin B sin a sin h * 


leading to dn(^+v^ 

As a specimen of Class 11., take the spherical triangle formed 
by three adjacent summits of a regular icosahedron ; then 
A = j3=(7=-|7r; 

and n^c^- ^^^+QQsAco8.B _ cosC ^ 1 
sin A sin £ 1—cos 0 

K =sin c/sin 0=-1^(10 “ 2^^); 

cn|ir=cosC=i(V5-l), 

(in§Z=cosc=^^o. 


so that 
and then 
so that 


^ 133. To prove that in a triangle of Class II. we obtain the 
differential relation 

cos6.dA+cos6.d£=0, or dA/AA+dJ?/AB=0, 
when we change A and B, keeping c and (7 constant, dis¬ 
place the triangle ABC into the consecutive position ABC 
keeping the points A, B fixed and the angle AO'B unchanffed’" 
in magnitude (fig. 20). ® 
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Then, if CA and CS produced on the sphere meet the great 
circle of which C is the pole in P and Q, the arc PQ=(7; and 
if G'A and O'B produced meet this great circle in P' and O', 
the arc PC' is ultimately equal to the are JPQ, or 
lt(PP/QQ')=l. 



But PAP' = —dA, QBQ'=dB ; while ultimately 
PP== —sinilP .dA = —cos b. dA, QQ'=co 3 a. dB', 
so that cos6.cLl+cosa. ciP=0, 

or dJ./A4+(£P/AP=0, 

since 8ina=*:sin J., cosa = AJ.. 

With A = &mv^, B=simv^ this becomes 
dv^+dv^=Q, 

so that +Vj=constant =2K—v^ where 0=a.mv^; 

since P+C'=7r, or v^+v^=2K, when J.=0, 

Conversely, this differential relation, interpreted with respect 
to the triangle ABO, of which the side AB is fixed, expresses 
the constancy of the opposite angle G. 

134. If, as is customary, we deduce the differential relation 
cosS. da+cos.d. .db—0, or da/Aa+cZ6/A6=0, 
from a spherical triangle ABG of Class I., in which 
sinJ.=Ksina, cosJ.=Aa, 

we keep the angle G fixed, and displace the side AB into its 
consecutive position A'B', without change of length, through 
an infinitesimal angle Q about the centre of instantaneous 
rotation I, the point of intersection of the arcs AI, BI, drawn 
perpendicular to GA, GB respectively (fig. 21). 

Then ^ — It _ sinZd _ sin IBH cosP 

5a ifjB' sin/P~ sin/J.if cos3' 
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135. To obtain immediately the addition formulas (1), (2), 
(3) of § 116 for the elliptic functions, Mr. Kummell draws the 
arc GJ) perpendicular to AB (fig. 20), and denotes the perpendi¬ 
cular CD hy p, the segments BCD, AOD of the angle G by 
F, G, and the segments BD, DA of the base Cbj f,g; so that 
F +G=C,f+g=o. 

(Kummell, Analyst, vol. V., 1878.) 
Now, from the right-angled spherical triangles AOD, BCD, 
cos =sin j 1 cos 6 /cos p, sin (?=cos jI/ cos p; 
cosJ'=sin.Bcosa/cosp, sin J'=cosN’/cosp; 
or with sin A = Sy cos = Cj, sin a = ks, cos a=di, etc., 
and writing M for cos p, 

cos G= Sjdj/Jf, sin &=eJM', 
cosF=8^M, ^F=c^M. 

Also sinp=sin J.sin 6 =sinasinjB=/cSiS 2 , 
so that =cosSp =1 - 

a quantity which we have found it convenient to denote by D. 
Now, cos (7= cos F cos 0— sin jP sin 

“ Cg = - Vs )/A 

or cn(i;i -h Vg) = _ cn Uj = (c^Cg - s^a^d^d^/D, 

formula ( 2 ). 

Again, sin (7=sin(J’-t- Q) 


=sin jP cos -f- cos sin (?,• 

Sg= {hc^JrS^c^d^jD, 
Sj=sni;j= 8 n(Vj-fU 2 ), formula ( 1 ). 
Changing the sign of 

« 2 )=sin(J’-G), 

F—G=&m{v.^—v^, 

F+Q=a.m Vg=8m(2K 


or 

where 


or 

while 


so that F 

Q 

Thus, for instance. 


= x-am(Ui-|-i;2), 

=K-i-am(2;i-ft;2) +j am(t;i-V2), 
=iw- J am(t)i -p vg) - j aax(v^ - v^. 


tan{Jam(2)i-l-t;j)+jam(i;i-t;j)}=cotG=tan^ cosb^Sj^dJc,, 
tan{Jam(t)j-f 2 ;^)—Jam(?;j— 2 ;j)} = (jot J* =taiiB cosa=8^dJe^. 
Agam, from the right-angled spherical triangles BOD, ACD, 

cos/=cosa/cosp=di/Jlf, sin/=ain acosB/cosp^/cSiCJJf; 

cosff=cos 6 /cosp=dj/Jlf, 8 ingr=sin 6 cos A/cosp^KS^c^jM-, 
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and therefore 

dn(t;^+= dn i ;3 = cos c = cos(/+ gr) 

=cos/cos gf--sin/sin gr 

as before, in (3), § 116. 

Also sin(/ + gr) = /c sn(i; 3 ^+v^), sin(/— gf) = ic sn(?; 3 ^—; 
whence/and g can be found as functions of and Vj—Vg. 

136. The formula employed by Morgan Jenkins in the 
Messenger of Mathematics, vol. XVII., p. 30, as fundamental 
in Spherical Trigonometry, is 

sin(A+^) __ sing ^ ^ 

cos 6+cos a 1+cos c*. 

and this now leads to 

®1^2+f2£l —_?3 

l+cZg* 

or, in the Legendrian form 

sin(A+jS)_ sin (7 
Aif+AA l+AC?’ 

a formula already obtained from pendulum motion in § 120. 
Then the formula 


or 


gives 


filC2-S2Ci^_S3_ 

d^ **“ d/^ 1 d^ 

sin(A— jB)_ sin(7’ 
Ai^-AA r^AC? 
sin (A- i?) _ sin C 
cost —cos a 


1—cosc' 

The formulas of § 120, in the form 


■m 


lead to the relations 


?1^2dLf8^s=. —_5* 

^2 + Ci i+Oj’ 


sm(a+Z>) _ mac 
cos B + cos A i — 008 (y 
8in ( a—6 ) _ sin c 
cos B—coa A 1 +cos O’ 


•( 7 ) 

..(5) 


and from these four formulas of Spherical Trigonometry Mr, 
Morgan Jenkins deduces the analogies of Napier, Delambre, 
and Qauss. 
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137. Write, as before, in § 135, 

£=ainv, 

4 am(tt+v)+i am (i6—v), 

=Jx—Jam(u+i>)—J am(ti—v). 

Then, since 

sin(^' + (?) + sin(J’— tf)=2 sin jP cos (?, 
therefore, writing Ci, Sy for cnit, snw, dnw, and Cg, Sg, for 


cn V, sn V, dn v, and J) for cos^ or 1— 

sn(u + 1 ;) + sn('!4 —-b) = 2 SjC^dJJD ;.(1) 

C 08 (i'— (?)—coa(J’ + (?)=2 sin JT sin (?, 

cn(u —v)+ cn('a, + v)=2 c^cJD; .(2) 

cos(f-gr)+ cos(/+sr)=2cos/co3gr, 

dn(u —v)+ dn(‘W. + v)=2 djdJJ );.(3) 

sin(jf + ff)—sin(J'— (?) = 2 cos jf sin Q, 

sn(u + v)— sin(u—v)=2 s^c^dJD; .(4) 

co8(I’— 6) + cos(J?'+ (?) = 2 cos J'cos G, 

cn(tt —v)— cn(u + v) = 2 a^d^a^D ;.(6) 

ao&if-g)- cos(/+gf)=2sin/sing', 

dn(u—-u) — dn(u + v)=2 i^a^c-^a^JD; .(6) 


sin(J’+ G)Bm(F- G)=ain‘F- sin^G, 
sn(it + t)) sn('ii—'y) = (c 2 ®—Ci®)D = (Si®—Sg®)/!?. ..(7) 
Again, since 

1 + sin(/+ gr)sin(/-gr)= coa^g + sin®/, 
and sin(/+gr)=/csn(tt + i;), sin(/—gr)=:jc sn(«—v). 


lH-K® 8 n(u + i;) 8n(u—v)=s(dj‘+KW^)/D; .( 8 ) 

1 + sin(J’+ G) 8 in(J-G)=sin®J’+cos®(?, 

1+ sn('!t + 'B) 8 n(w—■y)=(c 2 ® + 8 j^®<i 2 ®)/.D;.(9) 

1 — co 8 (i?’ + G)cos(I'— G )= sin®© + sin®^, 

1+ ea(u + v) cn(u-v)=(cj^ + o^‘)/D; .(10) 

1+ cos(/+gr) C08(/—(7)=C08®/c0S®gr, 

1 + dn(u + v) dn(u—u) = ((^® + ds^)/D j.( 11 ) 

1 - sin(/+flr) 8 in(/-gr) = cos®/+sin®p), 

1 -ie®an(u -t-v) Bn(u-v)=(dj^+,^a^\^)/D ;.( 12 ) 

1 - sin(Jf’ + ©)sin(J- 9) =sin®© + cos®J’, 

1- sn(u + 'u) sn(u—y)=(Cj^2H.8g2di®)/J?;.(13) 

1 + co 8 (J’ + G^ 8 in(j"— 9)= cos®©+cos®J^, 

1 - cn(u + v) cn(tt-v)=(s/dj 2 + 8 g®di®)/D;.(14) 

1 - cos(/+ g) cos(/-gr)= 8 in 2 /+ sin®^, 

1 - dn(ii+t)) dn(u-v)=K®( 8 i 2 c 2 ® + 8g2ci®)/I»j.(16) 
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{1 ±sin(.F+ (?)}{! ±sin(if'_ Q)} = (sin F±coa Gf, 

{ 1 ± sn(u + -y)}{l± Bxi(u-v)}=(c^±s^d^flD; .(16) 

{1 ±8in(J5’+ O')} {1 +sin(J'- (?)}=(sin Q±cob F)\ 

{ 1 ± sn(u + i;)}{lq: BTa(u-v)} = (c^±8^)^II)i .(17) 

{ 1 ± ain(/+gr)}{l± sin(/—gr)}=(cosgf±sin/)*, 

{ 1 ±ksii(u + «)}{! i/csn^oi—v)} = (dji^SjC^)®/!);.(18) 

{ 1 ± sm(/+g-)}{lT sin(/-, 9 )} = (cos/±sin ^)2 

{1 ±Kan(u + •v)}{l Tk sn(u—y)} = ld^±K8^e^/D ;.(19) 

{1 +cos(J?'+ (?)} {1 ±eoB(F- &)} = (sin J’±sm Of, 

{ 1 ± cn(u + ‘y)}{l± cn('u,—y)} = (ci±C 2 )Vi);.( 20 ) 

{1 ±cos(J'+ ©)}{! ±cos(i?'- (?)}=(cos Gtcos F)^ 

{Iqp cn(u + v)}{l± cn(u—v)} = (8id^T8^(iJ^II); .( 21 ) 

{ 1 ± cos(/+ 5 i)}{l± cos(/— 5 r)} = (cos/±cos^)*, 

{ 1 ± dn(u + t;)}{l± dn(u-y)} = (di±( 4 )Vi);.( 22 ) 

{1± COs(/+gr)}{l+ cos(/-g')} = (8in/H:singr)2 

{li dn(u + t))}{l+ dn('u—v)}=K^8jei^8^^/D; .(23) 

siii(+ CF)cob(F— Q )=sin OcoaG + sin F cos F, 

sn(w + v) cn(tt—y)= (8jejd^ + s^^d^jl); .(24) 

—sin {F— )cos(^ +G )=sin GcobG- sin F cos F, 

sn(it— v) od(u + v)=( 8^o^d2 — s^o^jl );.(25) 

si^CZ+S') cos(/- 5 r)=sin/cos/+ sin g cos g, 

sn(u 4- y) dBi(«—y)=+ s^d^^/D ;.(26) 

sm(/-gr) cos(/+ g) =sin/co 8 /-sin g cos g, 

sn(u—y) dn (44 + y)=( 8 jc!!iC 2 —SjdljSi/i);.(27) 

-cos(J'+ G)ooa(f-g)= {cos.d. cos jB-sin J. sin5oos(/+gf)} cos(/-gf), 

cii('U + y) dn(u—v)=(e^o^id^—K\8^jJ );.(28) 

cos(JF’- G^cos(/+ j 7 ) = cos(jP- G){co8a cos & + sin asin h cos( J’ + ©)}, 

cn(u—y) 6.n(u + v)={o^e^d^+K\8^ID; .(29) 

sin 20*=2 sin G cos 0, 

sin{am(« + y) + am(y,—y)} = 2 8.^ejd^B; .(30) 

sin 2F= 2 sin I'cos F, 

sin {am(u + y)—am (u—y)}=2 s^e^JJD ;.(31) 

— cos 20=sin^ff—cos®G*, 

cos{am(u+y) + am(w—y)} = (c^^—Sj^dj®)/!);.(32) 

— cos 21'=sin®!'—cos®J*, 

cos{am(u + y)—am(u—y)} = (c^—8^di^)II );.(38) 


the thirty-three formulas of Jacobi, given in his Fv/ndomenta 
Nova, 18, and reproduced in Cayley’s ElUptic Fvmctions. 
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THE ADDITION THBOREM 


Similarly any other formula in Spherical Trigonometry is 
converted into a form of the Addition Theorem of the Elliptic 
Functions, and conversely j by writing for cos^, sin-4, 
and K8i for cos a, sin a, eta, with 

Vi+v^+Vi=2K. 

Thus the six four-part formulas, of which 

cot a sin c=cot A sin £ -t- cos o cos £ 
is the type, obtained by eliminating cos b between (a) and (jS), 
lead to 

with five other similar relations. 

By means of these and the preceding relations we can prove 
the following examples on the formulas of Elliptic Functions. 


Examples. 

1. Prove that, if u+v+w+x=0, 

cn^dn^-^dnucni; ^ en^t;dng?■^«d n^(;cna;_Q 
sni6“-sn'y sn^iy—snaj 

(ii.) /c®/c^n^snt;sn'i£;sna!+Anuent;cn w(^'OlX 
“"dnudn ^ dn ^£;dn^D=0. 

2. Prove that 

(i.) n8(^t-l,)-^sn(t.-^^;)=g^°^°V5”?^; 

dn®u—dn®tt 

(u.) l-An2(u+t;)sn2(i^-t;) = (l-An%)(l- 
(iii.) An(u+t;)sn(u—t;)sn(t6+^^;)sn(^(r— w) 

_l_ (1—An^^0(l—An^t; sn^^f;) __ - ^ 

(1 — /c%n^itr sn^^>)( 1 — yc^sn^u sn^'i^;) ’ 

L—An^usn^ V 


(iv.) +'u)cd^(u,— v) / 1 

1—K®sn*(u+i;)sn*(tt —u) ~ 


:'^-t-/c®cn\{,enW 

3. m 3-lH^=^(i*+.2)dnHCu-|-A') 

1-fsntt ’ 

4. Prove that 

l + iTRn^y.nn — Sn^K'^+ ^>)111+/r sn^^fa, —} 

and hence prove that the expression 

1—/csna3snj/ l+ycsn£?sn^^; 
l+icsnajsnj/ 1—ycsn 0 sn^i; 
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remains unaltered when for x, y, z, w we substitute respectively 
W+y+z+w), l(x+y-z-w), \{x—y+z—w), 
^{x—y—z+vj). 

6. Prove that, if tanh A=k sn^a, tanh B=k aix% 
tanh {A-jS)=K sn(a+|8)sn(a - 
Deduce Jacobi’s relations, 

sn(^+y)sn(^—y)+sn('y+a)sn(y—a)+sn(a+^)sn(a—j8) 

+/c%n(^+y)sn(y+a)sn(a+;0)8n(j8 - y)8n(y—a)sn(a—yS) = 0; 

or 

l-/csn(|8+y)sn(|Q-y) 1-Ksn(y+a)sn(v- a) l-/csn(a+/3)8n(a-y8) 
l+A:Sn(y8+y)sn(|8-y) l+K8n(y+a)sn(y-a)'l+KSn(a+jS)sn(a-/3) 
or =1; 

l-KBD(t-x)axL(y-z) l-KBn(t-y)8n(g- a;) l-«csn{<— 2 ;)sn(aj-i/) 
l+/csn(t-a;)sn( 2 /- 2 ;) l+/csn(«-y)sn(»-a!) ‘ l+/csn(t- 0 )sn(£»-y) 
or =1; 

l-ysn^sni; l+/csn(u+ac;)sn( i;+-M)) l-Ksn^m-jy+wW-tp , 

1 +Ksn'M.snt) l-icsn(M+«;)an(t)+tt;)' l+/c8n('^4+■^;+^c;)sn^(;~^■ 

(Glaisher, Q. J. M., vol. XIX, p. 22.) 

6. Prove that the tangents at the points on an ellipse of 
excentrieity e whose excentric angles are 

^ = am(u, e), '</f=§7r—am(v, e), 
will meet on a confocal ellipse when Vi~v is constant, and on 
a confocal hyperbola when u+u is constant. 

Hence show that the genewl integral of 

^^1kJ0-~ e®sin*^)—(ii^/^(l—e^sin®^) = 0 
may be written 

C0s4(^+'f ) = C0S2J(^—,/r) ; 

and convert this into the form 

cos y=cos 0 cos ■^+ain<l> sin — e®sin®y), 

proving that tan2^^y=^<^±^). 

7. Prove that the straight line joining the points 

ccn(u+v), osn(«+D) and con(u—v), 0 6ii(u—v), 
on a given circle of radius c, will touch an ellipse whose semi¬ 
axes are csn(/f—t;), ccnv, when v> is constant and v is 
variable j and determine tho envelope when u is variable and 
V is constant. 



CHAPTER V. 


THE ALGEBEAICAL FOEM OF THE ADDITION 
THEOEEM. 

138, The first demonstration of the existence of an Addition 
Theorem for Elliptic Functions is due to Euler 
(Acto PeirqpoHtflww*, 1761; InatitvMonea OaicvM IntegraZia), 
who showed that the differential relation 
da/JX+dy/JY=0, 

connecting X=aa^+4iba?+Qox^+4da:+e, 

(a, i, 0, d, e)(tB, 1)*, 

the most general quartic fiinction of a variable x, and Y the 
same function of another variable y, leads to an algebraical 
relation between x and y, X and T. 

This algebraical relation is 

O', 

where G is the arbitrary constant of integration; and this 
relation when rationalized leads to a symmetrical quadri- 
quadric function of x and y, of the form (§ 148) 

«®V+2^(a!+y)4-y(a!?+4a!2/+y2)+2d(®+3^)+e=0, 

or (oo!®+2^8!+y)y®++2y!»+%+y®2+25®+e=0, 

or (a2/*+2)3y+y)a!®+2(j8y®+2yy+5)33+yy®+25y+e=0. 

(Cayley, MMptio Fwnotiona, chap. XIV,) 

With 66=0 and 6=0, X and F reduce to quadratic functions 
of X and y ; and then 

constant 

is the general integral of dxl,^X+dyUT= 0, 

142 
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139. By Tmting (Zaj'+mVCZV+mO for x, which is called a 
Ivnea/r suisivtvMon, this symmetrical (juadri-quadric function 
becomes unsymmetrical, the five constants a, y, 8, e being 
thereby raised in number to nine; and then 

dm/^X becomes changed to {hri'-Vm)da^l^X', 
where X'={a, b, e, d, e)(lx+m, I'x+m/)*. 

The invaricmts and of the quartic X have been defined 
in § 75, and in § 63 the d4serimmant A=g^—27g^, and the 
absolute invarimt J=gilA ; and now, if g^, g^. A', J' denote 
the same invariants of X', we find 

g^={Vmf-Vmfg^ gi'=(l'm-lmyg^ A'=(Jm'~l'm)^A-, 
while the absolute invariants J and J' are equal 

Conversely, any unsymmetrical quadri-quadric function 
whatever of x and y may be written 
GKpo, y) =(aa!*+ 2 ^aj+y)y 2 +2(|8'a5*+2y 4.yV+2d"a}+e" 
=iy®+ 2My-{-N = 0; 

^«,2^)=(ay*+2^y+yV+20y®+2y'y+<S")a!+yy*+25'y+e" 

=Pa!®+2Qaj4-JS=sO; 

L, M, N being quadratic functions of x, and P, Q, R being 
quadratic fimctions of y. 

Then by differentiation 

(Px-\- Qydx +Jlf)dy=0 J 

and by solution of quadratic equations 

Ly+M=„y (Jf®— LN) = </X, suppose; 

-P®+ Q=V( Q^-PR)=^Y. suppose; 
and thus we are led to the differential relation 
dxl,^X+dy/,^T=0. 

where X and F are quartic functions of X, not necessarily of 
the same form, but having the same g^ and g^. 

A linear transformation, such as that given by 

y - iW + fK'Wy' +m'), 

can however always be found, which will transform 

^yljy into ^y'lJT, 

where F' is a quartic having the same coefficients as the quartic 
X; in other words, the quarries X and F have the same in¬ 
variants ; so that we may, without loss of generality, consider 
X and F as of the same form, and therefore drop the accents 
in the expression for ©(as, y). 
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J7=Px+Q==ia‘!^+i^Jry)ai+^y^+^yy+8\ 

so that ‘*^^~'^ - ^ -=axy+^(x-\-y)+y, 

X y 

a form of the integral relation, in which the coefficients a, h, o, 
d, e in X and F are functions of a, /8, y, S, e, determined by 
00!*+46a;®+6ca!^+4(ia!+6 

s (j8ai®+2yaj+5)®— (ao^ + 2^x+ yXyaj®+2da5+e), 
the Hessian, with changed sign, of (a, /8, y, S, eX®, 1)*; and 
a(x+yy+^{x+y)+C 

= {aa}y+^(x+y)+y}^ 

=(^-ay)(x+y)^+2(^y-aS)(x+y)+y^—ae. 


140. Lagrange proves Euler's Addition Equation as follows:— 
Put dxJdt=^X, and therefore dyldt= —^/T; then 

^=2(aai®+36ai®+3ca!+d) = 2Zi, 

2(o2/«+36y®+3cy+d) = 2Fi, 
suppose; so that putting x+y = jj, ®—y=g, then 

t=v'r-vr; %=Jx+jTr-, 




|=2(Zi+F0 


=Ja(25®+^2®)+36(p®+2®)+6cp+4d, 

^dq-x r 

di dt~^ ^ 

=+ 2 *)+ 62 ( 3 p ®+ 2 ®)+ 6^2 + 4^2 ; 


or 




or 


f dt dt^ f dt\dtJ 
Both sides of this equation are now integrable, so that 

®(®+#+46(®+^)+a 

We notice here that, if 0=46®/a, 

^^-J7 _ a{x+y)+2b 

*-s/ iTo ■ 



OP THE ADDITION THEOREM. 


145 


141. In the canonical form considered by Legendre, with 
X =sn u, dx/du =^(1 - aj®. 1 - 

y=^snv, d,y/dv=^(l-yKl-KY), 

then X=l—a^.l—K^!i?, T=l—y^.l—i^y\ 

Therefore dx/^X+dyl^Y= 0 , 

leads to du+ dv = 0 , 

u+ V = constant; 

which, in Clifford’s notation, may be written 
sn“^+sn"^=constant 
Tiuler’s Addition Theorem of § 138 now gives 

_ (cn It dn u—cn dn -i;)^— K\anhj, —an ^y 
(sn u—sn v)* 

_ / dn-acn'i;—cnud n vy _ / dn (tt+v)—cn( w+v) V 
V snu—sn-o / \ sn(u+i;j /’ 

by J. J. Thomson’s formula of § 121. 


142. But the Addition Theorem (1) for 8n(u4-'y) of § 116, 
s^'^c^'^dni;+snt;cnudnzt. 

1—ic^sn^sn^i; ’ 

when translated into the inverse function notation, gives 
an y ^ -1 <^‘')~l~2/v^(l x^. 1 —/Aj®) 

'~1~7xY 

This reduces, for /f=0, to the trigonometrical formula 
sin - ^+sin-1?/=sin - i{a;,^(l - 2 /*)+ y^(l -x^)}, 
the integral of dxl,J(l~x^)+dyl^{l-y^)=0; 
and for k = 1, to 

tanh“^a5+tanh-% = i®Dh-^®-’*^^, 

l+xy 

the integral of dxj{l— as®)+ dy/(l — y®)=0. 

Similarly, equations (2) and (3) of § 116 may be written 

cn-®»+ cn-iw = 

1—k*xY 

We can now see why so little progiess was made with the 
Theory of Elliptic Functions, so long as the Elliptic Integrals 
alone were studied, and also why Abel’s idea of the inversion 
of tho integral has revolutionised the subject. 
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143. A slight diiange of notation in the canonical integral 
(11) of § 88, suggested by Kronecker (Berlin Site., July, 1886), 
introduces a farther simplification, on writing 

a=KaxiX^u/jK ); 

then dxl&w=J k 8n(|tt/^jc)cn(i'u./„y«)dn( 
da? x(. x\,. . 

=»(1—poj+a:?), 
with p=ic-^+K; 

and now u =fdxlJX. 

0 

with X=x(\—f)x+x^). 

Now 

J(tt+ v)l,J K=sn (xJk) +sn - k) 

-.^- x>/oiJO--py+y^)+JyJ(} -pa^+ag^) 
1-xy 

144. In "Weierstrass’s notation, we take 

X=ia?-g^-g^ 

so that, in the general expression of the quartic X, 
a=0, 6=1, 0=0, d=-\g^ «=~fl's; 
and now Euler’s form of the Addition Theorem becomes, with. 
z for C the arbitrary constant. 

Now if !B=pu, 2/=pv, so that ,JX=—p'u, JY=^—^'v, 
then we shall find (§ 147) that z=p(u+v); so that 

fi>(n+v)=\(^^y-p^-pv. .(F) 

or, in the inverse notation, 

Patu+v=-'u;, so that * ^ 

p(u+v)=giw, p '( u + d ) = -p'«;, 

since 61) pm is an even function, and p'w an odd function 
ofw; then, with 

u+v-\-v}=0, 

9v,+pv+pw=i(tlLlI^\\ 

J , \pu —0U/ 

and therefore also, by symmetry, 

_ 1 /^j-p%Y^ / p'w—p'u y 
\pu-pio/ *\p<m-pu/' 


,(F)» 
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Thus 

^—fw pw—fv,' pu—pv’ 

(pv-pwyu,+(pw-pu)p'v+lpu-pv )p'w = 0 , 

(p'v-p'w)pu +(p'w-p'u)pv +(p'u-p'v)pw =0, 

1. pu, p'v, 

1, pv, p'v =0.(G) 

1, pw, p'w 

Weierstrass thus replaces the three elliptic functions sn^, 
cn u, dnu by a single function pu, and its derivative p'u. 


or 

or 

or 


146. Tate for example the integral of ex. 8, p. 65, 

/X-^dot, where X=(aj-a)(a!B*+26a:+c), 
a cubic function of x, having a factor x-a. 

This example shows that we may put 

!'>=»■ 

and then ^bx+c _ ^ ac— 

(aj—aP aa^+2ba+c 
= +26a+ c}^ 

{aa^+2ba+c){x-a)^ 

Now, if y and z are the values of x corresponding to the 
values V and w of u, and if 


* « a 

then the integral relation (G) of § 144 connecting x, y, z becomes 

(2/-»)Z4+(a-®)Fi+C®-2/)Z»=0.(1) 

We notice that the integral relation does not req^uire the 
knowledge of the factor x —a of JT; so that, writing 

X=u4£B«+.3£a;*+3Cb+A 

we have, on rationalizing the relation (1), 

3(y-z)(z-a;)(a!-2/XXyF)4 = (2/-z)»X+(z-a>)»F+(a!-2/)»^ 

= 3 ( 2 / -z)(z~x) {x-y) {AxysJr B{yz+zx+xy)-\-0{x+y+z)-\-Dy, 
or X7Z={Axyz+B{3iz+zx+ayy)+0{x+y-^z)+D)^ ...(2) 
(MacMahon, Gomptes BmdAJts, 1882; Q. J. M., XIX., p. 168.) 
Then X^Yi{{y-z)X^+{z-x)Y^} 

+(?i-y){Axyz+Blyz+zx+xy)->rC{x+y+z)+I)} = Q, 
so that „_ -y*y’%X*-a!F^)+(g!-y){J?a!y+G(a;+y)+i?| 
XiYi( Xi- Yi^)-{x-y){Axy+Bix+y)+Cf 
equivalent to All^et’s result {Gomptea Bend/us, 66). 
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146. We shall find it convenient to replace the conataat G 
in Euler’s integral relation by 4c+4s, and to consider s as the 
arbitrary constant, the meaning of which is to be interpreted ; 
and then 


■y 

,^ nx.y)-^XJY 
2(x-yf ’ 


or 

where 

F(x, y) =oaft/® +'ihxy{x-\-y)-irc(x^+4ixy + 2 /®)+ 2 d(aj+ 3 /) + e 
= (a®®+26a!+ c)y^ +2(6a!®+2oa!H-d)2/+cai®+2d5ajH-e 
= {ay^ + 263 /+ c)a? + 2 ( 6 y®+ 2 cy+ d)x+(yy'^-^2dy-^ e, 
a symmetrical quadri-qnadric function of as and y. 

Treatii^ s as a function of the independent variables x and 
y, we shall find 

nf^- 2ea!*^ 4 dx^^ FJX-XJY 

3® {x-y)^ {x-yf 


_(a/+ 363/* + Scy 4- d)a!+ 63/®+Sc?/®+3^3^+e , 

, (oa:®+ 36 a!® + 3 ca!+d)3/ 4 -6a!® 4 -Sea!®+Sd®+e 

__^®4"l2 fy /T7 

suppose j 


■s/y 


and similarly we shall find that /y/I^ has the same value. 
But if s is taken as constant, then 


Bs, ,Bs, - 


or 


daoj^X 4 - dyU Y= 0, 
so that the differential relation which leads to Euler’s integral 
relation is thus verified. 


147. But now denote 

48®-5'jS-g-j by S. 

where fi'2=“fi~46d4-3c®, g'j=ac6+26cd—ad®—e6®—c®, 
so that (§ lZ)g^md are the qmdHvaricmt and cuhievariant 

“f l^natior^,; 
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We shall find, after considerable algebraical reduction, that 
(_Zia’+ (.X.y+X:\J7 

{x-yY 

so that -Lr^+—-^=-—— 

iJX dt fJT dt cU’ 

and the elliptic elements dxl,^X and d/yj/^JY are now reduced by 
this substitution to Weierstrass’s canonical form da/^8 of § 50. 

Mr. R. Russell points out a concise way of performing this 
algebraical reduction, by means of the linear substitution 
*=(t®+2^)/(t+ 1) in the quartic (a, 6, c, d, e)(t, 1)*; 
which then becomes of the form 

XTH4(Xi3/+Xii)T*+6J'(aj, 2/)T2+4(Fia!+ Fj)t+ F, 
■^'r'*+4RT®+6C?T*+4i)T+^, suppose. 

If the invariants of this new quartic are denoted by G , 
then Gf 3 =i<»-y)%; 

and /Sf=4s®—^jS— 

.O-JAJE 

2(aj-^)« 2(a5-2/)2 

_ {0-JAJBf-G.{C-jAJliD-^G. 

(®-# 

_ {(Fia;+ F,)v^X-(Z,?/+X,),^ 

(sa~yf 

148. Rationalizing the integral relation of § 146, 

{‘^{x-yf-F{x, y)f=XY, 
or ^(x-yf~8 F{x, y)-E{x,y)=Q, 

where E{x, 2/) = {(ac-6V+M-ic)2/+i(ae-c2)}a!2 

+ {— ^o)y'^ +(Jae +2hd—+be — cd)x 
+ i(ae ~(?)y'^+(be—cd)y-\-oa—d^\ 
or {^—h(h)(:ai-yf-aF{x, y)-H(x, y)=0, 

where H{x, y)==(ao-b^)xhf+(ad-bo)xy{x+y) 

+ 4(ae_+ 2hd- 3c®)(a!*+ 4sxy + y^)+(be - ed)(x+y)+(oe - d), 
a symmetrical quadri-quadric function of x and y. 

149. When x=y, F{x, x)=X, and 

E(x, x)=Il(x, x)=(<tx-¥)x^+^(ul-hu)x^+(ae+%a-'&o^)a‘^ 
+2(6e— od')x +6*6— d^, 
the Eeaaiun H of the quartic -Y. 
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One value of 8 is now infinite, and the other 

as in § 75 ; for, when 
F(x.y)-JX^ 7 _q 
*- 0 

{F(x.y)}^-XY - 2 E(x.y) _ H 

2 (x—y'f{F{x,y)+M/Xt,JT} F(x,y)+fJXi^Y~ X* 
a substitTition due originally to Hermite {CreUe, LII., 1856 ). 
Now, since i=oo, when X= 0 , or »=a, 

fdxlJX=\fdtlJT=y-\-EIX), 

a 

a d en oting a root of the quartic X= 0 ; and here 
1 j. (d~ ^ ~ (.^iV d~ X^tiJ Y _ 0 

(.x-yy ~0 

(Y,x+Y^X-(X,y+X,yY & 

’ {x-yy{{Y,x+Y^^X+{X^y+X^)^Y} X«' 
where ff is a certain rational integral function of x of the 
sixth degree, called the eextic covariant of the quartic X; the 
preceding algebra showing that 

or iE^^g^X^+g^+Q^= 0 , .(H) 

this is called a syzygy between Z, H, and (?. 

(Burnside and Panton, Theory of Equations, p. 346 .) 
For instance, if X is already in Weierstrass’s canonical form, 


=lt- 


SO that, if 

x=pu, 


X=p'%= 403 “ - - y„ 

then 

N=-(a!*+igr 5 j)*- 2 gr^; 

and now 

t=f 2 u, 

SO that 

P^^i-ip^+\gty+^gi^ 


4 ifu-g^-gg 


This may also be written 




150 . "Withy= 00 , 

28=aa?+2hx+c—^a^X, 

or 8*-(aa!*+26®+c)8-(ac-6*)aj*-(a(2-6e)aj-i(ae-c*)=0. 
With y=0, 

28=(ca5H2da!+6-VeVX)/a!*, 
or a!® 8 *-(ca!?+ 2 d!!B+e) 8 -J(ae-c*)a!?-( 6 c-cd)®-ce+«Z®= 0 . 
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Writing F{x, y) in the first equation of § 146 in the form 

F+jr(«-3/)+*F"(»-y)*, 

we can find a; as a function of s and y by the solution of a 
quadratic, in the form 

^-y= ^/?s/^+|F(8-A:F-)+AFF"- 

2(8-^F7-iaF 

This method of the reduction of the general elliptic element 
dxlj^X to Weierstrass’s canonical form da/^S is taken from a 
tract “ PTohlMfMta qucedaw, medhanioct, fv/ncHonw/n etZipti- 
eamm ope aohda. — DiaaertaMoimaugwralia” 1866,by G.G. A. 
Biermann, where the formulas are quoted as derived firom 
Weierstrass’s lecturea 


161. Changing the sign of ^F, we find that 
o- Koi,y)+JXJ7 
2{x-yf 

leads to the differential relation 

1 dxc ^ 1 dy _ 1 da 

JXdJt ~jYdi~~ 

so that, putting Jdx/^X = v,,J'iylJY=.v, 
u-v=^I^X =-Jd^ly/8, 

V » 

implying that u—v=(} when x=y, since 8=oo when x=y’, 
and now, in Weierstrass’s notation, 

Changing the sign of v, and therefore again of F, 

so that p2tt=-jH'a/X, p2v=-Hy/Y, 

implying that u=0 when X=0, v=0 when F=0; so that 
v,=fdx/^X. v=/dyl^Y, 

a a 

where a denotes a root of the equation X=0. 

Then p(u-v)+p>(u+v)=^^^jf 

p{u-v)-p(u+v)= *^^^ . 



152 


THE ALGEBRAICAL FORM 


Mr. R. Russell finds, as is easily verified algebraically, that 
F{x,y) {X,y+X^f F{x,y) Hy_ (Y^x+Y,y 
{x-yf X (x-yfX‘{x-yf Y {x-yfY' 

But, from the Addition Theorem (F) of § 144, 

K«-«)+f<»+«>)+p2«= 
and therefore 

X^y-^X^ ^ _1 p'iu-v)-^'{u+v) 

(p-y)J^ 2 p {u-v)-^(u+v)‘ 

YjX+Y^ = _ 1 P'(u-v)+p'('^+'i)) . 
i?^-y)i>JY '2,^{u-v)-p{u+vy 
the sign being determined by taking v small, when y=a, nearly. 

Now, ^'{u-v)-p'(u-^v)=-2^^^^Y, 

P'(u-u)+pX«+^)- 

SO that, as in § 147, 

,.)_ -(yi<^+YdJX-(X,y+X,)JY 

{x-yf 

0'(u+t)) = ~ (^1^ + ^ 2 )*/ ^ + {X^y +Z g)^ F 
{x-yf 

152. When y=« 3 , 

= — It Hy! Y = (6*— ao)ja, 

and p'2u= -It QylY^={aH-Zabc+2b^)la ^; 

1 p'{u-v)+^'{u+v) FiOJ+y, _ax+b 

^f{u-v)-^{v,+v) {x-y)JY~ Ja‘ 

Again, from equations (F)* and (G) of § 144, 

1 p'{u-v)-^'2v _1 ^'{u-v)+^'(y^+v) _ _Fitc+Fs 

2p(u-'u)-g»2u 2p(u-v)_p(u+u)“ {x-.y)JT 
and putting tt=0, and therefore x-=a, we find 

aa+b _ ffl'f+p^2'i; 

»Ja 

so that the quartic can be solved, when and p'u are known. 

{Solwtion of the Cubic a/nd Qua/rtie Equation, Ptoc. LoTulon 
Math. Soc., vol. XYIII., 1886.) 
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Otherwise, with t= —HjX, 

^S'X-HX'_ 2 (? 
cfe X^ Z2’ 

while T^=4>t^-g^t-g,= 0yx\ 

80 that dtl^T= - 2dxf^X, 

and 


u=J^I^Xl^-\-EIX), 


a , 

a denoting a root of the quartic X= 0. 

Then p2M,=i=-if/X, ^'2u=-T=-OfX^; 

''’'^hile ^^=0 when 2/ = a, and F=0; 

so that 016=8=-^?^®’ 

2{x-af 

a'n. = - /.S' „ - (■««’* + + 3ca + d)x+ha^ -f Bca^+ 3da + e 

If V, k, K denote the values of w, s, S, when a!=oo , 
/fi=-KaaH26a+c)=jj?;, K=:(aa^+3ba^+8ca+d)^a= -p'v; 
o_ 7 /.— <^Q^+35a^+3ca+c Z 
x—'a 


so that x—a——^— — 

(8 - h)^a (fu—y>v)ijd' 

and now ?)2'y=(62_ac)/a, p'2?;=(a2d-3a6e+2bs)/a.i 

Converaely, given these values of p2v and p'2v, and supposing 
the bisection of the argument of the elliptic functions to be 
carried out, we can determine p-y and p'v, and thence solve the 
quartic equation Z = (). 


153. Since F{x, a) vanishes when a:=a, a root of X=0, it is 
divisible by as-a; so that 

a = (a«H2&n+c)ieg+ -Kh a^ ■>i-'2ca+d)x+ca^+2da+e 
2{x-uf 

= |(aa^+26a+c)*_“, suppose, 

a typical linear transformation, which converts daslj^X into 
the canonical form of Weierstrass. 

Denoting the four roots of X=0 by a, |8, y, S, then since 

b/a= -i(a+/3+y+(S), o/a-l(a^+ay+aS+yS+Sfi+^y), 
we may write 



a — y a —0/ 
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and now 

, B(a-yYa-S)+y(a-S)(a-^)+S(a-^) (a-y) 

“ (a-y)(a -<?)+(«- - i8) + (a - /3)(a - y) 

with three other values y, S corresponding to y, d. 

_ ^aa*+3ba*+3ca+d)®+6aS+3ca2+3da+e 

Now 

=(aa*+36a*+3ca+ ^ ^3^ 

= ia(a-jS)(a-y)(a-d)y|-^aj_a)s /• 

Denoting by e*, the roots of the dwmmmaimg ovMc 
4^-g^-g^ = 0, 

so that iSi=4(8—ei)(s—62)(8—Cj), 

then we may write 

8 - 61 = io(a-yXa-5)|3^, 

8 - ej=ia(a - d )(a - 

8 - fis=i®(a - ^)(a - y^~ 5 

so that, to {B=a, )8, y, d, corresponds 8= oo, Cj, eg, ejj and then 
ei=-^a{(a—y)(d—— (a —d)(^ y)}) 

8*=(a—<5 )(^ “ y)—(« “ ^) (7 ~ ^» 

8s=A®{(« ~ ^My ~ <5) — (a—y)( ^—^) }• 

If we interchange a and jS, and put 


■ _ 1 z-y 


O _ \ 


then to 2 ?=j 8 , y, 8, a, corresponds Si= oo, « 8 > ® 2 » ^ 5 
so that 8 = 8 ^ gives a linear substitution converting 
dx/j^X into dz/^Zf 

in which a 5 =a, j8, y, 5 , corresponds to z=fi, y, 5 , a. 

If 8 is replaced by g>i 6 , and the same function of z by pv, then 
we find from § 64 that 

^=u, u+a)i, Wf+a>i+ft)3, 

gives the four linear transformations which leave dxj^X 
unaltered; and corresponding to the values (a, j 8 , y, d) of x 
we find (a, y, d), (^, y, d, a), (y, d, a, ^), (d, a, j 8 , y) of » ; 
the first transformation being merely z^x, not a distinct trans¬ 
formation. 
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164. When, as at first, 

y )-JXJT 

2(05-2/)* ’ 

and when e is a root of the discriminating cubic, then a—e is a 
perfect square; and we find 

^ 2 ( 05 - 2 /) 

®s in § 70, the quartic X. is resolved into the quadratic 
&ctors Nx and Dx> and TT into the corresponding factors Ny 
and Dy ; this can be done in three ways, corresponding to the 
three roots of the discriminating cubic. 

Thus the integral relation 

X — y wiiowmv 

leads to the difierential relation 

do5/v(-ar*z),)+ {NyDy) =0, 
as is easily vesrified algebraically, N and D being quadratics. 

165. A more elegant expression can be given to these rela¬ 
tions if we follow Klein {Math. Arm., XIV., p. 112; Klein and 
Friche, ElVi^tischi Modvijvnetio'nerb, 1890) in employing 
homogeneous variables 05i and 052 , by writing otj/oSj for 05 , and 
2 / 1 / 2/2 for y ; and now 

y 'dx _ r _ a52(fa5i—fl5,cfa5, _ 

4-46052*052-1-6(5052^*4-4da5ia52®-|-ea52*) 
Conversely, by writing as for os^, and 1 for oe^, we return to 
our original non-homogeneous variable 05 . 

Klein employs the abbreviations 

(a5dir) for and {xy) for 

also fas for (a, 6, c, d,, e)(osi, os^)*; and now with 

w—u—v ^^djxl^JX, 


where 


s= y)+^fa5^fy 

^ 2 ( 05 ^)* 
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"d v'g—p'"’^ ^ 

reducing to the above in § 153, when fy=0. 


CBg) of X 

or f(»i 

3®f 

3®f 1 

'bx^^ 

m 

m 

'dob^xc^ 

bx^ 

or G'(a5i, 

®2)l>y 

3f 

IL 


bx^ 

bS 

bjE ' 

bx^ 

bx^ 


We may also use x and y as the homogeneous variables in 
the quantities, instead of and x^- 

Thus, for example, the integral f i'\xdy), where 

i^x^'^+llx^y^—xy'^^ (the icosahedron form) 
is shown to be elliptic by means of the substitution 

wh.™ g, ^ 

3®* 2ix?>y 
SajQy’ 32/® 

= - 3^“+228a!“3/6 - 494a!“2/“- 228a!®2/“ - y^. 
Then vre can verify the syzygy 

-5»+m8f»=T®, 

where 2’=—A-1 H. — I 


tIt 


1 

3f 


w 

bx’ 



bH 



bx' 

dy 


so that 


=a!“+2/“+522(£c®®2/®-®®y“) - 10005(!c®y»+!B’-®3/20). 
dz 2iH'-oi'H -ST 
z(xdy) zm ~'WH’ 

dz _ —STz j \ 5 (xdy) 

V{42*-srs)~ 

4a*—2/8=42'®f-®, provided grj=—0912; 
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and 


J W^UjW-9,)^ 


Similar reductions will show that the integrals 

yH'"^(xdy) and /T-^^ixdy) 
are also elliptic; also the integrals 

/(afiy~xy’>)-\xd/y) and /ipi?+lia^^-iry«)-^((cdy), 
depending on the ootalied/ron form, a!®+14a!^+3/®. 

(Schwarz, W&rhe, II., p. 252; Klein, Lectures on the Icosahedron.) 


156. The further development introduces the theorems of 
Higher Algebra on the quartic and cubic, for the treatment of 
which the reader is referred to Salmon’s Higher Algebra and 
Burnside and Panton’s Theory of Eqwations. 

Thus, H denoting the Hessian of a quartic X, and e^, e^, e^ 
the roots of the discriminating cubic 

^^-gi6-g^=0, 

then 4i{H+e^X){H+e^X){U-\-e^X) = ^m-gJHX^+g^= - Q\ 
where Q denotes the sextic covariant (§ 149); so that H+eX 
is the square of a quadratic factor of (?. 

Following Burnside and Panton (p. 346) we shall find it 
convenient to put 16(£+eZ) = —P®; and then 

PiP^P8=32G‘, 

Pi, Pg, Pj denoting the quadratic factors of the sextic covariant 
Then -4&H, 

since 

while (ca - Ss)-?!®+(ss - W+(«i - =0; 

and eiPiHegPgS+eaPgS^ -U{e^i+ei^ef)X^-&g^X. 

Since (c 2 -Cs)-Pi''=(ei-e 3 )Pg*- (6i-«g)PjS 
~{s/{h~ ^^Pi + a/(Ci ~ ^^P s}{-s/(Sl“ ^P 2“■ V(Cx“C2)P3}, 
therefore each of these factors must be the square of a linAor 
factor, and we may therefore put 

V(Si - ^Ps +x/(Ci - «^Ps =2 V, 

n/(S l “ ^s)P2 “ \/(Sl — ^2)Ps ~ 

SO that and are linear; and now 

-s/(c2-Cs)-Pi=2«i'ti2. 

-s/ («i - Cjl-Pa=+“2®. 

“ ^Ps ~ ^1* ^2*" 
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167. Mr. R Russell points out (Q. J. M., XX, p. 188) that 

Hermite’s substitution of <= —HjX reduces the integral 

/Q-^dx to .(1) 

_ dt j •* . _ ^ 

For 

so that 


Again the integral f [^—g^—g^Sii, as well as the general 

integral fU^dx, .(2) 

where JJ or JJ{^, 1) denotes the cubic (a, h, o, d)(x, 1)®, 


is again proved to be elliptic by the substitution 

.(3) 

where K or K{x, y) denotes the Sessian of the cubic U(pi, y), 


given by 


9-2’(®,y) = 


3® 17 3^17 

3a!®’ 3a!3y 
^U_ ??U 
“dxZy’ 3y® 


3®D’3®Z7 /3®Cr\2 
~ 3®* 3y® \3a53y/ ’ ' 


The cMima/nant J of the cubic U is given by 


SJ(p,y) = 


W 

3a!’ 

3J: 

3a!’ 


W 

3y 


and the disciiminant A by 

A=a®d?+4a<?—6o6c<i+ 4cK)®—35®c® 
and now we have the syzygy 


,(5) 

( 6 ) 


/®=-4K»4-A17®..(7) 

(Salmon, HigJier Algdyra, § 192; Burnside and Fanton, 
Theory of JEguaMom, § 159.) 

Differentiating (3) logarithmically 

Zds ZK' W' SJ 
six E U ~ lEU’ 


while 

so that 
and 


^(48®+A)=-^; 
dx _ i^_Uda _ ds 

U^~~lSf ir“,^(4s»+A)’ 

/ir-8da!=p-i(s; 0, -A)=p-i(-iri7-*).(8) 
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When we know a &ctor, x—a, of U, then we may employ, 
as in ex. 8, p. 65, the substitution 

z= U^l(x—a) .(9) 

Putting U=(x-a)iaa^+2h'x+<^) 

=(*—«){ ouB®+ (aa +36)®+oa*+36o+3o}, 
then 4a®—gfg is a perfect square, when 

a acf—h'^ _ (aa+6)®+4(ac—6®) . 

* a.a®+26^a+o^ tto®+26a+c ’ 

and now 

a* Ij-i 


while 


-3K 


38 




)dz^ 


(aa® +2ba+o)U^ oa®+ 2ba+o ’ 
3d8 . 

aa®+26a+c’ 


\{7 _i_2,<7$Y_3{(oa4-6)(®—a)+2(aa®+26a4-fl)}® 

+ -(aa®+26a+c)(®-a)i- 

3 (®—a)® {(a®a®+2o6a—26®+3ac)®+...}® 
^ (oa®+26a+c)*U‘® 

9/® _ 9(48»+A) . 

(aa®+26a+c)®i7® (oa®+26a+c)®’ 


so that ^.^^-..^^==^(aa^+2ba+c)-j^^0^y .(10) 

a transformation equivalent to that of § 47. 


158. Mr. R Russell also shows (Proe. L. M. 8., XVIIL, p. 57), 


that 


la^+2/mai+n 
J{aX+^H . a'X+^Hi 


where X denotes a quartio and H its Hessian, can be reduced 
to the sum of three elliptic integrals by Hermite’s substitution 

t= -HjX. 

For we may replace (§ 156) 

la^+2mx+n by pPi+qP^+rP^ 
or by 4p^( -H-e^X) +4g'„y( -H-e^X) +4r^( -E-e^X), 
where p, q, r are determined by equating coefficients; while 
d ®/^X = \dtj^T= (f—— 6 ^; 

so that the integral becomes 


fpJi-H-e^X'MJi-H-e^Xy^Ji-H-e^) JXdt 
J j{aX + iSS. a'j + /3'if) 


h) 
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_ /' ( p 2 I" _\_ ^ _ 

J V(<-e2. «-es)V(<-«3 • • «-«2)V(a-j8<.a-yS'i)' 

the sum of three elliptic integrals. 

Particular cases may be constructed by making ^ and ^ 
zero, or a and a zero; when we obtain 

y'(Zii/^+2maj+-n)<ia5/Z, or y'{lx^+2mx+n)dxlH, 

159. Mr. Eussell remarks that the reduction of the well- 
known hyperelliptic integral 

_ {lx^+2mc+n)dx _ 

^(1 —. l + JCO? . 1 + Xx ^. 1 —kXx^) 
to the sum of elliptic integrals is a particular case of this 
theorem, since the quartics 

1 — aj^.l—icXcc^ and . l+Xa?^ 

can be expressed in the forms aX+lSH and aX+l3'lI, 
by taking X=1+/cXa^^ and therefore H = /cXas®; 

and now a=l, a=l, /3~ — (1 +/cX)/a:X, ^ = (k+X)IkX. 

These integrals are considered in Cayley’s Elliptic Ewnctions^ 
chap. XVI., where aj® is replaced by x\ they arise in the expres¬ 
sion of Legendre’s elliptic integral 

yd^lA{<f>, h) in the form E+iF, 
when the modulus h is complex, so that h^ — C'+if, 

(Jacobi, WerJce, I, p. 380; Pringsheim, Math. Ann., IX., p. 475.) 

Writing P for a(l-a;)(l+/ca3)(l-l-Xa5)(l--«:Xcc), Jacobi finds 
ySa;/^P=J(6'+c'){P(^, c)+F(<f), b)}, 


where 


h- Jk+jJx 
y/{i+K.i+\y 

/s/(i+/r. i+\y 

giu2 J _ (1 +«)(! + X)® 


AX^.6) 


(l-a!^ic\y 
(!+«»)(I+Xa:)’ 


y- 

V(i+*-n-x)’ 

v- I+a/kX 
^(1+K.l+X)’ 

cosV=; 

\(^ /i'\_ icXy 

(l+KOsXl+X®)' 
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Then employing the inverse function notation, 

l+K.l+X 


l+uxB.l+Xaj’ 




l+K.l+X.a; 

l+zcas.l+Xaj’ 




^ — 

/ xdx 

V-P 

V(kX.1+/c. 1+X){®“ ^(Vl+/ca5.1+Xa5’'/ ~ VX/l+wc-l+X®’ 
When X is negative, then 6 and c are conjugate imaginaries; 
so that we can now express F(<p, b) in the form E+iF, when 
6® is of the form e+if. 

For, writing -X for X, and now writing 

P for 33(1 -a!)(l+Ka!)(l -Xa3)(l +*:Xa:), 

+.li«n r<^ - fzda:_ 2F 

J JF J(l+K.l-\)’J JP J{k\.1+k.1-\)' 
In the particular case considered by Legendre, X= 1, and now 
P=a5(l-as®)(l-/cV), 
on replacing « by #c®; so that 

ya5±id®/V(l -03®. 1 -/c%®) 
can be expressed by elliptic integrals. 

Mr. R Bussell employs the substitution 

2/=ula3/(l+Pa3)® 

and now 

f dy _r 

so that, putting 

fl3{(l +Pa!)®-.d 03} {(1 +P03)®-o-^03} =P, 

therefore jB*=/c®X®, P= ±,y(*:X). 

Taking B=/^(k\), and 

(l+Po))®- J.a3=(l-03)(l-KXa3), 

(1+Pas )®—IT Ax =(1+(ca3)(l+Xas), 

then —A=—1—kX, 

2<yjfX — a-A = /c+X, 

or A = {1+^ ^X)®, o-jI = — (V«+\/X)®; 

and taking P= 

then .4 = (1 — kX), o".<1 = — k— /^/X)®. 


_ .d.(l —Bx)dai _ 

' jiy[Aa3{(l+Poj)®- j4a3} {(1 +Pa5)®- o-.d.£B}]' 
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160. Mr. Eoberts’s integrals {Tract on the Addition of the 
JEUiptio and Hyperettvptio Iniegrals, p. 58) 

/{A+Ba?)dxlJQ, 
where Q is a reciprocal quartic in say 

Q=aa(?+4ibafi+6caf‘+^hx^+a 
or aQ =(aaj*++a)®—(2a®+46® — 

furnish another particular case of Mr. Russeirs theorem, since 
Q can be expressed in the form 

{aX+^H){a'X+^H\ 

where X and JET are in their canonical forms, 

Z=aj*+677WB2+1, JT=maj^+(l-3m®)aj2+m. 

Or we may put a5+a;“^=u, a?—35”^=^;, when the integral 


becomes 

where 


\A{U+V)+\B{U^V), 

r _dw_ 

{a'24^“’4(a—6)t6®-f“2a —86“}-6c}^ 

r dv 


f _ ^ __ 

^ {^2tt7*-f“4(a-|“6)'y®-|- 2a“|-86-4*6cy 
Thus l+a!»=(l+^2a!*+«‘)(l -^2x^+aS>') 

H^+^fiE){X-^2H), 

■where Z=l+a;* E=a^. 

Therefore the integral 

is reduced to elliptic integrals by a substitution, such as 
and then becomes 

y‘{lo:+m)dxl^R, 
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This invariant E is the one tabulated in the Appendix, 
p. 253, HighefT Algebra^ where it occupies thirteen pages. 

The sextic covariant © of a quartic X is a specimen of a 
sextic of which the roots form an involution; and writing 
Z2G or 


= a^(x -01.«- ^j)a^ix- $2-x-(p^cL^ix -©g. - 0s)> 


then since the squares of P^, Pg, P 3 are linearly connected by 
the relation of § 166, therefore Pi, Pg* Pg are mutually har¬ 
monic, and any one is therefore the Jacobian of the remaining 
two; this leads to the three relations 

Z gP—01 X^tp^ ^""^2 ^""03 

p X^<pl CC—01* X-^<p2 £35 — 02* ^ — ®3* 

are the six linear transformations which reduce 

f % Legendre’s canonical form 

as in § 74; so that if the quartic X is resolved into the 
quadratic factors N and J), we may write 

j?7=p (05 — 0)* + 3 (cB — 

l)=P(x-ef+Q{x-<j>'f. 

Now N/B is maximum or minimum when 05=0, or <p. 
Mn.Ving Pj, Pj, Pj homogeneous by the introduction of y, 
which is afterwards replaced by unity, so that 

P — bj, Cj)(05, 0/)®, ..., 

then the three distinct linear transformations of § 163, which 
leave dxjiJX unaltered, are found to be 


dyj "dee’ hy! Zx’ "by! <te‘ 

(R. Russell, Proa. L. M. 8., XVIIL, p. 48.) 


Now 



Ix+m, f(Au, +Ptt.)(ugdlui- 

-JQ^' ory - 


where Ui, Ug are defined in § 165, is reduced by the substitution 
?/2=U2/Ui, ot p(x-<p)l{X'-e\ 



to the form 
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This integral has been considered bj Kichelot (CTelUf 
XXXI L, p. 218); and by differentiation we find 

i-sn-V /2+nv llut-l+isllzM 

dy (V2+l)yyi^^2- ’ 

<^3^® ^Vi+2/2 J{l-y^) V(l-2/®) ' 

according as is less or greater than ^2 — 1; and thence the 
integration can be inferred; the value of ic to be taken is 
>^/2 —1 or tan 22^°, when it will be found that K'fK^ 

161. As further applications, consider the integrals 

where = 

(Legendre, Fonctiona elU^iques, I., p. 178.) 
Fatting A^=a!®, and 1—6®=c®, then 

the integration required in the rectification of the Cassinian 
oval, given by 

or r*-2aVcos20+a*=y0*, 
where are the distances from the foci (±a, 0). 

The expression 1—aj*.a!*—c® can be expressed by jET®_ 

where Z=a3*+c, E=(l+e)a^; 

and now the substitution y=XIH gives 

®+^=^{(1+c)2/+2Vc}, x-^=^{{\+c)y-2^o] ; 

so that ^L<j>Y^d^ 

=1 f _ _ dy _ I ^ 

Vc}V(l ^{{i+c)y+2^c}J(l-y^) 

by means of the results of ^ 39-41. 

In the Cassinian 




^dd 
dr~“ 


2ar 

ri- a*+Qi 

Vi4aV-(r*+a*-/3‘)2}- 


2 ai- 


-««) 2 } 



OF THE ADDITION THEOREM. 


165 


2 o*r® 

x/{(a®+iQ®)*-r*}V{r‘-(a*-j8*n’ 
/'v'(o»+/3®) 2aVdr 


r 

Now, if we put 

r*=(a*+jS®)®co8®^+(a®— 
then 8 =a?J^ {a®+jS®)®cos®^+(a®— 


“VCa^+iQy r"(a2+^)*“‘“^J 

StaiMy 

1 /' ^2/ 1 /* <^2/ _ 

“•^yV{(l-w)y-Vc}V(l-2/®) 2Vcy^/^(l+c)y+2>}^/(l-2/*r 

which can be expressed in a similar maimer. 

Again, substituting A2^=»*, then 

0 

paiiilcular cases of the preceding general integrals. 

Mr. R. A. Roberts (Proc. L. M. S., XXII., p. 33) has shown 
that y(^®+»n)(owj^+26a:^+c) “ * “ " ^dx 

can be expressed as the sum of elliptic integrals, not always 
however in a real form. 

Mr. Russell shows that if x— 6 i,a —$2 are the factors of Pj, 
a quadratic factor of the sextic covariant, then 

rix+m 7 

is reduced by the substitution 

y2=jp(a!-ei)/(a!-d2) 

lo the form 

and this again by the substitution 

«=yV«+yV<’ 

to the form /p y(^-24/«c)+gy(^+24/ fflc) 
to the form J ’ 

two elliptic integrals, not necessarily however in a real form. 








to the form 
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AheVa Theorem applied to the Addition Equation, 

162. Euler’s Addition Theorem is now found to be a very 
special case of a Theorem of great generality, due to Abel, the 
method of which we shall employ here, in the very limited form 
required for the Addition of the First Elliptic Integrals. 

Consider the points of intersection of the fixed quartic curve 
whose equation is 

.( 1 ) 

with any arbitrary algebraical curve whose equation in a 
rational form may be written 

i(x, y )=0 .(2) 

By continually writing X for y^, we can reduce equation 

(2) to the form -P+0y=O;.(3) 

and now the abscissas of the points of intersection of (1) and 
(2) are given by the equation 


-P.(4) 

or, in a rational form, P*—Q*X=0.(o) 

Denoting the degree of this equation (5) by y,, and its roots 
by ®i» ®2> - • ®/»* Abel puts 

*2) ••• (®—%),.(6) 

and now he supposes the roots of this equation to vary in 
consequence of arbitrary variations in the coefficients of the 
terms in equation (2), corresponding to arbitrary changes in 
the shape and position of this curve; the coefficients in 
equation (1) are however kept unchanged. 

If 3P, 3Q denote small changes in P and Q due to the 
changes in the coefficients, and if dav denotes the correspond¬ 
ing change in any root av of equation (5), then 
■^'!Cr.dar+2P8P-2q8QXr=0, 
or, making use of equation (4), 

i/xr. dj>Sr~^Q!dP-F8Q)^Xr=0, 


J^^^ Q^P-P8 Q BXr 

i/x, ' .(O 

suppose. ^ ^ ' 

d^ees of P and Q are denoted by p and <7, 
then the degree of Qx is p+q- and we shall find this is 
always at le^t one less than y- 1 , the degree of V^'aj, or two 
less than the degree of yjrx. 
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For if in equation ( 3 ), P® and are of equal degree, then 
2 =p—2, and /*=2p; so that /*—p—g=2; and fi—p—g. is 
greater than 2, if q is less than p— 2 . 

But if q is greater than p— 2 , then the order of yjrx is given 
by that of and therefore /*= 2 q+ 4 , while p=q+l at 
most; so that /i—p—q=Z at least. 

Since x 6 x is thus of lower degree than we can split the 
fraction aOx/ylrx into a series of partial fractions, such that 
Xdx_^^ X^Xr . 

■^x~^J^yfr'xj(x-Xr) ’ 
and now, if we make x= 0 , we find that 

.w 

a theorem in Algebra due to Euler; otherwise stated as 


- 


Xr 


m 


rri(^“"^lX^r it-••• 

provided m is less than /a—1 , the it- marking the position of 
the missing factor a?,.— 

Applying this theorem to equation ( 7 ), we find 


.( 10 ) 

r*! 

so that, if, in consequence of any finite alteration of the 
coefficients in equation (2) or ( 3 ), the roots of equation ( 5 ) 
become changed to x\, x '^,..., then 


''*<&!« = 0,.(11) 

**1 *'/J 

the Theorem of Abel, as required for present purposes. 

It is the combination of the theory of Integrals and of the 
theory of Algebra which furnishes the key of Abel’s Theorem; 
the algebraical laws are expressed very concisely by a single 
equation ( 5 ), of which the variables are the roots, and whose 
coefficients are not independent, but are connected by a number 
of relations. 

Thus, if we take P of the p*** order, and Q of the order p—2, 
we have a pleosm of /* or 2 p equations of the form ( 4 ) 

oav*"+^(r'av* " ® 4-•• .)V^»-=®; 

and the elimination of a, jQ, y,y',... leads to a determinant 
of 2p rows, each row of the form 

av**, Xr'^-\ xJ^-\ .... aV*‘V-^n 
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163. Suppose for instance that (2) is the parabola 

03!®+2(8054-y,.(2) or (3) 

then equation (4) becomes 

005*4-2)80:4-7—^-3^=.(4) 

and (5) becomes the qnartic equation 

(ao:*4-2(8o:4-y)*—Z=0,.(5) 

Denoting the roots by x^ then the elimination of 

a, )8, y leads to the determinant 

Ij 

® 2 > 


''V 

* 8 . 1 , 


® 4 ®. « 4 . 1 . 'JX^ 


= 0 , 


as the integral relation, corresponding to ()tt=4), 
dx^ , da^ , dxx^ 


4- 


= 0 . 


_ ®y making a—^a, so that the parabolas are of constant 
size, or by writing equation (5) in the form 
(005*4-2(8o:4-y)®-aX*0, 
one root, x^ suppose, becomes infinite; and now 

4 o(^-6)o:»4-(4^*4-2ay-6ac)o:*4-4()8y-<K?)o:4-y2-ac=0, 

so that 

4(^—6)(3Jj 4 - 0:2 "h ^s)=6e—2y— i^^fa 

./o =2ao:8*4-4/3o:84-6c-2Vav'X8-4)SVa. 

^“^Xai+a52)=2ao:8*4- ^^+Qe-2JaJX^-mia. 
Now the two relations 

a®i*+2^i5i4-y-v'av'^i=0, 

. «®2*+2/3o:24-y-W-y2=0, 

give by subtraction 

(^-®2){a(o:,4-a52)4-2^}=Va(^X2-Z2). 

=«(ai 4 - 052 )*+ 4h(o5i+o^)4-C', 
0=2ao:j*+46o!8+6c-2V’a^Z's, 


where 


and we thus obtain Euler’s* originaT Lte^irtLtion, the 
general integral of the differential relation 

when Ois constant; and a particular integral of 

wTib. • 

when a ?3 is considered as variable. 
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164 . When X is in Legendre’s canonical form 1—1 — 
then Ahel takes P=aa:+a?, Q = b; 
and now equation (C) becomes 

l/r® = (iix + aj®)2 — 62(1 _ a;2)( 1 _ 

=- ( 62«:2 _ 2a)a5*+(6^+ +a^)a? _ (,2 

where a^®+a;/+®s®=6V-2a, 

xix^+x^x{^+x^^=l^ 4 - 62 * 2 +a®, 

x^xix^^=l^. 

But a and 6 are determined by the equations 
oa:i+a 5 i®+ 6 Zi= 0 , aaj2+a!2®+6Z2=0; 

so that 

aSiZg-ajjZi 

and therefore, as in formula (1), § 116 , 

® aJiZj—aj^Zj 1 —i^x^^' 

Also l-a:i 2 ,1-0522. l-x^=\-h^i^+%a+¥+¥,^->ra?-l^ 

=(l+a)^ 

while x.^-]r 0 i^-¥!>i^—K^x^^x^=:— 2 a, 
so that 

% — X^ — X^—X^ + /c2iB22a;22£e32 = 2( 1 + Ci) 

= 2 V(l-a 5 i 2 . 1 -U 522 . 1 - 05 , 2 ), 

or (2- x^^-xi-xi+,^x^hi^hi^f= 4 i{l-x^^){\-xi){\-x^\ 
which may also be written 

>/(l - =V(1 - • 1 - a:,*) ±*1052 V(1 - K V)» 

asin§ 119 , with 051=8004, .O52=sno;, a53=8u(w±v). 

This, with osj =snui, 052 = 800*2, 053=800*,, may be written 
1 — on%i—cn2o*2—cn2o*3 +2 cn o*iCn o*2cn o*,=(c28n2o*jsn2o*2sn2o*3; 
where otj+0*3+it,=4Z, 

(§ 131 ); and, with a ti-iangle of Class L, is equivalent to the 
formulas in Spherical Trigonometry 

1 — eos*®—cos 26 —C082c+ 2 cos a cos 6 cos 0 =/c 2 sin 2 a 8 in 26 sin 2 o 
=sin2A sin26 sin2c=sin2c* sin2i/ sin2c=sin2a sin26 sin2C7. 

166 . To obtain the Addition Theorem for Weierstrass’s 
functions, we consider the intomections of the cubic curve 

y^=ix^-g^-gs, or Z,.(1) 

with an arbitrary straight line 

y = ax+^; .(2) 
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Now, if ajj, ccg, ajg denote the roots of the equation 

“ 4 >a?-g^-g^-(aai+^f=(i, .(5) 

tlien ax^+^+JX^ = 0, 

«®2 + iQ + V-^2 = 0. 

so that a —a _ V -^2 ~ ^ 2 */-^ i 
^ ^2 ^ “ ®2 

and (§144) 

The elimination of a and jS between these two equations and 
ox^+fi+jJX^=0 
leads, as in § 144, to the determinant (G) 

1, aji, ^X^ 1, pw, p'u 

1, asj, „yZj =0, or 1, pv, p'r =0, 

1. «s> a/-^8 1. F«. 

where '«+ 2 ;+in=0. 

In addition, from (6), 

»5j®8+a!^+iKia52= - Jgrj-Jaj8, 

,, , »ia52ai,= 

SO that 


(®1+®2+» 8 )( 4 a 5 i® 4 ® 3 - i/s)= 4 - + XiX^+ig^ .(I) 

166. Consider the intersections of the fixed cubic curve 

y^^^Aa^+ZBx^+SGx+D .( 1 ) 

with a variable straight line 

y=aa:+^ . (2) 

Then ylrx={ax+^)»-(Aa?+»£{x^+SGx+D} 

= {c^-A)(x-Xi)(x-x^)(x-Xs), .(6) 

and a!i+£Ci,+a! 8 =- 3 ?¥^, 

a®—AL 


®2®8 + ®S®^l + »ia!j = 

®1®2®S~ 



^-D 

a^-A' 


Denoting by y^, y^ the corresponding values of y, then 
yi 2 / 23 ^ 8 =(a«i+^)(a!e 2 +| 8 Xaa:s+y 8 ) 

=a^® 2 % +{B—^(aP—A )(x^ +aJg+a^s)} {®^s++aSiai^) 
+ {C^+J(a®-.4)(a!2a!3+a!^+ajia;2)}(a!i4-a!g+aj3) 
4-D—(a®—. 4 )a:iir 2£83 

= Ax^x^+B(Xjfis^ +asg®!+ xpe^+C(xy+x^+Xs)+I>, 
as in § 145. 
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Now, if the constants a and ^ receive small increments 
5a and 5^8, then 

yf/x^dao-^ + 2(aXi + ^y(XiSa + Sfi) = 0 , 

and yf/x^ =(a^ -A)(x^ - x^{x^ - x^, 

so that ^ = 3 ...(7) 

and 

5a 


(a^ - A){x^ - x^){x^ - x^y . 

^+*i+^= 3 (. .3._+,._3-.-3—y” 

?yi ?/*) \x..--x.,x.-Xo X.-X9.X9-X0 X9-x^,Xa-x./or- 


s(- - - 

NCKo-CC, .X, -Q 


X^-X^.X^’-X^ X^-X^,X^-X^/ 

_ 1 I 1 ^ 

£Cj“£ZJ 2 »fl? 2 ””®^ 

= 0 ..:.;.( 10 ) 

and the sum of the three integrals is a constant, which can- be 
made to vanish by taking for the lower limits a root of the 
equation y = 0. 

In the particular case of the cubic curve 

a!®+2/®=l, 

the relation expressing the collineavity of the three points is 
®i®i!®s+yiS/22/3=l- 

Now, as in § 146, with fl' 2 = 0 , 5 ^ 3 = 1 , and 

( 1 -£B»)^ , ,A+x 


and, by symmetry, with 

^ i-y ’ 


p'v=-^Z 


1 +y 

i-V 


we find from (F) § I44, after reduction, 

SO that u+v^ a, a constant. 

With pa=l, then (§ 119) p 2 a=l; so that (§ 62) 
p2a = p(2ft)2-<^X or a = §0)2. 

We may therefore put 

and express x and y by functions of t. 

For any other arbitrary value of a, the integral relation 
connecting 05 and y will be, by § 145, 

(1 - a^){l - ^X1 - ; 53 ) = (1 - xyz )^; 
and treating z as constant, this leads to the differential relation 
( 1 -a!»)-te+(l- 2 /®)-*d 2 /= 0 . 
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We can put 

1-X ’ l-y • ^ -ri^’ 

and p«;= 1 , for the value «= oo; and then 

a!®+y®=l. 

167. When the quartic X is resolved into two quadratic 
ftc ors J7 and D, we may replace ( 1 ) by the quartic curve 

y^=XID; .(1) 

and now equation (4) is replaced by 

^ PJD+QJN=0-, .( 4 ) 

so that equation ( 5 ) becomes 

i«i)-g2J7=0.(5) 

The elimination of the constants from the plexus of equations 
determined by the roots of this last equation ( 4 ) leads to 
determinants, whose rows are of the form 

av**-VA,.... avV-^« av«-V^n. 

For instance, by taking P and Q linear, so that the variable 
curve ( 2 ) or ( 3 ) in. § 162 is a hyperbola, we can obtain the 
integral relation of § 164 in the form 

/at /n 

„ (W- Burnside, Messenger of MathmunMcs) 

We have taken Z as a quartic function of x, so as to apply 
to ae elliptic functions, but Abel’s theorem holds for any 
ig er egree of X, the method of proof being exactly the 
same; and, according to Klein, we resolve X, supposed of 
even e^ee, into factors N and D, differing in degree by 0 or 
a multiple of 4, when we wish to make use of the fixed curve 

168. The reader is referred to the treatises of Salmon or of 
Burnside and Panton for the proof of the Theorems in Higher 
Algebra quoted here; they are easily verified, however, if we 
work with the quartic in its canonical form 

U— y*-, 

S= — moc^ +(1—— my*, 
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The following examples, taken from recent examination 
papers, will illustrate the character of the algebraical work. 


Examples. 


1. Denoting by U the binary qoartic, reduced to its canonical 
form, as* ~ Qmx^y^ + y*, its quadrin variant and cubinvariant by 
and g^, and its Hessian and sextic covariant by H and O, 
prove that 

(i.) 4m?-g^m-gs’=0-, 

(ii.) H+mU ia & perfect square; 

(iii.) 4iH^-giHir^+g^U^+GP=0-, 

(iv.) -'^=lQS(gH-g,U)(g,H+8g,Uy, 


. N '^SfdU\^ - SET 3 U/^EfbJjy ™ 

^ 'da^XZyJ 3® 3y VV3aj) ), 


3a®V32/) ^3a:3y 3» 3?/^32/*\3a!) 

(vii.) the Hessian of W+fiE is 

and the sextic covariant is 

2. Denoting the roots of 4!(?—g^—g^=0 by e^, Cj, prove 
that the roots of (oj*+ \g^)^ ± 2g^=0 

are of the form >/(.&^s)+^(ege^)+ ^/(W- 

3. Denoting the discriminant, Hessian, and cubicovariant of 
a cubic V by A, K, and J, prove that 

Am=J^+4:K^. 

(Work with the canonical form U=aa?+hy^.) 
Denoting the same functions of XU+fiG by A', K’, J", prove 
that A'=(\2-/*®A)*A, 

E'={X^-y?A)K, 

J'=(\®-At=*A)(X/+MA17). 


4 Prove that X and Y in § 139 have the same invariants g^ 
and g^ (Burnside and Panton, 1886, p. 418). 

5. Prove that, in § 166, 

n /(«2 - «3)-Pi+ - ei)-P2+ - «2) Ps 
is the square of a linear factor of X 
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6. Discuss the properties of the quartip X' in § 153, whose 
roots are a, y, S. 

7. Prove that (§ 160) 6^, 4>t J 4*i'> an involu¬ 

tion of the roots of the sextic covariant Q (R. Russell). 

8. Prove that the cubic substitution 


y.= —(b!ii?+8cx^+Sdx+e)l(aa?+Sba:?+Bcx+d) = 

makes % _ ^ 

J(g^y-g,Uy)-J(g,B^+3g^U,y 

where Z7*= (a, b, c, d, e){a, 1)*. 




(Eennite; Crelle, LX,, p. 804 ; R Bussell, Proo. L. M. S., 
XVIIL, p. 62.) 


9. Integrate 


10. Prove that, with 

V(p2tt-c)= -(8®-2es-2e2-|-j5f2)/p'ttj 
mJ (p2'U.—ej+;^(p2u,—e^) = — 2(s—ea)(8—e^)/p'«; 

4 I ® i I ®a-e,.Ci-e. 

«-«i s-Cj s-e^ 

11. Prove that, if 


(i.) p('i;; —20, —40)=5, then p2u=0, p3u= 

(ii.) PCv; -60, -10)=5, . 0, . 

(iii) p(d;-16, 19) =1, . I, . 


—J, p4v=f,... 

-i. . 

•• VrS ••• 


12. Prove that 


(i.) /(A+Bx)dxly is elliptic, if y* = (1 - a^y^a+Sx- 4a ;®); 

(ii) f(A+Bx+Oy)dxJ^^ is elliptic, if 

% y)=(a. h, o,f g, hXx\ y\ 1). 

(W. Burnside). 









CHAPTER VI. 


TBDE ELLIPTIC INTEGRALS OF THE SECOND AND 
THIRD KIND. 

169. The Elliptic Integi'als, and thence the Elliptic Func¬ 
tions, derive their name Elliptic from the early attempts of 
mathematicians at the rectification of the Ellipse. 

It was some time before mathematicians perceived that the 
simple integral to begin considering is 

which has not originally such a special connexion with the 
ellipse; but the name Elliptic Integral has nevertheless been 
retained generally for all integrals of this nature. 

To a certain extent this is a disadv'^antage; not only because 
we employ the name hypcTholic function to denote cosh t6, 
sinh u, tanh u,..., by analogy with which the elliptic functions 
would be merely the d/raidar functions cos <{>, sin <j>, tan ; 
but also because it is found that the elliptic functions are a 
particular case of a large class, called hyperelliptic functions, 
but included in a larger class, called Abelian functions after 
Abel, which, beginning with the algebraical, circular, hyper¬ 
bolic, and elliptic functions of a single argument u (jp = l) 
are in the general case the functions of 2> arguments which are 
met with when we consider the integrals 

05 ®,...,®^"^) dxj^X, 

arising in the linear transformations of in ■which 

X is & rational integral function of x of the degree 2^+2; 
for now the linear transformation (lx+m)/(l'x+m') converts 

fdxIfJX into (Im'—lm,)J'{l'x-{-'rn'j^~^dxl/^X. 
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170. Legendre’s elliptic integral of the second kind has already 
been defined in § 77; and denoting it by then the length 
of the arc BP of an ellipse is given by cLJE<j>, where the arc BP 
and the excentric angle of the point P are both measured from 
the minor axes 05, and now the modulus is the excentricity of 
the ellipse. 

The quadrant of the ellipse BA is given by aE, where, 

as in § 77, E denotes the complete elliptic integral of 

0 

the second kind, in which 

The perimeter of the ellipse is therefore 4aj^, the same as 
that of a circle of radius QjEJ\tt. 

The periodicity of sin ^ and shows that, as in § 14, 

and gen^y =2m^+ E^,, 

when m is an integer. 

Expanded in ascending powei's of the modulus /c, 


A0=(1 - /c2sin20)i=1 - ”2 


1.3.5 ... 1 {k sin 

2.4.6... 2-n. 2^1“ 


so that, emplojdng Wallis’s theorems of integration, as in § 11, 

^ y y ! L ^^(,2.4.6... 2n / 2«-lJ' 

whence the numerical value of ^ can be calculated. 

Tables of the numerical values of E<f> for every degree of ^ 
and of the modular angle are given in Legendre’s F. E., II, 
Table IX.; while the values of log .S’ are given in his Table l! 
for every tenth of a degree in the modular angle. 

We reproduce this Table of log^, and of logE', correspond¬ 
ing to the complementary modulus *, to 7 deeiinals, and to 
every half degree in the modular angle Ja, corresponding to 
the values of log Z" in Table L, p. 10 . 

171. By difierentiation and integration, we prove th M 
&>Tid thcrcfors, with ^ 


sin d> cos d> 
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We can now prove Legemdre's relation, that 

EK'-^E'K—KK' is constant, and =^7r; 
for denoting it by A, we find that dA/dK=0, so that A is 
independent of k; and taking *=0, then 




172. In Jacobi’s notation, with <f>=Bm'w, 

E^=Es.mu=f dn^twZit; 

0 

and now, from the quasi-periodicity of am u (§ 14), 

E{^ic +^) = jB am ( ^mK+u) — 2r>iE+EsLmu, 
where m is an integer. 

We may therefore, as in §78, separate JBamu into two 
parts, one the secular part, increasing uniformly with u, at a 
rate 2E per increase 2K of u, and the other a periodic part, 
denoted by Zu in Jacobi’s notation, and called the Zeta 
function; so that 

E smu—Eu/K+Zu, 

or Zu^/ [dn% - EIK)du, 


The Addition. Theorem for the Second Elliptic Integral* 

173. A well-known theorem, due to Graves and Chasles, 
asserts that if an endless thread, placed round a iixed ellipse, is 
kept stretched by a pencil, the pencil will trace out a confocal 
ellipse (fig, 22). (Salmon, Conic Sections, § 399.) 

If the excentiic angles (measured from the minor of the 
ellipse) of the points of contact P, Q of the straight parts of 
the thread PiJ, RQ are denoted by 0, \}r, so that the 
arcPP=auB0, s.vcBQ^aEyfr; 

and if we put ^=s,m.u, ■\/r=amv, the modulus k being the 
excentricity of the ellipse, then, as asserted in ex. 6, at the end 
of Chap. IV., R moves on a confocal ellipse, when u—'y is 
constant, and conversely. 

For the coordinates of R being given by 

8in(^—sin(0-i/.) ’ 

we find from Jacobi’s formulas (4), (5), and (31), § 137, replacing 
u and V by ^(u+v) and u). 
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cn ^—cnu __ 8 183 ^ 1 ^ 2 _ Sijsi^ 

^”"%iIl(alIl^ 6 —amt;) ^2 ^ cn^(u—v) 

suu-^v _y Sa^A ==:c 6 ~^(:!i±^l 

®““^sin(amu—amt;) SgCgdi Cg cii^(u—v) 



Fig. 22. 


Therefore 


-cd J('>*-v)=snK'^+'^X f cnK«-'«)=®’^ 3i(^+'"'); 

and (!»/a)*+(2//^)®=l. 

where a=ado|(u—v), ^=bii<i^{u—v), 

so that a?—^=a^—h\ 

and therefore B describes a confocal ellipse, if v is constant. 

If u+v is constant, 

we find (a/aO® - (2//^® = 

where a^=aKsn J('u>+'w), ^^=owccn |(u+'y), 

so that <x^+=a*—b®, 

and E therefore describes a confocal hyperbola (MacCullagli). 

To realise mechanically this motion of E on the hyperbola, 
the threads EP, EQ must pass round the eUipse, and be led, 
in the some direction, round a reel moveable about a fixed 
axis at G; so that, as the reel revolves, equal lengths of thread 
are wound up or unwound. 

If the hyperbola starts from the ellipse at L, then 
PE - arc PL=QR- arc QL. 
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If the threads are wound in opposite directions on the reel, 
then R will describe a confocal ellipse, as at first; but in this 
case the reel may be suppressed, and the thread merely made 
to slide round the ellipse, as in the theorems of Graves and 
Chasles. 

Moreover, it is not necessary that the tangents RP, RQ 
should proceed to the same ellipse, but to any two fixed con- 
focals, and the same theorems hold. 

If tangents R'P\ are drawn to the ellipse from any 
other point R on the confocal hyperbola RR\ forming with i2P, 
RQ the quadrilateral RtRt\ then r, r' lie on a confocal ellipse, 
by the preceding theorems; and now a circle can be inscribed 
in this quadrilateral whose centre is at y, the point of concourse 
of the tangents to the confocals at R, r, R, r'; for TR, Ti\ TR, 
Tt' bisect the angles of the quadrilateral; (Salmon, Conic 
Sections^ § 189). 

If -B is brought up to X, the circle touches the ellipse at L ; 
so that the point of contact of the circle inscribed in the area 
boimded by two tangents and the ellipse is at the point where 
the confocal hyperbola through the point of intersection of the 
tangents cuts the ellipse. 

174. Putting u-v = w,OT Fip--F\/r = Fy, 
then when i;=0 and Q is at B, u=w and P is at G where 
<f> = y suppose; while R will come to D on the ellipse PP, where 
it is cut by the tangent at P. 

Now, since 


PP+PQ-arc PQ=PI)+Pff—arc BG, 
or arc PQ-sxg BG^PR+RQ-BD--DQ; 

therefore —XS/r— Ey =a certain trigonometrical func¬ 

tion of T/r, y, Tvhich is found to be -yc^sin 9 ^ sin i/r sin y; 
this is the Addition Theorem for the Second Elliptic Integral. 

For PJJ2=a2/sin ^_pos^-cos fsin ^ 

\ ^ sin( 0 \ sin(^- yfr) 

_ (a^oosV+&^aiiiV)(l -co8(^-x/r)}= ‘ 
sin2(^—1^) » 

8in(0 —'^) 'r ' 


while BJD = a- 


1 — cos 


X>g = aAy~°‘^y 
siny ' siny ■ 
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Therefore, by § 121, 

Pi2H-i2Q—5 D—jDG= ay^^{cos y—cos(^— 1 ^)}; 

= ay^^{co8 ^cos'^+sin ^ sini/rAy— cos(^— t/t)} 


= — a— - - sin <h Bin 

sin y ^ ^ 

= — a/c%in 0 sin \}r sin y. 

In Jacobi’s notation this is written 

E am J? am v-’E am(u--'y), or Zu—Z(u— 

= — /c^n ‘16 sn sn(i6—-u). 


176. Putting v=w, and therefore u=2w, then 
^am 2iy—2 am t(;= —/cW 2w sn^, 
or changing w into ^w, 

JS?am^y-2JS'am|^^;= — /c^sn w sn^w = - sn ^ (§ 123). 

Then PjR 4- RQ PQ= BD+DQ~^ arc BG 

= a(l+dn - - a£? am 

^ sn'i^ 

=a(l+du»)j ~-^- 2 a^■«« 

and now cn ^w, or cn ^(u —v)=11/3, where ji = OK. 


176. A ready way of proving the Addition Theorem is to 
take the spherical triangle of Class II., in which 
A=am'?;i, B=&mVp G=zxo.Vp 

where 'Ui+'y2+^3“^-^» 

and to vary all the sides and angles, keeping k constant. 

Then d'yj+dt'2+d'?;3=0, 

or <ZA/cosa+<iJ3/cos6+d0'/cosc=0, 

or cos6cosc. dA+coscccma.dB+cosacos b . dG=0, 
or (cos a—sin h sin c oos A)dA +(cos 6 - sin c sin a cos B)dB 
+(cos c—sin a sin h oos G)dG=0, 
or cos adA +cos bdB +cos cdG 

= K®(8in JJsin Geos AdA +sinCsin AcosMP+sin A siniJeos CdG) 
= K*d(sin A sin B sin G). 
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Integrating, 

J.)+^(J5)+^((?)—2J?=ic®sin sin 5 sin (7, 
since ^co3ac?^=/^(l_Ain2^)<Ll=^(il), 

and v^=0 makes jB= 0, and J. + 0= x, or jE{A)+E(0) = 2E. 
In Jacobi’s notatibn 

E am +E am v^+E am — 2E =/c^sn -ygsn ^; 3 , 

+ Zvo=Khu v.&n. 'WoSn Va, 

with v,+v,+v,^2K 

With u+v+w^O, 

Zu+Zy+Z-M;= —/c^snusn^sn^^;, 
or Zw.+Z^—Z(t^+^)= ic^sn usni;sn(u+'y). 

Fagnano's Theorems. 

177. The particular case of the Addition Theorem, obtained 
by putting y = ix, or was discovered by Fagnano 

(1716), and leads to his theorems, namely, that if P, Q are two 
points on an ellipse of excentricity ic, whose excentric angles 
yjr, measured from the minor axis, are such that 
A^AyJr^Kf or tan ^tan'^=l/ic^=a/6, 
then the arc BP +arc BQ - arc AB = an^sin </> sin y]r, 
or arc BP —arc A Q = a^^sin 0 sin = Khxc'Ja ; 

or i<?x^—a?{x^+x'^)+a*=0. 

On reference to lig. 23 it will be found that, if OF, OZ are 
the perpendiculars on the tangents at P and Q, then 
(i.) A0Z=^, A0Y=yp-, 

(ii.) arcPP-arc^Q=PF=<2F=FQ-PP, 

so that VZ=PT, and PFor QZ^Am'ja-, 
the tangents at P, Q meeting OA, OB in F, F; 

(iii.) 0P2-0<2* = 0F2-0^; (iv.) 0T.0Z=ab. 

When P and Q coincide in P, then F is called Fagnano’s 
point; and then 

(i.) the arcPP—arc^P=a—6; 

V tt® / 6® 

(iii.) KF=a, FH = h, FG=a-h, 0G=Jiab)i 
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(iv.) the tangents at P, Q intersect in R on the confocal 

hyperbola FED, through F, D, whose equation is 

a? 'ifi T 

-^=a-6; 

a 0 

(v.) the tangents at P and Q' intersect in R' on the confocal 
ellipse KDH, through K, P, JJ, whose equation is 

(vi.) Pi2—arc PF= Qi2—arc QF; 

(vii.) the circle inscribed in the region bounded by AP, DB 
and the ellipse AB touches the ellipse at F ; etc. 

The proof of these theorems is left as an exercise. 



178. Denoting the arc ^dPby s,the perpendicular OF on the 
tangent at P by pi the angle .4 0 F by then by Legendre’s 
formula 


so that s+PF= f pd\lr ; 

and in the ellipse 


dp 


p = ^(a^cos V+= a AV/'» 

while 

PF= — c^/cZi/r=aAin'\/rcos'^/A'^=a/c%in ^ain*^; 

so that 8+a Ain <(> sin A-ylrdyjr=aEy}r =arc PQ, 

0 

or arc BQ —arc jIP = a Ain sin 
as at first, in Fagnano’s Theorem. 
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Gonfocal Ellipses and Hyperbolas. 
179. If we put 


x+iy=eBTia{^+i6), 
then a;=c sin ^ cosh d, y=ccos<f> 8 iDh 61 


so that 


co8h®0'^sinh®0 




_ 

sin*^ cos^0 ’ 

the equations of a system of confocal ellipses and hyperbolas, 
since cosh®0—sinh®0=+ Gos^<p = 1. 

SO that, in an ellipse BP, along which 6 is constant, the 
arc BP = c/^(cosh^O —sin®^)cZ0 = 
as before, with a=ccosh0, and the modulus equal to the 
excentricity sech 0. 

For the confocal hyperbola, along which ^ is constant, the 
arc is given by 

0y]i/(cosh26—cos20)d0, 

which can be expressed by elliptic integrals of the first and 
second kind, of Legendre^s form. 

Putting 

a=csin0, b=cGos</>, 
the equation of the hyperbola is 

(aj/a)2-(y/6)2=l; 

and now the coordinates of any point P on the hyperbola may 
be given by a cosec x, 6 cot x; and the tangent at P by 
^ y ^ -i 

- cosec x“| cot x=l, 

and then amh 0 = - x» 

cosh 0=cosec x, sinh 0=cot x, tanh 0=cos Xs etc. 

The tangents at P, and at another point Q defined by x% 
will therefore meet at a point jR, where 

_ cot X — cotX _ sin(x—xO 3 / sinx—sin 

a cosec x cot x'—cosec x cotx" cos x — cos x^ ^cosx'—cosx' 
When we put 

X=amu, x' = amt; 

the modular angle being 0, then as in § 173 for the ellipse. 
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X 8gCaC?i _Og_ cn - ■;;) 

a ~ SjdjSjdj ~ ~ sn |('a.+ v) dn \{v, — v)’ 

y_ s^idi _ Cl ^ m^ju+v) 

% Sj^dj sn^(u+i)) dn ^(u—■!;)’ 

and therefore, eliminating cn ^{%—v) and dn^(tt—u), 

(®/«®)+(2//;8)®=1. 

_ a a bcn^(u+v) _ acal{u+v ) 
w ere P~ ^'gn J(u+i;)~ icsn ^(u+i;)’ 

and o*—jS®=<J®=a®+&*, 

BO that It describes a confocal ellipse, when u+i’ is constant. 



180. By putting u+v^K, we obtain theorems for the hyper¬ 
bola (fig. 24) analogous to Fagnano’s theorems for the ellipse. 

No w (§ 123) a = c a/(H- it'), )8= o»JK, 

or a^=o(o+b), j^=c6; 

and R describes the ellipse FD, whose equation is 

j^+y^-c 

c+b^b~°’ 

which will intersect the hyperbola in a point the analogue 
of Fagnano's point on the ellipse, the coordinates of which are 
c sin 0+cos <j>), c(cos <p)^. 
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Now, as in §57, with 

^=aln^6, x^=am'2;, and t6+^=ir, 

and cot x X ~ ^ ~ 

or sinh 08inh 0'=ic', 

and i£x,y and x', y' denote the coordinates of P and Q, 
aj=a cosec x= x^ ®'=cosec x — ^A^/cosx; 

^==a cot x=^3&/tanx'^, cot 

and thus yy' =aV=c^cos®^. 

Drawing the perpendiculars OF, OF from 0 on the tangents 
at P, Q, and denoting the angles AOT, AOZ by o), o)'; then 

tana)=^=^=tan A cos v=tan A tanh 0=sin ^ sin x'Mx' 5 
ay xja^ tt a . tt 

sin oo =sin ^ sin x^ cos w=Ax^ sin a /=sin <j> sin x» cos a> = Ax- 
Now denoting OF, OZ hy py p\ then 
p =^(a^cos^©—fe^sin^ft))= G,^{sm^(j> —sin^w)=c sin ^ cos x > 
pp'=c2sin®0cosxcosx"=c^in^^cos ^^sinxsinx'=c^cos^sinosinco'. 


Making use of the formulas 


^_^ 

dw dM? 


—p, and PF= — 


dp 

doo 


then 

PF— arc AP = f pdeo —c/j (sin®0 — sin^ft))^© 

= oysin*^ co&Y^x'I^X = (^*X' “ ^x' 

also PF= c sin o cos ft>/^(sin2^ — sin^co) 

= c tan x^X = X^X 

= c cosh 0 sinh 0/^(co8h^0—sin®^). 


181. The arc ilP of the hyperbola is now expressed in terms 
of an elliptic integral of the first and of the second kind ; wo 
can however express the arc by means of two elliptic integrals 
of the second kind, or by two elliptic arcs by means of Lan- 
den^s transformation (§ 67). 

We shall find that if we put 

w+X^=2i/r, or sin(2’i/r—x') = sin co=sin 0 sin x\ 


tan v'= sec V= 

^ sin 0+cos 2^’ ^ sin0+cos2T^ 


where 


4sin0 

'^”(T+sin 0 ) 2 » 


, l-"Sin 0 , 
^ " i + sm0’ 
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. sin2-\/r . ^ sin ^ sin 2‘\/r 

® ^ ~(1 +sin yY "“"(1+sm y)' 


cos 07 


and 


dw 


_K f_ l+8in0cos2>/r 

-^X ~(T+sin0)A(;^)’ 


-=^^' = — 


2d\fr 


fj (sin^0 — sin^o)) A;^' (1 + sin r/))A('\/r, y)’ 

cos 07+^ (sin®0 — sin^o)) = A ^^+k cos = (1 + sin A('^, y); 
so that 

(l+da «4(^, 

Integrating, 

(l+K)^(i/r, y)=E-)(+KHmx — lK^^x'> 

and now the arc of the hyperbola 

jd.P=P F+ 2c/c sin x' H- cB-^ — 2 c(l + K)E{-\j/', y). 


182. If we put X~X—h'>''—i, 

then we find 180) 

* 1 —cos ^ tau“x' ’ ^ 1 — cos ^ tahy 

ai_ .=_(l+cos9i)8inx'cosx' 
sin f- 

... l-(l-cos^)siiiV AV+cos^ 

a;- “(l+cos 0 )Ay 


and X=tan®^^. 

Now, sin(2x'—|)=Xsin^, 

as in Landen’s second transformation (§ 123); and 
(1 + cos^)A(f, X)di= (Ay+cos 95 )^x7^V 

= (Ax'+ 2 cos 
= 2Ax'ci!x'+2 cos 

Integrating, 

(1+cos 0)P(^, X) = 2.®x'+2 cos ^Fx — sin'Y sin x cos xl^X > 
and the arc AF can be expressed by means of iy and B(^, X). 

When x=x'=a“‘ then |= Iw; 
also (§ 175) 2jSx =-^(k)+ 1—cos^, while 2Fx—jEl 
so that (l+/cOP(X)=P(«:)+/c'ir. 
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183. The following theorems, analogous to those of § 177, 
can easily be proved by the student:— 

(i.) The difference between the infinite asymptote DT and 
the infinite arc FT is equal to AL- 2 iToAF\ so that 
the difference between the infinite asymptote OT and 
the infinite arc is equal to OD'^AD — 2 arc AF) 
(ii.) the coordinates of F are {c+'b)J{(c-‘h)lc}, 
and the tangent FK=AD = b, KO=c; 

(iii.) the tangents at P, Q intersect in R on the confocal 
ellipse through P, whose equation is 




and the tangents at P\ Q intersect in R' on the con- 


focal hyperbola through D and K, whose equation is 


_ 

c—a a ’ 


(iv.) PP—arcPP=QP —arcQP; 

(v,) P'P'+P'Q—arcP'Q is constant; 

(vL) the cirde inscribed in the region bounded by the 
straight line AJ), the asymptote JDT and the hyper¬ 
bola AQ touches the hyperbola at P; 

(vii.) FT=c cot x^x, QV=c cot x^^x, Q'y=cAx7sin x'cosx'. 

PT.QV=^FK\ PY.QZ=c\ 


Qv^PT^qZ, or vZ=PT, 


PR^^cSL 

fiin -v 


-"A_AZ 

sin X cos x^—cos x * 


184 The geometrical theorems of § 173 for the ellipse hold 
with slight modification for the mechanical description of con- 
focal ellipses and hyperbolas from a fis:ed hyperbola. 

The threads ffom the reel must be led round distant points 
on the hyperbola APQ (fig. 24) and be wrapped on the curve; 
and now, starting from P, the confocal ellipse FRD will be 
described, if the threads are led off in the same direction. 


At Dy one thread DT must be supposed of infinite length ; 
and, beyond D on the ellipse PP, the thread PT must be trans¬ 
ferred to the other branch of the hyperbola. 

By mating the threads come off the reel in opposite direc¬ 
tions, the confocal hyperbola PK can be described, starting 
from P or any other point R 
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186. The integration of the functions of § 77 can now be 
expressed by means of the elliptic functions, and of the function 
defined by 

E am u—J'dnhidu, 

0 

Then ^K^n^udu =u—am t6 

fK^Q;n?udu =^ am u— kHi, 

0 

To integrate a reciprocal function, for instance nd^, we 
notice that 

d^ 

^2 dn u= K^nd^u —dn^i6, 

80 that f K^ndhidAL am /c®sn u cn ujdTX u; 

and so on. 

Again, since cd^ = sn2(ir—u), 

J^x^cdHdu—u—f dn2(^r — Vj)dvL 
0 0 

=u—^ am(A"'— 1 (/) 

= u—j&amt6+/c%nt6cnu/dnu; 

and since =dn2(Ar — u), 

fK^ndhidAi =i?— jK am( at—^ t) 

= am u—fc%n u cn ^6/dn w, 

as before. 

In Problem III,, § 86, we find 


and 


^ dt dn^d j. 2^ 

1^1= f =B—E am 0+sn 0 da 0/cn d. 


Examples. 

1. Prove that the area of the Cassinian 
r*—2aVcos 29+a*—h* 

is 2^[b *—if ■ 6 > a; 

0 

- if a > b. 
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2. Rectify, by means of elliptic arcs (pointing out the 
geometrical connexion), 

(i.) yjh = sin xja, cos xja, cosh aj/a, dn x/a, cn »/ a, sn x/a ,...; 

(ii.) r=bcoa(be[a) or acos(a0/6), the pedals of an epi- or 
hypo-cydoid; 

(iii.) T cos(&e/a)=&, or r cosh(6e/a)=6, Cotes’s spirals; 

(iv.) the lima§on r=a+6cos0, the trochoid, and the epi- 
and hypo-trochoids. 

3. Express as as a function of s in the JSlastica of § 97. 

Prove that if the ordinate is made equal to p, the perpendic¬ 
ular on the tangent from the centre of an ellipse or hyperbola, 
and if the abscissa is made equal to the arc AF±PT, the 
curve will be an JSlaMica (Maclaurin, Fl/uxions, 1742.) 


4. Prove that 


( 1 -K*) 


(FK 1-SK^ dK 

d/C* K diK 


K=0; 


Change the independent variable in these diflferential equa¬ 
tions from K to ft, 0, or u, where 

K=,yft s=-sin 0=tanh u; 

and reduce the resulting equations to the canonical form 

l^+/= 0 . 

y dx^ 

Solve the differential equations in which 

cosec220, — cosech®2u, — sech®2u,. 

(Glaisher, Q, J. Jkf., XX., p. 313; Kleiber, Messem^ger, XVIII., 
p. 167.) 

5. Prove that, if u^+u^+u^+'uu^^O, 

1 + \ Sg ^3 


A, f I ^ 2^2 I *^ 8^8 S^\ 

/C^CiCgCgO^ Cg Cg' ) 


= ^^A^8^4 (?! 


^2 

_ i ^4^4 

K^+d^d^d^d^ ^ dg <^4 ^ 

= kJ { s ^ + 8 ^ + 8 ^+ 8 ^ - 25^^82838^+ - 2). 
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2%e Elliptic Integral of the Third Kind. 

186. We can now make a fresh start, and prove the Addition 
Theorem for the Zeta Function independently; and then pro¬ 
ceed to Jacobi’s form of the Third Elliptic Integral. 
{Fv/ndamenta Nova, 49; Glaisher, Proc. L.M.8. XVII. p. 163.) 
Multiplying formulas (3) and (6), § 137, 


dn®(ti -1- v) — dn®(i6—■«)= 


—4/ic®8n u on u dn sn cn dn -y 


(1—*%n^n%;)® 
and, integrating with respect to v. 


...( 1 ) 


where C is the constant of integration, independent of v. 

To determine C, first put v=^u; then 

1 —K*SU*tt 

SO that, replacing Pam w by EvbjK+ZM, 

1—K^smu 1—ic*sn*^isnn; 


_ sn2u /- 1—K^sn*u ' \_ ^ » sn%—sn^ 

~ sn% \ 1 - K*sn®usnW ~ ^1—/c®sn% sn^ 

=K*sn(w-f-'y)sn('U-—t;)8n 2u.(2) 

Replacing «+w, n—v, and 2% by u, v, and u+v, this 

becomes the formula given above, § 176, 

Zu+Zu—Z(u+w)=K®sn usnv sn(it-l-?;).(2)* 

Again, put tt=0 for the determination of C7; then 
G=2Eu>+$ cn u dn w/sn v>; 

and now 

iTf , \ , rr/ \ err — 2K*snucn udn-wsn^i; 

z(»+.)+z(»-.)-2z»- <*>■ 

another form of the Addition Equation of the Zeta Function, 
leading immediately to Jacobi’s form of the Third Elliptic 
Integral, as required in § 114. 


187. Integrating this equation (3) again with respect to v, and 
employing Jacobi’s notation of 

TT/ \ jj /"/c^sn w cn dn u sn®^) dt; 

'*> 'V- 

0 

where u is called the parameter, and v the arguonent, then 

II('y, u)='yZu— Z{u+v)dv’-^J^Z(}i^v)d/v. 

"o “"o 
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Jacobi now introduces a new function Qu, called the Thda 
FumctioTij defined by 


or 

so that 
Now 


and 


yZMdu=\og^, 

0 

6tt=60 exp Zudv,;. 


.(4) 


Zu= 


0u' 


yZ{u+v)dAi 

0 

Jziu-v)dv=\ogQ^^y 

0 

.ll(v,u)=vZu+i\og^^^, 


= lo»6’ 


„2u /' QC^—^) 


“V! 


©(u+u)’’ 


.(5), 


so that the Third Elliptic Integral is expressed by Jacobi’s 
Theta and Zeta Functions, the arguments being u and v, two 
in number only, and not three, n, k, «j>, as in Legendre’s fonn. 


188. Integrating equation (3) again with respect to u, 



0 0 


e<!£±^fc^=l_AnH.»>!>,.(6) 


a formula which takes the place of the Addition Theorem for 
the Theta Functions. 

For instance, putting u=v, 

02u=(1 — K:®sn%) 0^16/0^0.(7) 

Interchanging the argument and parameter, u and v, then 


II(u, v)=uZv+i log 


Q(u — v) 
0(u+vy 


so that n(w., t;)—n(v, u)=uZv—^;Zu,. 

and nC'y, u) is thus made to depend upon n(u, v). 


(8) 
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189. In Legendre’s notation, n(‘n, k, 0) or simply 11^, is 
employed to denote his Elliptic Integral of the Third Kind 

r. _ ^ _, 

y (l+risin*^)A^ 

0 

being called Legendre’s parameter (§ 114); and with Jacobi’s 

notation, n(w, ic, am u) =J'y^^ 

0 

But Jacobi changes the notation, by putting ic^sn^a, 

and by calling a the parameter; also by denoting the integral 
a cn a dn a sn^cZu , ^r/ \ 


1 — ic^sn^a sn% 


by a). 


and not the integral 

r du 


y =-5—9^-r-> which equals u+ 

1—/c^sn^asn^u ^ 


sn a U{u, a) 
cn a dn a 


In Legendre’s notation, the Addition Equation of the elliptic 
integrals of the first kind 

F<f}+Fyfr =s Fjul, 

leads to F<j>+E\fr —^ ^ 

the Addition Theorem for the second elliptic integrals ; 
and now for Legendre’s elliptic integrals of the third kind, 
the Addition Theorem is (Legendre, F, E. L, Chap. XVI.) 


va l + 'J^ —‘J^COS 0COSl/rCOS/4* 

or = ( 9 ) 

V(—a) 1+n—WOOS^cos■\/rCoa^ ' ' 

according as a is positive or negative, where 

a=(H- to)(1+**/«); 

this can be verified by differentiation. 

This relation is very much simplified by the use of Jacobi’s 

function II(u, a); and now with 

yfr^axav, fi=sim(u+v), 

it becomes IL(u, a) + TL(v, a)—n(u+w, a)=J log fi, 

.w 

and Q is capable of being expressed in a great variety of ways 
by means of the elliptic functions cn, sn, dn of combinations 
of Uj V, a. 
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■p ( Q(u —a)6(^)— _ Q(u — v)Q(u+v—2a) 

1 00 / ~1—K*sn“(w—a)sn(«—tt)’ 

f 0(^+a)6(^i+a) V _ Q{u—v)Q{u+v+2a) 

I 00 J ~1—«:2sn*(u+a)sn^('U+a)’ 

r0a0(«.+v—a)"!* 0(u+i')0('it+'y—2a) 

J~l-A 


t 


00 


- STi\u+v — ay 


( 0a9(^+^+a) V _ +t; )6(t6+^ + 2a) 

I 00 J ^1—/c®sii2asn2(u+i;+ay 
(§ 188), so that {F'lindamenta Nova, § 54) 

_ 1—+a)8n^(^+a) 1 — sn^(u+ —a) 

1 —/c®sn^(u—a)sn®('y—a) i—An^asn^^u+'y+a)'*"^ ^ 
One of the simplest expressions, equivalent to that given 
above in (9) in Legendre’s notation, is 


Q = ^ — ic^snusn -ysn a sn(uHh'w — a) Qg'j 

1+Anusn-ysn asn(^6-f-y+ay.^ ^ 

and a systematic collection of different forms of Q is given by 
Glaisher (Messenger of Mathematics^ X). 


190. According as Legendre’s a or (l+n)(l+K^foi) is positive 
or negative, so his Integral of the Third Kind Il(n, /c, falls 
into one of two classes, the first called circular^ the second 
logarithmic, or hyperboUc, as we shall call it. 

In the corresponding classification of Jacobi’s form, the para¬ 
meter a is imaginary or real; and it is remarkable that in 
dynamical problems, it is the circular form, with imagi/nary 
Jacobian parameter a, which is of almost invariable occurrence. 
When Legendre’s 

a or (l-l-'n)(l+/c^/'3^) 

is positive, and the corresponding Elliptic Integral of the Third 
Kind is circular, then Jacobi’s parameter is imaginary; and 
(i.) with n positive, we must put n= —/c^sn^m; 

(ii.) -~H?>n> —1, we must, according to § 56, put 
n— —/c%n2(J^+i6), 

as in § 114; and now the integral is expressed by 
II(^6, ia) or n(u, K+ih), 

involving Theta and Zeta functions of the imaginary arguments 
ia or K-^-ih) for which there is no theorem, short of expansion, 
to express the result in a real form. 

We shall find however, in the applications, that this imagi- 
nary form constitutes no real practical drawback. 
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Taking for example the result of § 114, then, by (6) § 188, 

{e(u+a)e(w- a)}g^. 


A-D.D-G 

AG 


■with u='nt, and a=K+t!iK' •, -while 

•/j cnadna , 

%{4, - /d) =—+!!(«., a), 

so that, by multiplication, 

{x +i 2 /)(cos —i sin jmt), or p exp i(^— pt) 

7 //il —i). D--(7\0ri6—a^GO /cnadna . r, N 


=h^{i 


a)0O /cnadno , „ \ 
■J-’ese:r“PV-ir^+^>! 


which, when resolved into its real and imaginary part, gives 
the vector of the herpolhode, or its coordinates with respect to 
axes resolving with constant angular velocity ft. 

191. Take Jacobi’s n(w, o), and split up the quantity under 
the sign of integration into a quotient and partial fractions; 
therefore 


while 

1 cngdno 

2 sna 


I g dn a f /" du, f du 1 

sna \.y i—Ksnasnul/H-Ksugsnwj 
=u cn a dn a/sn a+ HC-ii, a ); 


f r d u _ r du \ 

\./i—Ksuasnu y 1+rsnasnwJ 

/ g cn g dn a sn u 
1 — A:*sn%sn*u ^ 

=f {J/csn(a+'a)—|/csn(a—to)}ci!?t 


_1, dn( a+‘a)—<ccn(a+>u.) dn a+Kcn^ /.^g.. 

~2 °®dn(a—'w)+iccn(a—'M.)‘dna—Kcna'® 
Therefore, by addition and subtraction, 

cnadna/- du _ufzg | 

sna yl—icsnasntt \ sna / 

0 

I 1, 0(a—tt) dn(a—u)—Kcn(a—It) dna+Kcna 

©(g+u)' dn(a+'g)+Kcn(a+g) 'dna—Kcna’ 


cn a dn g 


yi+/c 


su a sn 


/ cn^X 
\ sn a / 


4.^1 dn(a—t6)+fccn(a—u) dna—/ccna 

2 0(a+u)' dn(a+u)—iccu(a’ dna+iccna’ 
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192. Again, taking the formula (7), § 137, 

sa®a—sn^it , . , / v 

and diflFerentiating logarithmically with respect to C6, 
snacnadna ic^siiacnadnasn% 
sn^a—su^ 1 — K^&ri^a sn^ 


_1 cn(a+it.)dD(a+u) 1 cn(a—^6)dn(a^ 
“2 sn(a+u) "^2 sn(a—u) 




and then integrating with respect to u, 

''snacnadnac^^^/ 1, 8n(a+u) . 




--»Z«+llog2^^|^ 

2 ®sn(a—u) 6(a—u) 

= -uZa+\ 


log P(«+^) .(14) 

^^E.{a-u) .^ 


introducing Jacobi’s function Hw, called the Eta Fwnction, 
defined by the equation (Furidamenta Nova, § 61), 

1 Hu r, -V 

. 

This form (14) and Jacobi’s n(u, a) are the two forms of the 
hyperbolic integral of the third kind to which Legendre’s form 
can be reduced for negative values of a.* 

When 0 > u > we put u= —K^su^a, 

and obtain Jacobi’s form II(u, a) of (5), 

When —l>u> — oo,we put n= —l/sn^a, 
and obtain the above form (14). 

This form again can be split up into partial fractions; and 
a similar procedure shows that, since 


A 


*du snu 

snu ^®dnu+cnu’ 


1 dnu—cnu 

or log —.— , 

^ snu 


therefore, by equations (4) and (7), § 137, 
'^cn a dna sn udu 


A- 


sn*a—sn% 


_t r sn(ft+u) —sn(a—‘u,) , 
"J 8n(a+«,)sn(a—u.) ^ 


=1 / if _ 

V sn(a-i4) !/sn(a+w) 


dM 
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— I dn(a—u)+OD(a—u) dng—cna 

®sn(a—u) dn((6+u) —cii(a+t6) dna+cna’ 

= 1W dD( ^+u)+cn(a+^) dna— cd a 

sn(a+2A) dn(tt'--u)-*.cn(a--t6) dna+cna^ ^ 

Therefore, by addition and subtraction of (14) and (16), 
rcnadnad/ii 
J sna—snu 

— 'Tj7rT \ dn(a+u)+en(a+u) dna—cna 

0(a—u) dn(a—^t)—cn(a—u) dna+cna* 

'cnadnadu 


sna+snu 


/ 

..r^_ , n....6(“+‘W') dn(a+u)-cn(a+«) dna+cna 
^e(a-u) dn(o-w)+cii(a-«) dua-cna 

By means of equation (6), § 188, and the formulas of § 128, 
these relations may he written 


cn a dn adu 
sna—snu 


f 

0 

■ , 7 - . i.- Q*Ktt+u) an|acnKa+u)dnKa+tt) 
° 9*J(a— u) sn ^(a —u)cn dn ia ’ 

/ 


cn a dn adu 
sna+snt6 


rr 1 0*K<^+u) Sn|(a+'it)cn Jadn^a 

- 10 ^ 02^(06-16) sn ^acn J(c 6 -u)dn ^{a - u)* 

Tlie student may prove, by a similar procedure, that 

snadnadv, 1 —cn(a + u) 

cnu—cna " —cn(a—u) ^ 

madrxadu , , l + cn(a—u) , —./ x 

»s+.-iirF=‘''’«r+sfcr4+n(“- “)■ 

K^snacuadu , , 1 —dn(a+u) . 

= i 10g:j- -;j - ^^^_^/, -n(u, a). 


/ 

/ 

/ 


/ 

/ 


dnu—dna ^ *=^1 —dn(a—u) 

/ Anacnariu , , l + dn(a —^6) , . 

snacngdng—snu cimdnu ^^ _;^Q^ sn(a+^6)0(a+^^>)0O 

o« 2 /,__cn 2 o#. o 0g0u ^ ' 


sn^g—sn^t*. 
sn ^ .dnu—sn gdn a 
cuu—cna 


’du^vZa-log t“M Lz^CM:^). 

^ 0g0w. 1 —cna 
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Evler'a Pendvlvm, 

193. CoDsider for instance the rolling oscillations on a 
horizontal plane of a body with a cylindrical base, such as a 
rocking stone, or a cradle. 

Then the Principle of Energy, considering the line of contact 
as the instantaneous axis of rotation, leads to the equation 
i((? — 2ch cos d+h?+W){ddldtY =grA(vers a —vers 0), 
where Q denotes the inclination to the vertical of the plane 
through the axis and the centre of gravity at any time a the 
extreme value of 0, c the radius of the cylindrical surface, h the 
distance of the C. G. from the axis of the cylinder, and k the 
radius of gyration about the parallel axis through the C. G. 

When c=0, this equation reduces to ordinary pendulum 
oscillations, as in (3) § 3; but in the general case we have the 
oscillations of what is sometimes called Euler’s Pendulum. 


Then <^^, {(g-A)H^ncosH0+{(o+fey+fensin^|9 

d0* 4grA(sin®^a ~ sin^ J0) 

_ (c--A)H^H{(c+Ay+ik^}tan^i0 . 

^gh cos2Ja(tan2^a—tan® J0) ’ 

and now, if we put 

tan J-0=tan Ja cos 0, 

_ c®—2cA cos g+{(c+A)®+ifc®} sin®^ a sin^0 
gh{l — sin® Ja sin®^)® —, 

dt If c® — 2ck cos a+h^+ /c®\ A<i> 

~V\ s / 13 ] 


or 


dip' 


-sin®^asin®9i’ 


on putting n^^gjCy and 

, (o-hy+k^ 

(i‘-2cli(iosa+k^+¥ ~'i^-2ehcosa+h?+^°°^ 

To reduce this to Jacobi’s caaonical form, put ^=amu, 
and sin®ia=K®sn*a; then dn*a=cos* Ja, 


and sn®a= 


c® —2cfecosa+A®-|-^b® „ ichco&Ha 

(c+^)®+ifc® ’'''' - ‘ 


so that®? 

dw cn a 1—/c®sa®a sn®t6 


_Q sn g dn g 2jc®sn a cn g dn C6 sn®t6 


cna 


1—/c®sn®a8n^ 


and 


. oSnadna 

nt=2 -u—211(^6, a) 


cna 

while tanJ0=tan Jg cn ^6. 
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In the ordinary pendulum, where c=0, this reduces, as 
in § 8 , to 

tan =tanja cn(ir— nt)^ 

equivalent to 

sin ^0 *= sin Ja sn %t ; 
where 'n now denotes 

As another application of the Third Elliptic Integral the 
student may rectify the inverse (or pedal) of an ellipse or 
hyperbola, with respect to any point; examining the parti¬ 
cular case when the point is the centre; also the case of the 
Lemniscate, the inverse or pedal of a rectangular hyperbola, 
with respect to the centre (R. A. Roberts, Integral Calmlvs, 

p. 810). 

Examples. 


1 . Prove that, if 

/'hr (k cos^4> 4* k'Qos^\l/)d^d\l/> _. 

J J 

0 0 

and deduce Legend/rt^s relcdion of § 171. 

, /Viri_ Tc{y-x)dady _ 

“J J .\-x.\-ha)j{-y .\-y .X-ley) 


S 


0 

•1/lC /'I 




dxAy 


1 -1 (§ 66 ). 

4 r*^r^ _ (3i-ai)^y _^1^ 

J y V(^.a!-ei.»-e2.a!-ej)V(-4.y-6i.y-62.j/-e8) ^ 

•i •» (§ 51). 

/'a+Hyro_ (y-x)dxdy _ 4 

« (§ 47). 

np (1168). 

J J (aJ-a)(y-a)^(-Air) 

7 .^Denoting K-E, K-E, E-K”^K,E-Km'\jJ,J', &, &' 
respectively (Glaisher, Q. J. M., XX.), prove that 

\ die dK / K \ dK 
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ELLIPTIC INTEGEALS IN GENERAL, AND THEIR 
APPLICATIONS. 

194. The general algebraical function, the integral of which 
leads to elliptic integrals, is of the form 

8+TJX 
U+VJX’ 

where 8, T, U, V are rational integral algebraical functions of 
X, and X is of the third or fourth degree in x. 

We first rationalize the denominator, so that 

8+TJX (8+TJX)(U-VJX)_M , N 1 

tr+rjx O'*- v^x jx* 

suppose; and now the integration of the rational part MjJD is 
effected by elementary methods, when it is resolved into its 
quotient and partial fractions. 

In the irrational part NjDJX, the rational fraction NjD 
is also resolved, into a quotient, having a typical term a:’“, 
and into partial fractions, having typical terms 
ll(x-a) or l/(a!-a)*. 

By differentiation, we find that 

■^af"'-^JX) = {(m—l)aa!®*+4(m—6(m— 

+4(m—3)ea!”“*}/,^X ; 

so that, integrating, and denoting^f<fa!/,yX by Um, 

= (m —l)auTO+4(m—Dhwm- 1+6(m — 2)cUm_ 2 

+4(m - +(m - S)eUm-i, 

a formula of reduction by means of which the integral Um ia 

made to depend ultimately on the integrals v^, and u^. 

200 
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Similarly, by differentiation and integration, dftTm t ing 
fdjxj{%-aYjX by Vn, 

we can determine another formula of reduction, of the form 
fJX 

by means of which the integral is made to depend ultimately 
on the integrals v^, v.j, and w.j; or rather, on v^, u^u^u^-, 
since and are the same, and 

«_! = %—aUfl, v.^=U2—2av^+a^Ug. 

By the various substitutions of Chapter II., is reduced to 
Legendre’s First Elliptic Integral, while at the aa-Trift t.impi the 
integrals and are reduced to elliptic integrals of the 

Second and Third Kind. 

When x—a is a factor of X, the substitution x—a=l/y 
shows that becomes fyd,y{JY, where Fis a cubic function 
of y, and now reduces to the Second Elliptic Integral. 

But without carrying out this work in detail, now only of 
antiquarian interest, we adopt instead the Weierstrassian 
notation; and by means of the substitutions of the previous 
chapter we express x and ^X rationally in terms of ptt- and 
p'u; so that the integration is reduced ultimately to that of 
A 4-jBp'u- with respect to w, A and B being rational functions 
of 

196. We must at this stage introduce the functions 

and (ru, 

the functions employed by Weierstrass, in conjunction with 
his function pu. 

The function fa, called the ze,ta function, is defined by 
—pu,or fic.= —Jipud/w ; 

while the function (tu, called the dgma function, is defined by 
|^log<rU=fu, 

or log <rt4 =/ ^udu, <tu= exp^Jud-a; 
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Taking the definition of s or pit in § 60, 


u =/(48* -Qi—gs) ■ ^da, 

pu 


expand in descending powers of s, and integrate; then 

U=^8-*(l -iPgS-®- 
» 

=/(is-*+» 

tt 

- «-‘+.+6 ‘••+|6 *■*+•■■■ 

the * marking the place of a missing term in the expansion. 

Therefore, by Keversion of Series, since u® is a rational 
function of s, we obtain, in the neighbourhood of u=0, 

1 . , gM^ , gM* , 

8orpu=;jj^+,+--|o+^+.... 

To obtain further terms of the expansion, assume 

, +ClU®+C2U*+C3'U-®+... + Cn'“'®“+---; 

and since p'%=4p®u— g^—g^ 


p'"u=12pMp'u, 

we can obtain from the last equation a recurring formula for 
the determination of the coefficients c; and as far as v?, 

20 ^ 28 ^2*.3.6*^2*. 5.7.11^ 

The expansion of the zeta function is now 


.m!— 




_ 

^16^* 60 140 2*. 8.6®. 7 

so that, defined more strictly, 




2*.3.6.7.11 




Similarly we shall find, for the sigma function, 








11 


2* g g 2«.3.6.7 2».3®.5.7 2^3®.5®.7.11 

SO that, strictly defined, 

log( 7 U=logu+^(^fu~^^ci^^ or o-i^=uexp^— 
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Eomogeneity. 

196. rrom considerations of homogeneity it follows, that if 
u is changed into u/m, and at the same time if g^ and g^ are 
changed into m^g^ and m^g^, then s or pu is changed into mh 
or ; so that 

p'(«; fl'2. 9^= ~^'(^; 5 

aad similarly 

; ^2. 9z)=li f 

<K«; ff2. 9s)=T^°- Qi I • 

At the same time the discriminant A becomes changed to 
m^A, but the absolute invariant J is left unchanged (§ 63); 
we may in this manner alter the argument u proportionally; 
for instance by taking m = ^(<3^ - we can make the argument 
the same as in the corresponding elliptic functions (§ 51). 

When m is chosen so that m^®A = l, or m=A'^.the elliptic 
integral is said to be normalised (Klein). 

Suppose, for instance, that gz—O, 
and m, are the imaginary cube roots of unity, — J t ; 

then m^=l, and ^6/7n = m^; 

so that p(m2u; 0, g^) = m?p(u ; 0, g^\ 
p(m u ; 0, fifa)=m ; 0, g^l 
while p'^6=p'mi6=p'm%. 

Again f (u ; 0, Oo)=~ f — = —w t 
o-(^; 

This is the simplest illustration of the theory of Complex 
MvMiplication of Elliptic Functions^ of which we shall make 
use hereafter; the general theory is required in the integration 
of the equation 

_ Mdy _ ^ _ 

for particular numerical values of g^ and when 1/M is a 
complex number of the form a+ib^n ; in this instance gr^srsQ, 
and M is an imaginary cubic root of unity. 
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197. With the aid of these three functions of Weierstrass, 
ptt, fa., and <ru, it is possible to express any elliptic integral, 
and we can thus complete the problem left unfinished in § 194. 

The function fw is analogous to Jacobi’s Zeta function; and 
with 8=pu, it may be defined by the relation 

« +TW 28 -^+i’irS's 8 “^+-)<^ 

Thus, for instance, from § 153, with appropriate limits, 

wh,™ ^ 

To obtain the Addition Equation of the zeta function 
analogous to (2) and (3) of § 186, take the formula (F) of § 144, 

implying also the formula, obtained by changing the sign of v, 
SO that, by subtraction, 

^(^u,-v)-p{u+v)= (a) 

Integrating (a) with respect to v, 

^(u—v)-^^u+v)+G= 

pu-p-u 

where 0, the arbitrary constant of integration, may be obtained 
by putting ^ = 0, when pt;=oo; so that C7= —2fu, and 

^(u-t;)+f(u+^)-2fu^- {/ 3 ) 

An interchange of u and v gives 

-«»-®)+^(^.+»)- 2 ^.= 03 -) 

SO that, by addition, 

f(u+v)- fu, - = . 

^ p'W'-pv 

=+P'y+-^^)} 

the Addition Equation, analogous to (2*) § 186. 
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With u+v+iw=0, 

this may be written, analogous to § 176, 

^+Sv+^w= -J(pu,+^+pw). 


198. We can now take the function +JB p'-w. of § 194, and 
suppose that A and B are resolved into their quotient and 
partial fractions. 

Writing p, p\ p", ... for pu and its successive derivatives, 
then the relations 

p'^= Ap^-g^-g^ 
p" - 6jp®-Jsf2, 
p'"=\'2pp\ etc., 

enable us to express the quotient or integral part of A p'u 
in the form 

(7=Co+CiPU+C2p'u + CsP"tt+.... 

Considering next a partial fraction of J. +.B p'u of the form 
P+Qp'ti 
pu—a 

we replace a by pv, and write the partial fraction in the form 


r f'u-p 'v j^'u+p'v 
pu~pv^ pu—pv 

=2H{^iu+v)-§ii-^v}+2K{^{u-v)-^u+^v}. 

All such partial fractions can thus bo expressed by a series 
of terms, 

X=- Vi)+-1;,)+..., 

where the sum of the cocflScients I is zero for each partial 
fraction, and therefore for the whole series; so that 


Again, by repeated difFeroiitiation of equations (|8) and (fi') 
(§ 197), with respect to u or v, wo obtain equations, such as 

” - -=+v)+ P(.u - v)+2pi)- p 


by means of which partial fractions of tho form 

nr «Annrallv + 

(pu—pvf’ ^ ^ (pu—pvj’’’ 

can be expressed by terms of the form p(^4^-1;), p(u—v), and 
by their derivatives; as well as by terms of the form X and C. 
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Thus, jSnally, A+B or any rational function of pu and 
p'u, can always be expressed £is the sum i + P of two series of 
terms, + 

where +^ 2 ++ • • • = ^» 

and P=o+2mp(^>(u—^); 

and now the integral can immediately be written down, in¬ 
volving, in general, the sigma, zeta, and p function, as well as 
its derivatives. 

When the sigma and zeta functions are absent, the integral 
is a function of pvj and p'u, and is not properly elliptic, but 
only algebraical. 

This method of integration is taken from H!alphen*s Fonc- 
tions ElliptiqueSj I., chap. vii. 

Halphen points out that to obtain the coej0S.cienfcs in the 
series of terms 

—v)+'-v)+ —i;)+—^) 4-.. -, 
corresponding to the same v, it is only necessary to take the 
coefficients of (u—... in the expansion 

of in ascending powers of w—-y; the coefficient I 

being Cauchy’s residue. 


199. Integrating (^) with respect to v, then 

y '^'udv , (t{u+v) ^ , 

.'A) 


which may be considered a canonical form of the Third Elliptic 
Integral, in Weierstrass’s notation. 

Thus, for instance, in § 113, 

J pu—pv 

By integration of (y), with, respect to u and v, 

J 2 pu-pv ® (rtto-i; ® (tU(tv ’’—\yv 

J 2 gyy aUaV ^ ® aU<TV ^ ••vys* 
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eitiier of which xoaj be taken as a canonical form of the Third 
Elliptic Integral; and also as illustrating the interchange of 
ampUtude tt, and parameter v, as in the Jacobian Elliptic 
Integral of the Third Kind, v), in § 188. 

Or otherwise, interchanging u and v in (j8i),or integrating (jSO. 

.« 

so that, by addition of (jSj) and O 2 ), 

.W 

a form of the theorem of the interchange of amplitude and 
pararrieter, analogous to (8), § 188. 

200. Integrating (jS) with respect to u, 

+log - 2 log <ru= log(pu - pv). 


o^v+uWv—u) 
cr(u+v)t7(v,-v) 




,pv-pu, 

=^slogcrt*-^logat;...(K); 


the fundamental formula is the use of Weierstrass’s elliptic 
function, analogous to equation (6) of § 188. 

As an application consider the herpolhode of § 118; then 


wlik 

so that, in the curve described by H, 

" ^ ft, (ruarv 

while in the herpolhode described by P we must multiply this 
function by e*'** or cos fit+i sin fit 
Putting u=i; in (K), we obtain 

<r2tt._ y^ pu-pv _ , 

<rHi (Ayti—v) ^ 

This may be obtained by integration of the formula of § 149, 
1 6 ? 

?.2«=pu-^-^^logpu. 
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If u, V, w, X denote any four arguments, 

a{u—v )(r{u+v)(r(w—x)(r(w+x) 
+<T{v—w)(T(v+w)<T(u—x)<r(u+x) 

H- (r(to— u)(tIw + u)(r( v—x)(r(v+x) = 0, .(L) 

since it is of the form 

{U- F)(F-Z)+(7- F)(I7’-Z)+(F- ?7XF-X), 

where U—V=— ahia^'pu —pi;), etc. 


201. We notice that the Third Elliptic Integral can be 
expressed very simply as the logarithm of a function, so that 
we may write (yj) in the form 


A 


1 PU- 

2 pu-pt; 


where ^(u, v )= 

^ cruo-'y 

and ^(u, v) is called by Hermite a doubly perio&ic function of 
the second kind. 

Changing the sign of u, or v, 

^(u, -v) = ^(-tt. t;)- 

so that ^{u, v)<l^u, —v)=pu—fv. 

202 . Suppose pv=&i, or e^; then, according to § 54, we 
can take v=a)i, toj^+xg, or &>g, to correspond; and now 


fi'v= 0 , and log ^(u, v) = i log (pu - pv); 

so that 

coj) =^(u, - Ml)= ,y(pu - ej), etc.; 


and <p(u, v) is an elliptic function for these values of v. 
We may thus put 

where cr-^ denotes 

Similarly, 




>v/(g>^"-e2)=^, x/(pu-e3) = ^, 


cru 


where q-gU= 

o\«i+<a3) ® <ra>3 

Also p'u (pu - e^. pu - 63 . pu - Cj)=- 2 (riU it, 

and (§ 200) ff2u=2crtt o-jU q-gU q-jU. 
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Denoting by o, jQ, y the three numbers 1 , 2 , 3, taken in any 
order, then the relation 

or<,U = (rUj^(,pU — 6 a) 

gives, by a combination of the expansions of tru and pw in § 195, 

Ora1t=l-Je„l4®-TV(66a*-Srg)u*-... . 

SO that (Tali is an even function of u, and unaffected by Homo¬ 
geneity (§ 196). 

Thus, for instance, from ex. 9, p. 174, 

(ro2u-f crp 2 u = {,y(p2'«,-eo)-l- >/(p2u-6/3)}<r2w 

The symbol ija is employed to denote fwa, so that 17 is 
the analogue of Legendre’s J? of § 77. 

With positive discriminant A (§ 53), we find (exs. 4 , 5 , p. 199), 

and with negative A (§ 62), 

iv\ 

formulas analogous to Legend/r^s relation of § 171. 


203. Denoting pii, pv, pw by x, y, z, then (§ 165) if 
v,+v+w=0, 

{x+y-\-z){4ixyz-g^ = {yz+zx-^xy-\-\g^^ .(L) 

Denoting also (aj—6o)(y—6a)(0—Co) by Se®, then since 

s,?=xyz-\g^—{yz-\-zx-irxy+\g^ea+{x->ry-\-z)e^ 

_y z+zx+ xy —2{x+y+z)ea 

by means of (I); and this is of the form A+Bea, so that 

(«2 ~ ®s)®l + (®8 “ ®l)®2 + (®1 “ ®2)®S = ®! 
or (Cj- e.j)«riM-(riV<riW -Kej- 6i)<r2U x^v +(e^- e^x^Ux^vx^va =0, 

. (Tol^ (TaV O’a'^ 

Since Sa= .. . 

oru (TV (TW 

(W. Burnside, Messenger of Mathematics, Oct. 1891.) 
As an exercise the student may prove that, witli 

(^2CTi'iy cTiX+ («3— ej)<r^u or^w cr^ 

+ (<^i""+ {e^ — e^) (e., — - e^)cr'ii crVoVJcrX^O, 

the analogue, in Weierstrass’s notation, to Cayley’s theorem, 
given in ex. 1, ii., p. 140. 
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204. The solution of Lamp’s differential equation, which may 
be written in Weierstrass’s notation 

y . 

is given, when to= 1 , by the function ^(w, v) of § 201 . 

For, differentiating ^ logarithmically with respect to u, 

1 d6 I p'u—p'v e, . V c f. 

- 5- » —((u+v) — tu—Cv, 

<j> du 2 ^Vt—^v y s » 

and differentiating again, 

30 that 

^ dAj? 4 \jpu—fvJ ^ ^ 

= 2pv,+g)i;, 

Lame’s differential equation, with -^ = 1 , and 
The general solution of 

\ . 

is therefore 


y==G<p(u, v) + 0'^{Uj — v), or C<p{'ib, v) + G'<f>{ — u, v). 
When h or pv=e^, Cg, or 63 , the solution is one of Lamd’s 
functions, as in § 202 . 

One solution is now where a = l, 2, or 3; 

the other being 

{ +wa) - eau}^(pv.-eal 

as may be verified by differentiation, or determined indepen¬ 
dently from a knowledge of the particular solution ^(pu^ea)- 


206. The revolving chain, resumed. 

We are now able to complete the solution (§ 80) of the 
tortuous revolving chain, by obtaining an analytical expression 
for its projection on a plane perpendicular to the axis of 
revolution. 

Putting y=^rQos'^, 2 ;=rsin^, 
then we have found in § 80, p. 70, that, when the notation of 
Legendre and Jacobi is emploved, 

dyjr_ H _ HIT 

dx Tt^ bW{Kxla) + oW{Kxlay 
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which, on putting u = iraj/a, and 

K%n*-y = — (62 — (?)lc\ dn^t; = 
so that, with =(6®— c^)Hd? —c®), 

sn27;= — (ci2—c^)/c2, Gah)=d^lc^, 
diyfr _ cn ^ dn ^/sn 
du ^ 1— k^stl^u sn 'i/ 


becomes 


., , . , cndnV TT/ V /-in 

so that %\[r= " g"~- v) .(1) 

Since sn^v is negative, we may, by (67) § 73, put v=^fiK\ 
where € is a real proper fraction. 


Now 


T =c^(l—/c%n2t6 sn®^) 


=000^1 


' Q(u+v)Q(u—v) 

02m, ’ 


..( 2 ) 


so that y+^^=ceO --ZmJu;....(3) 

which, when resolved into its real and imaginary part, will 
give y and z as functions of u or Kxja, and thus represent the 
equation of the chain, 

20C. The procedure is more rapid with Weierstrass’s notation. 
Writing we have found that (§ 80) 

so that we may put 

r2=*2(pz4-p?.0,.(1) 

• 1 1 .1 j. d/ii. In^wh 
provided that ** y—, 

and grg, are suitably chosen. 

Since v is the value of u which makes 7’® vanish, therefore 
4J/2 

the value of (d/r^/dx)^ when 7*2 = 0 (fj 80); so tliat 

p'2'i; = — \QH'^lnW‘h^^ .(2) 

and p't; is therefore a pure imaginary, which we take to be 
negative imaginary, ho that (S «^ 4 ). 

Now V ! a » 

du Tr^ du n^wk? py pic—pv’ 
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.-( 3 ) 


from (/S') (§ 197); so that 






. 

.(4) 

while 

- . 

.(5> 

and 

y+iz- k 

(rv<ru 



= h^u, V), 



y~^iz— . 

.(6> 


’ giving the form of the chain. 

For a revolving chain fixed at two points, we must have r® 
restricted to lie between positive values, and c\ and therefore 

must be restricted to lie between Sg 5 that with 

dwldx constant, we must put u=X(ioJa+(a^. 

For a chain attracted to the axis with intensity proportional 
to the distance, and thus taking up a form of mmimum 
moment of inertia, we have u==xooja; and now can become 
infinite, and the chain reach to infinite distance. 

In this and other mechanical problems, the parameter of the 
elliptic integral of the third kind is almost always imaginary ; 
the apparent awkwardness of this imaginary parameter is 
removed when we proceed to express the vector y+iz by a 
doubly periodic function of the second kind 'y), whose 
logarithm is the elliptic integral of the third kind; and thence 
determine y and z theoretically by resolving v) into its 
real and imaginary part. 

Familiar instances of the same procedure are met with in 
Elementary Mathematics; thus 

x+iy=ccos{nt+ia), or c cosh{nt+il3), 
will represent elliptic or hyperbolic motion about the centre. 

Generally, with 03+i 2 /=. 2 f, X+iY=Z—F^z : then 




will give the motion of a particle of unit mass under component 
forces {X, Y), (Lecomu, Comptea Bendus, t. 101, p. 1244.) 
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207. The Tortmua Elastica. 

A procedure, similar to that just employed for the revolving 
chain, will show that the e(]^uation of the curve assumed by 
a round wire of uniform flexibility in all directions «*-«u be 
expressed by the equation 
y+iz=k^u, v) 
and 2 =A:fu+yt 4 , 

where w= 80 ) 1 / 0 + 0 ) 3 , 

8 denoting the length of an are of the wire, and 2 c the length 
of a complete wave. 

(Froo. London Maih. Society, XVIII., p. 277.) 

The elastic wire diiFers thus from the revolving chain in 
having u= 80 ) 1 / 0 + 0 ) 3 ,instead of u^xwJa+oDs (§ 97). 

To establish these equations, take the axis Ox as the nyia of 
the applied wrench, consisting of a force X along Ox and 
a couple Z in a plane perpendicular to Ox ; denote the tor¬ 
sional couple about the tangent at any point by G, and the 
flexural rigidity of the wire by B, 

Then the component couples of resilience about the axes 
Ox, Oy, Oz axe taken to be 

Z(y'«'-yV), B(2^af’-d'x'), B^x'f-d'Tf) 
the accents denoting differentiation with respect to the arc s; 


the equations of equilibrium are therefore 

B{yY-y''zr) =(?®'+Z.(1) 

Z(aV-aV) =%'+X^..(2) 

BixY-<ify')=^Gz'-Xy .(.3) 


(Binet and Wantzel, Comiitce Itendus, 1844). 
Differentiating eadi equation with respect to s, multiplying 
re.sp6ctively by x', y', z', and adding, gives 

G'=0 ; so that G is constant. 

Multiply equations (1), (2), (3) by j/', and add; then 
G—X{yid-'^z) = 0, 

80 that ys^—y'z == GjX, a constant; 

and yd'—y"z=(). 

Again, multiplying (2) by y, (3) by c, and adding, gives 
Bx^yz'-y'z)-Bx'{yd' - ifz)=Gijjy'+zzf), 
or Bid'=X\yy'+zz'), 

80 that, integrating, Bx'=\X{y^+a^)-\-S. 
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Then = X\yy^ +zzj 


a cubic function of x' ; so that, by inversion of the elliptic 
integral, x' or y'^+z^ is an elliptic function of the arc s, which 
may be written 



y^+z^=l(?(p(i>~pu,) . 

.(4) 

or 

Bed= JZA*(po)— pu) + H, 


provided 

du .Xk 
ds~^ B ’ 


and now 

g-i(f«-p»)+g 

+ . 

.(5) 

also 

di-\p-_i6 da _2i£G 1 _ 

dw ~Zir^ cJm~ po)-pu~ 



By Kirchhoffs Kmeiic Analogue, it follows that the axis of 
a Spherical Pendulum, Gyrostat, or Top can be made to follow 
in direction the tangent of a certain Tortuous Elastica, when 
the point of contact of the tangent on the elastica moves with 
constant velocity; so that, if x, y, z are the coordinates of a 
point fixed in the axis of the Gyrostat, and Ox is vertical, 

x=k{pv-pu), 

where now u^nt+co^ 

and 2(ioJn is the period of the oscillations of the Top, or Spheri¬ 
cal Pendulum. 


The Spherical Pend/wlum and the Top. 

208, To prove these formulas independently for the spheri¬ 
cal pendulum, let the weight of the bob be W lb., and let the 
tension of the thread be a force of NIW poundals; then the 
equations of motion are, with the axis of x drawn vertically 
downwards, 


^+Nx=g, ^+Ny=0, ^+Nz=0; . 


dt^ 


dt? 


.( 1 ) 


subject to the condition, I denoting the length of the thread, 
c(^+y^+z^=l\ 
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The equation of energy is 

J(a!®+^*+ ■®)= 5 (aj+o);.( 2 ) 

while yii—^z—K,9. constant.(8) 

Now, fxsJi-\-yy+zz+Nl^=ga:, 
so that NV =ga!+as*+y= g(Zx +2c); 

thus giving the tension of the thread. 


Hermite writes {8v/r qudquea appUcoHona dea fonctiona 
elMptiquea, 1885) 

(y + izXp-iz)=yif-\-zzr- i(yi - yz) 

= —xSi—%k, 

so that the norm of each side is 
Then 

(i®-a!*){2i7(a!H-c)-®*}=aj®ii®+A® 
or Z®**=2sf(a;+c)(Z®-a!*)-A* 

= - iga? - 2g(sx^ + IgVx + igdl^ - A®; 
so that aj is a simple elliptic function of i, which we may write 

x^Mpv-pw), .( 4 ) 

where u=nt+cOi, for pu to lie between Cj and Cj. 

Then ^®^’®7l,®p'®^i= igBipv,—pvf — 2gok\pu—puf 

- 2gkP(pu-pv)+igcl^-h^ 
= h9^(4i^u~gipu-g^), 

provided ti®= ^gkjP, and pv=— jc/fc j 

while g^ and g^ are suitably chosen. 

The value of fp'v is found by noticing that a!=0 when tt=v j 
and thus = 2goL^— /i®, 

Now Hermite writes 
S? 

^iy +ta)+ I^(y+iz) = 0, 


1 cP, ... ,r<i<® „ 3 a!+ 2 c . 

^ -^du^=- -gk -^“T- 

Lamd’s differential equation for «=2, with h= 6pv. 

The formal solution of this equation is reserved for the 
present; but it can be inferred for this case by fai.Tring the 

equation (3) and writing it 
dylr_ h 

d/ii~ru(v^+s^)' 


= -2 


3®+2c 
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We now put 

l—x=k{pu—^a), l+x—k{ipb—pu); . ( 6 ) 

and mnnft when x=±l, or when u,=o, or 6, therefore 

h? 

With h positive, and pb>p'uu>pcii "we take p'<x negative 
imaginary, and p'6= — p'a positive imaginary, so that (§ B4), 
(i=:p(jD^^ & = 0)1+90)3, where p and q are real proper fractions. 

dAL pi6—pa 
and integrating, by equation (/8), § 199, 

"O' 

while 


Then 


(7) 


(y + iaXy— 4*)=3/®+2®=Z*—«*=(pu— 

T.«q'( ^+G)q-('U-—a) g(Z>+44)ier(b—w) 

~ <r®a <7% <r®6 <7®** 

so that yi-iz =~ ~ 

..( 9 ) 

thus giving the solution of Lamp’s differential equation for n— 2 . 


209. It is interesting to verify that these values of y+iz 
and y--iz are solutions of Lamp’s equation for n = 2. 

Denoting jz-f-ii? by 0, and differentiating logarithmically, 

1 p"u—p^g 1 p"6—p^u , 

"“2 pi6—pa’^2 p6—pu ’ 
and differentiating again. 


/p'u-p'aN 

p'u-p'ap'6-jj'« , 1, 


\pu—pa/ 

2 pu—pa p&—pu ' 4Vp6 —pu/ 


+2pu—p(u+a) — p(Z>+u) 
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=4puH-jja+j>6+i ^ 

*^2 pii—pa ph—ffiu 

But with p'a= — p'6, 

l f>'v,-f'ap'b—p'u 1 _ p'*u—P'26 

2 pu-pa p6-pt6 “2 (pii-ptt)(p6— 


so that 




Lamp’s dififerential equation for «.=2, with 6=3pa+3p6, in 
place of the previous value of h=6pv. 

From Kirchhoff’s Kinetic Analogue in § 207 we may put 

exp(_fa-f 6 )u 


exp(-^a-f6)u} 


X = f(a+6)-fa-f6. 
p'(a-6) = p'a=!-p'6, 

^a- 6 )=fa-f 6 ; 
and, changing the sign of a, 

-a+6). 

(Halphen, F. K, L, p, 230.) 


where 

With 

therefore 


210. In the slightly more general case of the motion of the 
Top, we shall find it convenient to draw the axis Ox vertically 
wjpwarda, and to call d the angle which the axis OG of the 
top makes with the vertical Ox. 

Then, from the principles of the Conservation of Energy and 
Momentum, we obtain the equations (Bouth, BAgid, FynamAcs) 

lA(ddldtf+^A sin®d(d^/cZiy= TFp(c-/tco8 &), .(1) 

ABm^6{dylr/dt)+Crcos6=&, .( 2 ) 

where r denotes the constant angular velocity of the top about 
its axis of figure OG, dyjrjdt the angular velocity of the verti¬ 
cal plane through Ox and OG, h the distance of the centre of 
gravity G from 0, W lb. the weight of the top, and 0, A 
its moments of inertia about the axis of figure 00, and about 
any axis through 0 at right angles to OC. 
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Putting Al'Wh^l^OP, as in the simple pendulum, then 
P is the centre o£ oscillation for plane vibrations. 

The elimination of dyp^jdt between equations (1) and (2) gives 

=3(|-cos 0)(1 - co8*0) - ) 

=g'(cos Q —cos aXcos 6 —cos j 8 X®°® 0—d) .(3) 

suppose; the inclination of the axis of the top to the vertical 
being supposed to oscillate between a and ^S, 

a>6>i8, or cosa<cosd<cos^<cZ. 

Guided by equation (17), p. 37, we put 

cos d =cos a cos®^+cos ^ sin®^, 
cos 0 —cos a=(cos ^—cos a)8in®^, 

coS) 8 —cos 0=(cos jS—cos a)cos®^ ; .(■!!) 

and therefore, 

=i -^{d-cos a-(cos | 8 —cos a)sin® 9 b} 

2 If 

rsTlXl -K®sin®^), 

, , cos/3-cos a ^ d—co sp 

where k®— (J—cosa’ * (i—cosa’ 

and M=^g{d-cos a). 

Now we may put ^=am nt, and 

cos 0 =cos a cn%t+cos /8 sn®n<,.(5) 

so the projection on the vertical Ox of the motion of a 
point on 00 resembles ordinary plane pendulum motion. 

When (2=1 and cos a= —1, then 

■n?=g/l, l^=cos^fi=3ix^^{'J^—^)’, 

Q and Or vanish, and the oscillations are in a verti(!al plane. 
But, in the general state of motion, 

Q— Or cos 6 
'^~di sm®0 
_1 G+Gr 1 Q-Cr 
2 l+cos0'^2 1—COS0 

^1 _ G+Gt _ 1_ G-Cr _^ 

214 -cosa+(cos ^-cosa^ohiv 2 l-cosa-(cos ^-cosa)snhit' 
so that yjr is expressed by two Third Elliptic Integrals. 
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Putting cos 6= ±1 in equation (3), show that 

= 2^(1+COS a)(l+COS |8)(<i+1); 


=2f (1 - cos a)(l - cos ^)(d - 1), 
while, in accordance with Jacobi’s notation, we put 

’■ 1 + cosa ® 1-cosw 

so that, finally, with u=nt, we find 

_ cn -i^idn t) i/sn , cn u^dn vjsa % 

d/u, i—/c^sn^^sn^w 1 — K^sn^v^sn^^w.. ' 

and, as in the spherical pendulum (§ 208), we take 
Vi=ipK', V2=^K+iqK', 
where p and q are real proper fractions. 

In the Weierstrassian notation, we put, as in (6), § 208, 
1+cos 0=/c(pw—po), 1—cos0=A:(pZ>—pw); 
and thence (§ 224) c—h cos 6= /iA{p(a+6)—pu}. 

We thus obtain + -i?!- ;.(7) 

du g>a po —pu ^ ^ 

but now the relation p'a=—p'6 holds only when (7r=0, or 

when the motion o£ the top is comparable with that of the 

spherical pendulum; on the other hand, the relation p'a=p'6 

implies that G=0. 

The Kinetic Analogue of the Top with the Tortuous Elastica 
(§ 207) is obtained by putting 


aH-6=a), and X = ^a+i) —fa— 

In the Steady Motion of the Top, a = /3, /c-0, 
and the elliptic functions degenerate into circular functions. 
We thus obtain the condition for the steady motion, and the 
periodof the small oscillations,given in 'Roxith'sItigidHynamics. 


211. A similar procedure will solve the general equations 
of motion of a solid figure of revolution, moving under no 
forces through an infinitely extended incompressible friction¬ 
less liquid; the work will be found in Appendix III. of 
Basset’s Hydrodynamics, vol. I; also in Halphen’s Fonctions 
elliptiques, IL, chap. IV. The problem is of practical interest 
from its bearing upon the determination of the amount of spin 
requisite to secure the stability of an elongated projectile. 

(Proceedmiga, Royal Artillery Institution, 1879.) 
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212. We again resume the consideration of the motion of a 
body under no forces, first mentioned in § 32, as affording a 
good practical illustration of the necessity for the introduction 
of various analytical theorems of Elliptic Functions. 

Geometrical Bepreaentalion of the Motion of a Body under 
Mo Forces, ouscordMg to MacGiMagh, Siaooi, and G^bia. 

Quadrics concydic with the momenta! ellipsoid, that is, 
having the same circular sections, are given by (Smith, Solid 
Geometry, § 170) 

(.d - ff )a!2+(5 - (0-=DA®; 

and now, if we produce the instantaneous axis of rotation OF 
to meet the concydic quadric in F, and denote OF by 25', 

(^ - )p*+(B - iT )3®+(0 - D =DA®a>®/J5'®, 

while A^-¥ B^+ Or^=Bh^(joyB?, 

so that, by subtraction, ^ h? H 

Al o ng the polhode, Ji=Asec0, where 6 denotes the angle 
between the instantaneous axis OP and the fixed axis of 
resultant angular momentum OC ; and then 

^=cos*0-^,.(1) 

the polar equation of a quadric surface of revolution. 

Since B* is less than A%ec®d for all points adjacent to P on 

the momenta! ellipsoid, therefore in the concydic quadric 

1 . i i.n. _ oos®0 H 

IS greater than 

except at the point F, and therefore the concydic quadric 
touches this quadric surface of revolution at F and rolls 
upon it during the motion. 

We may also take concydic quadrics, given by 
(H-A)a^+{S-B)y^HS[-C)e?=Dh?, 

and now . 

the polar equation of a quadric of revolution. 

In particular, if ir=D, then B'sin 0=A, the polar equation 
of a cylinder of revolution, outside which this concydic hyper¬ 
boloid rolls during the motion (Siacci, In memoriam D. 
Ohdimi, GoUectanea mathematica, 1881.) 
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213. By TGciprocation of these theorems, we prove Mac- 
Oullagh s theorem, ** that the ellipsoid of gyration, 

^ ^ 2 ^ I 

always moves in contact with two fixed points on the axis of 
resultant angular momentum, equidistant from the centre ”; 
and we also deduce Gebbia’s extension of MacOullagh’s theorem, 
that “confocals of the ellipsoid of gyration, the polar recipro¬ 
cals of the concyclic ellipsoids of the momental ellipsoid, slide 
without rolling on fixed quadric surfaces of revolution.” 

In particular, the polar reciprocal of Siacci’s cylinder of 
revolution is a circle, upon which a certain confocal to the 
ellipsoid of gyration slides without rolling. 

Geometncal Rep^'eaentatioii of the Motion, according to 
Sylvester, Darboux, and Mannheim. 

214. In Sylvester^s splendid generalization of Poinsot^s re¬ 
presentation of the motion of the body, it is proved that a 
confocal to the momental ellipsoid rolls upon a plane per¬ 
pendicular to the axis of resultant angular momentum OG at 
a constant distance from 0, which plane rotates about OC with 
constant angular velocity, and therefore gives a geometrical 
representation of the time. {Phil. Trams., 1866.) 

The proof of this theorem depends upon two geometrical 
propositions, in connexion with confocal quadric surfaces— 

(i.) ''The locus of the pole of a fixed tangent plane to a 
quadric surface, with respect to any confocal, is the normal to 
the first surface; ” 

(ii.) " the difference of the squares of the perpendiculars from 
the centre on two parallel tangent planes of two confocals is 
constant and equal to the difference of the squares of the 
corresponding semi-axes.” 

Thus, in fig. 25, if OP' is a surface confocal with the 
momental ellipsoid OP, then Q, the pole of the invariable 
plane GP with respect to the surface OP', will lie in the 
normal PQ to the momental ellipsoid at P; while the surface 
OP' will touch a plane G'P', parallel to the invariable plane 
GP, and such that = X^ denoting the difference 

of the squares of corresponding semi-axes of the confocals. 
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Since (7 is a fixed point during the motion of the body, 
therefore (7' is also fixed. 

Drawing the plane QL through Q, parallel to the invariable 
plane, and denoting OG by h, as before; then since Q is the 
pole of CP, 

OQ.OF=OP^, or OL.OC=OC'^=h^-\^ 
so that OL—h—X^lht LO—X^jL 



Fig. 26. 

Again, denoting as before (§ 104) by jj, the constant com¬ 
ponent of the angular velocity of the body about 0(7, so 
that the resultant angular velocity of the body about OP is 
jj. cosec OPG, then the velocity of the point P' in the body is 
PL cosec OPC . OP'. sin POP' =/x. P' F', 
where V' is the point in which the line OP cuts the plane (7'P'. 
Therefore the angular velocity of P' about the invariable 

line OG IS ’ 

a constant; so that if the surface OP' rolls without slipping 
on the plane O'P', this plane must revolve about 0(7 with 
constant angular velocity piX^fh^. 

The point P' lies in the plane OQPC ; and since 
O'P _G'F_0G'_0C 
CP^LQ'“0L'’0G'' 
therefore 0(7'. G'F = OG . OP, 


and F lies on the rectangular hyperbola PF ; this is the 
geometrical property principally employed by Prof. Sylvester, 
(Solid Geometry, Salmon, ^167,180; Smith, §§ 163, 167.) 
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The angular velocity of the vector G'F with rei^ect to the 

revolving plane GF being it follows that, if p, 

denote the polar coordinates of a point F on the heipolhode 
described by F on the revolving plane GF, then 


and 




/ \*\ ^A-D.B-D.G-D ph* 

“ +-XBC-;/zxi- 


equations similar to those required for the herpolhode of P. 

In particular, if we take then 00'=0, and the con- 

focal OP' is a cone; and the plane through 0 rotates with 
constant angular velocity p, while the cone, called by Poinsot 
the roUmg and slippiTtg cone, rolls on this revolving plane, 
the angular velocity about the line of contact OH being v. 

If we consider the curve described on this revolving plnno 
by the point H, the foot of the perpendicular from P on the 
plane, then p, being the polar coordinates of E (§ 113), 

d<j,'_d<l, _A-D.B-D.G-DW 

dt di ABO 

SO that the point H describes on the revolving plane an orbit 
as if attracted to 0 ; and, as in § 89, we shall find that the 
requisite central force is of the form Ap+Bp\ 

(Pinczon, Oorrq>tes Bendw, April, 1887.) 
This is otherwise evident, by noticing that the vector x+vy 
of this curve satisfies Lamc^'s eqxiation (§ 204) 
cP 

+ 'ly) = (2pu + pvXx+ij/% 

where 



A value of X may be found which makes the herpolhode of 
F' a closed curve; and this closed polhode is an algebraical 
curve, when v is an aliquot part of a period, the correspond¬ 
ing elliptic integrals of the third kind becoming pseudo-elliptic. 

Abel has devoted great attention to the subject of pseudo- 
elliptic integrals {CEuvres, XL), and the algebraical heipolhode 
affords an interesting application of his theorems (§ 218). 
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The AddUion Theorem for the Third JEHKpUc Integral. 

215. Theorems (9) and (10) of § 189 show that, employing 
the function i)) of § 201, 

log vl+log ^(Uj, t;)=]og >p{u^+u^, i;)+log Q, 

or ^ 

<h(n^+n^,v) 

or <r(t;+tei)(r(^;+^g)q-(^i +u,) _ ^. 

(r(v4-'ltj+ttj)<ru irUjffU^ ’ . 

where, expressed hy elliptic functions of v^, u^, and v, 

2 + + (ON 

Pi('“’l+'“4)- K'y + i • 'W-i+'W'2) PK^i+'M's) - “ ‘“’s) " ^ 

Also, as in equation (8), § 188, 

log ^(v, ii»)=log <j>{u,, v) + u^v—v^u ; 

so that 


log ^(v, i(i)+log 4,(v, 

= l0g ^(y. 'Ui+Mj)-{^ii+f'U,2-^'lil+li2)}v + logfl,-..(3) 
the Addition Theorem for the parameters u^, Uj. 

These theorems have been generalized by Abel for the addi¬ 
tion of any number of amplitvdes or parameters in the 
Thii'd Elliptic Integral, and the proof is a simple extension of 
his method, employed in § 162 {(Euvres, XXI.). 

Denoting by a any arbitrary quantity, equation (7) of § 162 
may be written 


1 dxr gay 
06 —■ aj,. (o6 ^ oCf^yJ/' a?,* 

Now, since da is of lower degree in a than •^a, and 
y}ra=GIl{a—Xr), 

it follows that, when resolved into partial fractions. 


9a day . 

\p‘a~ (a—Xr)yJ/a!r ’ 

and therefore, writing fas and ^ for P and Q respectively, and 
A for the value of Z when a!=a, 


2—i— _ ^0^ _ o^ffldfa—fad ^g 


or 


a-XrJXr i/ra “{faf-{^fA 

1 Sia~“ ^<pa A 1 dfa-i-d^a . A 
^A la—^a.iJA ^a fa-b^a. 
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Integrating, ■with the notation (§§ 197,199), 


where 


i logfjJti-jw) -log ^(m,, t;)=J log 


a=fw, = 
v) ® ®fa—p®* ^ 


so that 


n«(2r-'’!orn 

^(u„ v) 


<r(v+M y) 

<r('y4-«’'r) 


is expressible by elliptic functions, p and p', of v; provided that, 
as in (11), § 162, 

^i/^/^Xr=0, or 2%=2at'„.(6) 

“'r 


the coefficients in fa and ^a being determined as functions of 
ptV and fp'Ur by the plexus of equations (4) in § 162; f'a and 
0'a being the same functions of u'r. 

Thus the function 


aiv+v/,)’ 


.(7) 


is an elliptic function of v provided that the sum of the values 
—tv of V which make the function vanish is equal to the sum 
of the values —u'r which make the function infinite; in other 
words, briefly expressed, provided the sum of the z&roes u is 
equal to the sum of the infinities u'. 

In particular, with the uVs all zero, 2tir=0; and in equation 
(6), § 162, we can put 


(fa)® - (^a)®.4 = ll(pv - pti,); 
so that 2 log <p{Un t^)=log(fa+ <j>a. ^A) +constant. 

Thu. n^u.. «), or .(8) 

when tV+W 2 -+%-i- —+«-/*=(>,.(9) 

is a rational integral function of pv and p'v, which may be 
■written, as in § 198, 

(7=Co+CiP'!;+C2P'v+... .(10) 
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So also, since (§ 201 ) 

^(— U, v)<t^U,v)=p U- jw, 
therefore, writing U for —U/i, 

f log ^v^r. v) = \og<p(U, 'y)+logQ+aconstant,.( 11 ) 

fssl 

where Q = 0 /(p CT— pi;). 

In particular, when U=ea. v)=J('pv-ea) (§ 202 ), and 

v)=OIJ(pv-ea) .(12) 

r«l 

when + 162 +Ug +...+- 1 =ft)a. 

By an interchange of amplitude and parameter, 

2 log 4){u, Vr) — 2 log i/y)=log f2— pu, .(13) 

provided that Zvr= 2 i;V 

Q being a function of pu, p'u, py, p'v; and 


p = 2(fyr-“fi;V). 


216. A further application of AbeVs Theorem of § 162 shows 
that p is expressible as a function of pi; and p'v; this is the 
generalization of the Addition Theorem for the Second Elliptic 
Integral, given in § 186. 


For 



and this case can be determined as a degenerate case of the 
preceding result; since, making a=oo, 


=the coefficient of Ija? in the expansion in ascending powers 


of 1 /a of 


1 , fg— 

°^t'a+<pa.t^A‘ 


.(14) 


Thus, with X=4ia^— — g^ and x=pv, 
then fu = /xdx/iJX; 

and porS(fv,-ft;'r)=-21t-^tanh-i^^“^J., (a=oo). (15) 

Jacobi calls ,^A the factor of the Third Elliptic Integral. 

(Werke, IL, p. 494.) 
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217. Similar results hold -when, as in § 167, X is supposed 
resolved into two factors, and X^. 

Denoting by 

and varying the arbitrary coefficients in P and Q, and conse¬ 
quently the roots of yfrx=0, as in § 162, then 



ylr'x^+iFSP.X^-iQSQ.X^^O, 

while 

PJX^+QJX^=0-, 

so that 

t/r'ovtiav - 2CQ3P - PdQ) V(.arA)=0. 

or 

dov _^QdP-PSQ exr 
sfXr yf/Xr’ 

and 

IdXr/JXr^O, or 'S,Ur = 'Sm'r. 


2 - 

a 


Again, as in § 215, 

1 (iav _ _o ^&adfa—fad^a 


■Xr ^yXr "(fa)‘^Ai — {<f>a)^A2 

_ 1 Std./^Aj^—S<j>ci.A^ 1 dftt. Aj -b d^ct. A^ 
~ j'A ioT.'JA^- 4(>>".JA^'^JA id.JA^'\- ^a.JA^ 


Thus, as an application to the formulas of g§ 174, 176,186i 
and 189, take, as in § 38 (Durbge, EUiflmche Fwidionm, § 36), 
ZsZ^Zj, where X^^x, X 2 =(l—x)(l— 1 ex). 

Then, with a!=sn*u, 

in Legendre’s notation, with ^=amu, and «== — 1/a. 

Now, if, as in §§ 164,165, we take 

P or fx=p+x, and Q or ^x=q, 
and denote by x^, x^, x^ the roots of the equation (7), S 167, 
Vr®, or p2Zi-(3%, or ( 2 )+®) 2 ®- 2 *(l-a!)(l-fes)= 0 ; 
then x^x^=‘(f, 

1 . 1 -®2.1 -®s=(1 +p)\ 

x^-\-x.^+Xj—kx^xpi}^= —ip ; 

so that, as in § 164, 

(2 —iBi ——«3-l-/ia!l»jj®j,)® = 4(l —. 1 —®2 • 1- —®3)» 

-p ^2 “b Ug = 0. 


where 
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n, 


Qj dx^ r a _dx^ r a 

Oi — aJjL m/ ^ x /^2 




_ .f?®8 

—( 16 ) 


since o^, ajg* when j 9 and q are made zero; and this is 

equivalent to the result of equation (9), § 189, with a= —1/it, 

A 1 —a.l —Jfca , v/- h\ 

- (l+n)[l+-) = -a-, 


a? 


a 


and 


^ jJA^ _ g^(l—g.l—fcg) _ _ nq/Jj—a) 
fa VA (P+aW^^ l—ir^ 

^_ ■ nJ(-a)!CjX^i _ 

1 +%—'n.^(l—»!. 1 —*2.1—^g) 


Similarly, for the Second Elliptic Integral, 


= -lt 


0 

2a® 


= _2lJ-^- 


tanh 


g. I - Aa) 
J(l-a.l-Aa) 




(jp+g 

= -22=-2V(®i®2«8);. 

as before, in §§ 174, 176, and 186 


(y+g),v/® 


.(W) 


218. Abel’s pseudo-elliptic integrals are derived by making 
the tt’s equal in equations ( 7 ), ( 12 ); or the v’s equal in equation 
(13); also by making their sum equal to a period wo, or the 
sum of multiples of periods, such as poji+g'aig. 

Now fjL log v) is of the form log f2 — pu, 

or 0 (t 6 , vY is of the form 

where is a rational integral function of ^u and p'u of the 
form of G in ( 8 ), sometimes qualified by a divisor Ca). 

We begin with the simplest case of an algebraical herpolhode 
by taking t>=:o)i+Jwgj and then, from equations (39) and (40), 
§ 64, we can infer that the value of s, between e^ and eg, which 

makes _ ?i "".^2 • ^ 2^3 

s 

is 8 or pv=e 8 +V(ai-e 3 . 62 - 63 ). 
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Denoting pit by a, p'u by ^^8, and pv by a, we infer that 

r da' 

J{a-a)J8 

is pseudo-elliptic, that is, can be expressed in terms of 
f dja\J8 and of taia-\Q^SjP). 

In fact, by differentiation of 

® a-a * a-8 ’ 

2^8 (s-aV^S^’ 

since ip'v= - 2 V(«i -«3 • 

In the herpolhode, therefore, of § 113, 

4 >-lxt Hv'(«i-«s) - x/(« 2 -«s) W*. 

or 6=4>-/*i+Hs/(fii-«z)-J(.^2-«3)}nt, 

and therefore, relativelj^ to axes revolving with constant 

angular velocity, 

the herpolhode will be the algebraical curve, given by 

^ a—a 

(a— a) cos 26 = i^{a—6i. a— e^, 

(a—s)®cos®29 = (« — 8)* — (Cj -1- 2aXa - ») -I- (a - SjXa — e^), 

(a -8)*sin229 -f- {- 83 )+V i«i “ « 3 )}^(a - a) 

->/(ei-«3 ■ «a-C3){v'(ei-C3) - V(«2-«3)}*=<>; 

2 2 

where, as in § 113, a—a, or ^ 

Referred to Cartesian coordinates, in which 
p* t= «!* -f y®, p® 8 iu 26= 2a!?/, 
this equation becomes 

of the form (x^+h‘^(y'^+b‘^) = a* .(18) 
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The relation 9 v—e^=J{e^—e^.e^—e^, 
combined with the equations of ^ 110,113, leads to the relation 
A-I).I)-C_A-B.B-G, 

I>2 ~ JS* ' ’ 

and either B=D, which gives the aeparati/ng polhode; or 

1_1 1 , 1 . 

D~A 5'^C'’ 

the relation for this algebraical herpolhode. 

Now, from i 108-110, 

(D ilNV* (D DVm®. 

j-j „2> 

while, with A>B>D>C, and ««=«!> 6 <»=« 2 > 

To determine the confocal surface which will describe this 
algebraical herpolhode by rolling on a fixed tangent plane, we 
must equate the angular velocity of the axes to ; and 

P-2(1+£> 

The squares of the semi-axes of the confocal are therefore 

while the square of the distance from the centre of the tangent 
plane on which this confocal rolls is given by 

The confocal is therefore a hyperboloid of two sheets, of the 
form 

and in rolling on a fixed tangent plane at a distance h from 
the centre, it will trace out the algebraical herpolhode (18), 
being the preceding herpolhode, changed in scale in the ratio 
of A to 6 (Halphen, F. E„ II., p. 285). 
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219. A more complicated ease can be constructed by taking 
but now we must choose particular numerical 
values for and g^. 

If we select the modular angle of 16“, then 2«/c'=i, and in 
(C), § 63, = o*-s-4, J— 1 =s 11® ^4; so that, by choosing A=108, 
then Srj=16, 3^8= 

and ej=-l, 

It is easily verified that, with the above value of v, 
for f2v= -i=fp4fv; also this value of pn or s makes, in equa-’ 
tions (39) and (40), § 54, 


K-e^.e^-e^ 


’ S'®' g^, -gj). 


The corresponding elliptic integral of the third kind in the 
herpolhode will now be pseudo-elliptic; we find, in fiwjt, that, 

(2s-l)* piZi); • 

_28+6 _1_ 

ds ^2 28-1 ~pv,-pv ds’ 

since ip'v= —3^2; so that, in the herpolhode, 

—W2^«+e; 

and therefore, relatively to axes revolving with constant 
angular velocity the herpolhode will be the alge¬ 

braic curve 

(2s-1)4 

or (l—28)®sin®30+9(1 —2s)®—108=0, 

2 2 2 

in which 1 - 28=2(pi; - pu) =2^-^ ^=3^, suppose; 

and now /)®8in®3fi+3c®/o*—4<j®=0,.(19) 

a curve, consisting of six equal waves, arranged on a circle. 
With {l)A>B>D>C, and 

«e=^+^/3, ««=-!, jw=J;. 

then (§113) pv-e,= ^3= 


so that 


, „ /Q A—D.B—D 

;_8„=_^3=-^ -__g-. 

A-B.D-G A-D.B-JD 
AG ~ AB 
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Then, either A—D=0, -which would give a stable rotation 
about the axis ^: or n 

2-1+1. 

D BtG' . 

so that D is the harmonic mean between B and C. 

3 


.( 20 ) 


Again, 


so that 


, n^B-D.D-G 


BG 




or 


or 


1 1 ^/i IN 1.1 2_Vi(^i_r\ 

'B~A^2Wb)’ B'^G A~'2 \G B)’ 

.X21) 

which is impossible, with A>B>G. 

But (ii.), -with A>I)>B>G, we find that D is the har¬ 
monic mean between A and B; also 

o-i-(’-+V 3 )‘(s-:j).w 

80 that 2-1-^3 is tlie ratio of the semi-axes of the focal ellipse 
of the momental ellipsoid, and is the excentricity. 

Arinfli Ar algebraic herpolhode can be constructed by taking 
v=<»i-bK; fl's=15> 9's=ll. fijrd that 

P«=-|+a/3. 

Now, if 

n 1 -po-i(2«-10+ V3)N/(28-2gi) 

(28-2^3+5’? (28-2V3-b5)« 

de_ J2US-1) SJ2i2-jS) 

5 ^““ 2JS' (28-2j2+5)^8 

so that 

/ '^'vdu _ r—Zj2{2-JZ)ds 

J pv-pvbj (28—2^8-i-5);^£l 

=W2(V3-iy ^^+isin (28-2-V3+S)* 
and now the algebraic herpolhode, with respect to revolving 
axes, is ^ven by 

(28-2^S+5)hin 86 =6(^3-1)^(8 -e^. s-e^), 
redudng to an equation of the form 

p®8in*30-|-PpH Qp^+It=0 . (28) 
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With(i.) A>B>D>C,&iid 

Ca=—1, 66 = J~.^3 j pv=s — •f + j\/3, 


>—e«--1+ ^3= 


f£ 

m? 


B-D^D-G 
BO' 


j5w-ej =-3+2^3 = 


pv—«« = —3 


fj? A-D.B-G 
■ AG ■ ’ 
At^ A-p.B-D 
. AB 


Therefore 


A-B.D-G^^B-B.D-G 


AO BG 

ind rejecting the factor B—C, 

.(^*) 

’'0~5“73(5“z)’ . 

10 that the excentricity of the focal ellipse of the momental 
sllipsoid is ^8 — 1. 

With (ii.) jd > jD > i? > (7, we are led to an impossible result. 


Points of Inflexion on Uie Herpolhodes. 

220. The original herpolhodes drawn by Poinsot (Th4orie 
louvelle de la rotation des corps) were represented with points 
)f inflexion, as curves undulating between two concentric 
nrcles on the invariable plane. 

But it was pointed out by Hess, in 1880, and cle Sparre 
[Gomptes Rendus, Nov., 1884), that such points of inflexion can- 
lot exist on Poinsot’s original herpolhodes, which are curves 
ilways concave to the centre, as drawn in Routh’s Rigid 
Dynamics, Chap, IX.; like the horizontal projection of the path 
rf the bob of a conical pendulum, or like the path of the Moon 
relative to the Sun, a good figure of which is given in the 
English Mechanic, p. 337, June, 1891, by Mr. H. P. Slade. 

The herpolhodes described on planes parallel to the invari- 
ible plane in Sylvester’s representation are capable, however, 
5f possessing points of inflexion, when the confocal of the 
nomental ellipsoid attains a certain shape. (Hess, Das Itollen 
nner Fldche zweiten Grades auf einer i/nvariahcln ISbene* 
Munich, 1880; de Sparre, Gomptes Bendas, Aug., 1885.) 
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Denoting by h the constant distance from the centre of the 
plane upon which a quadric surface r’olls, de Sparre shows that 
the herpolhode on the plane has points of inflexion, when the 
quadric is 

(i.) an ellipsoid 

^+1*2+5= 1- «*<&*<if and 

111 

(iu a momental ellipsoid, A<£+0, or 

points of inflexion cannot exist on the herpolhode); 

(ii.) a hyperboloid of one sheet 

if and|>^,+J: 


¥ 


(iii.) a hyperboloid of two sheets 

-!-77-^!= 1. < c*. if 4 >-<*+"«> whatever the value of h. 

a? 6* c* 0 ® o® c® 

These herpolhodes being similar to the original hei*polhode 

of the momental ellipsoid, when referred to axes rotating with 

constant angular velocity can be considered as defined 

by the polar coordinates p, d, given in terms of the time t, by 


the equations of § 113, 


<W 

dt 


= 77l“l“‘ ■ -- 


( 1 ) 

.( 2 ) 


with u=nt+co^y v^oo^+t'o)^ m/p = l— 

Denoting the velocity in the curve by V, and its I'adiua of 
cuivature by 22, then, resolving normally. 


_dpl Jif ^dd \ ddfd^p 
R^dtpdtVdt) ^dtXdt^ ^d¥r 
which will be found to reduce to an equation of the form 

^=Pp®+<3fc®; .(3) 


where P=m®+ +nHp'Vi 

Q = fm^ip'v —-y —; 
and the corresponding herpolhodes will have points of inflexion 
when X is chosen so that Pp^+Q can vanish. 

Thus Halphen points out that the algebraical herpolhode 
of § 218 will have points of inflexion, if 6^ < Ja®. 
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221. The polhode being given by the intersection of the two 
quadric surfaces Aa? +By^ 

A^a?+ 

we may in consequence write 


where (5—(?)a®4- (G—A)h^+ {A—By?=lDK^, 
A(B-G)a?+B{G-AW+ GU-B^^mifi ■ 


and then 


X- 

cF+\ 


2 




+ 


6*+X^c*+\ 


= 1 , 


the equation of a system of confocal quadrics, on choosing I 


such that 
Then 
62-c2= 


_B-G,C-A ,A-B 
~ A ^' 'B '^~G' ■ 


D.A-D.t-Oj^, _ D.B-D.O-A 

ABO *■ ABO 

Q 7 0 jD . (7 —jD . ^ — J5 t o 
02 - 6 *-- h\ 


By varying \ along the polhode, we find 

2^_L>_ a? dX 

X dt^\ dV a^+X di* 


BO that the polhode is an orthogonal trajectory of the confocal 
Buifaces, for any one of which X is constant; and two ellipsoids 
can be drawn on which the curve is a polhode, of which the 
generating lines of the confocal hyperboloid through the points 
are normals. 

When these confocals are liyperholoids of one sheet, the 
generating lines may be made of material rods or wires, 
jointed at the points of crossing; and now any such a system 
of rods forming a hyperboloid is capable of deformation, and 
assumes in succession the shape of the confocal hyperboloids; 
the trajectory of any fixed point on a rod being orthogonal to 
the hyperboloids, and therefore capable of being a polhode, if 
the hyperboloids are coaxial with the momental ellipsoid of 
the body. {Messenger of Mathematics, 1878; Senate Eonse 
Sohjbtiona for 1878; Larmor, Proceedings Cam, Phil. Society, 
1884, Jomted Wickerwork; Darboux and Mannheim, Gomptea 
Bendiis, 1886 and 1886.) 
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Darboux has shown (Despeyrous, Gouts de m^oanique, t. IL, 
Notes XVIL, XVIII.) that if we hold a given generator fixed, 
then any point fixed in any other generator will describe a 
sphere; thus, if a rod moves with three points P, Q, R on it 
connected by means of bars to three fixed centres A, B, G in 
a straight line, any other point 8 of the rod will describe a 
sphere about a centre JD in the line ABG, such that the A, R, 
(ABGJ)) is equal to the A. R. (PQRS). 

The point where the line PQR meets the generator parallel 
to ABG will describe a plane, the corresponding centre being 
at an infinite distance; and generally, if one generator is held 
fixed, any point on the parallel generator will describe a plane. 

The herpolhode can now be described by taking a jointed 
hyperboloid, similar and similarly situated, and of half the size 
of the former one used for describing the polhode, with one 
generator fixed along the invariable line OG, and with the par¬ 
allel generator along the normal PQ at P; and now, if P is 
moved in a direction perpendicular to the hyperboloid at P, 
it will describe a plane curve, which is the herpolhode. 

222. Any point fixed in a body moving under no forces, 
whose co-ordinates with respect to the principal axes are 
represented by a, 6, c, will have component velocities 

cq—hTy a/T’-cpy hp—aj, parallel to the principal axes; 

and will describe a curve whose projection on the invariable 
plane will be given, in polar co-ordinates p and by (§§ 104-113) 

_(bGr—cBqY+(cAp—aCrY+(oBq — bAqf 

“■ ’ 

{{h^+<^)p-abq-car}^^ 

+ {(c*+a*)g’—Z»cr 

Or 

+{(a® 4- &*)»• - cap—bcq 

the momeat of the velocity about the invariable line OC-, and 
p, q, r are given as functions of t in §§ 32) 106, and 108. 
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The equations are much simplified when the point is fixed on 
one of the principal axes, when two of the three quantities 
a, 6 , 0 vanish; and it will be a useful exercise for the student 
to prove that, in these cases, the curve of projection on the 
invariable plane with respect to axes rotating with angular 
velocity G/A, OjB, 0/C respectively, is given by an equation 
of the form 

x+iy=k4>(%(ea-‘V), or k^(u, xb—v), or k<j>{u, (Oe-v). 

Another useful exercise is to deduce Poinsot’s relations when 
the co-ordinate axes fixed in the body are not principal axes. 

Now, if the eqixation of the momental ellipsoid is 
Ax^ -h By^ + Oz^ — 2A'yz — 2B'zx — 2 G'xy = Dh^; 
and if p, q, r denote as before the component angular velocities, 
and h^y h^y the components of angular momentum about the 
axes, the three equations of motion under no forces are 

where 

h^^Ap-^G'q-B'Vy h^:=^Cr---B'p-A'q; 

and these equations are solvable by elliptic functions. 

(Dissertation Ueber die Integration, eimes DifferentialgleieJi^ 
ungasystema; Paul Hoyer, Berlin, 1879.) 

223. The numerical results obtained in the preceding alge¬ 
braical herpolhodes can be utilized in the corresponding 
problems of the revolving chain (§§ 206-206) and of the 
Tortuous Elastica (§ 207). 

Putting or v = ^(jo^ in §200, 

then p-y=< 33 - s/(h - ^3 • 

^ J pw'-p'y 

or ( 8 -jiw)cos[ 2 i/r+. {V(«i-«s)+-s/K-es) = VCs-ex-s-e,), 

where 8-^=r^lk^. 

la the corresponding problem of the Tortaous Elastica of 
§ 207, it is merely requisite to replace so by the arc 8 . 
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The working out of the analogies for the other algebraical 
herpolhodes is left as an exercise; merely mentioning that 

15.11)= 

and that, if 

^ (28+3)^ ^ (2s+3)^ 

d9_ 1 28+1 1 _JL J_1 

'^^^2 28 +S 28+8 TS ' 

r Wvdv. __ u 

J ipU'-pv J2 3 — 


224 The analytical expressions in §§ 208,210 for the motion 
of the Spherical Pendulum and of the Top or Gyrostat show, 
by comparison with the equations of the herpolhode in § 200, 
that this motion may be considered as compounded of two 
Poinsot representations of the motion of a body under no forces, 
as given in §§ 104, 214 (Jacobi, Werhe^ IL, p. 477). 

The relations connecting these two component Poinsot 
motions have engaged the attention of Darboux (Despeyrous, 
Cows de micanique, IL, Note XIX.), of Halphen (F. E., IL, 
Chap. III.), and of Routh (Q. J. M., XXIIL). 

We may put the conclusions arrived at by these mathema¬ 
ticians in the following condensed form, depending on funda¬ 
mental dynamical and geometrical considerations. 

(i.) If the vector OH represents the axis of resultant angular 
momentum, then H lies in a horizontal plane through the point 
C, where the vertical vector 00 represents (?, the constant 
component of angular momentum about the vertical. 

(ii.) If the plane drawn through JT, perpendicular to the axis 
of the Top, cuts this axis in C, then 0C= Cr, the constant com¬ 
ponent of angular momentum about 00, the axis of the Top. 

(iii.) These two planes, one horizontal and through 0, which 
we shall call the mvariable plane of 0, and the other through 
C and perpendicular to OC, which we shall call the invariable 
plane of G, intersect in a line EK perpendicular to the vei-tical 
plane 000; and if HK meets the plane 000 in K, then 
OH^^OE}-OE^=OG^-OG^= 0 ^-G^t\ 

(iv.) The instantaneous axis of rotation 01 lies in the plane 
EOO ; and if 01 meets OH in J, the resultant angular velocity 
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about 01 is 07/0; also CIIGH= CjA, 
and tbe velocity of (7 is r. GI. 


(v.) By equation (i.) of § 210, the square of the velocity of O 
is (20V Wg/AXc—kooa 6); 

so that 07*=(20® Wg/A)(o —A cos 0), 

GE ®=2 Wg{e—h cos Q) 

— 2AWg}ikiji)w—^), suppose. 

Then, by equation (3) of § 210, with 

\Vn?‘h^9'hL=g¥(^- jDaX^w- -(a+iSp^)*; 

and therefore, when u=a,b, w, we have three equations of the 
form 4p'a=a+j8po,—ip'6=a+/Sp6, iff'w=a+^fi>w-, 
so that, according to § 165, we may put w=b—a. 

(vi.) Now QH^=2AWghk{^(b—a)—fpu} — GP+0h^ 
=2AWghJc('pv/ —pw), suppose, 
where jwtJ'—p(a+6) = — (0®— 0^)I2A Wghk ; 

and since 


i 


0+Gr ,, , . G-Cr 

^(2AWghk)~ 5*^®’ ‘*'J(2AWghk)~ 



therefore 


pw'-p(6-a) = 



and therefore (§ 161) we may put v/^b+a. 

(vii.) The point H moves in the invariable plane of G with 
velocity equal to the impressed couple of gravity, and parallel 
to the axis of the couple; so that the velocity of .5* is in the 
direction EK, and equal to Wgh sin 6; and the moment of this 
velocity about G is Wgk sin 6. GK. 

But QK abid=OG—OG cos 6, 

so that p\d^/dt) = Wgh{Or —(? cos ff), 

if p, g> denote the polar coordinates of E[ in the invariable 
plane of G. 

Now p^=2AWghk{^Q>+a) — pv,}, 

and cos 9= ^(pu—^pa—Jp6); 

so that finally we shall find, after reduction, 

+a) „ . 

dl 2A p(6+a)—pu ’ 

and therefore E describes in the invariable plane of (? a her- 
polhode with parameter 6+a. 
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(viii.) Similar considerations will show that the curve de¬ 
scribed hy 5 in the invariable plane of G is also a herpolhode, 
with parameter h—a. 

If in equation (2) of § 210 we replace Cr by Ar', the motion 
of OCis unaltered, hut now the momenta! ellipsoid at 0 becomes 
a sphere, and OH is the instantaneous axis of rotation; so that 
the motion of 00 is produced by rolling the cone, whose base 
is the herpolhode described by H in the invariable plane of G, 
on the cone whose base is the herpolhode in the invariable 
plane of 0, the angular velocity being proportional to OH. 

(ix.) But in the general case, where 01 is the instantaneous 
axis, the curve described by I in the invariable plane of G is 
similar to the curve described by H, and is therefore a herpol¬ 
hode. 

Now from (v.), drawing QM, IN perpendicular to 00, 

on^oG^^ci^ 

= OM -f (20* WglAXo -00+OM) 

. on), 

SO that OJ® varies as the height of I above a certain horizontal 
plane; and the locus of 1 is therefore a sphere, to which the 
point 0 and this plane are related as limiting point and radical 
plane. 

The motion of the Top can therefore he produced by rolling 
the herpolhode described by I in the invariable plane of 0 on 
this sphere, with angular velocity proportional to 01, 

(x.) It still remains to be shown that the cone described by 
01 in space round 00 is a herpolhode cone ; this is left as an 
exercise. 

Darboux shows that two such hyperboloids as those described 
in § 221, with a pair of generating lines, PQ, PQ' in coincidence, 
and the opposite generators 0(?, OG of the same system inter¬ 
secting in a fixed point 0, may be used to represent the 
motion of OG, the axis of a Top, when OQ is held vcrticjd; 
the point P of intersection of the coincident generators being 
made to describe herpolhodes in the invariable planes of G 
and 0, by being moved in the direction of the common normal 
of the hyperboloids. 
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225. The numerical results of the pseado-eUiptic integrals 
of §§ 218, 219, and 223 can he utilised for the construction of 
similar degenerate cases of the motion of the Top. 

Thus, if a = 6=tt)i+§a)8, 

then 6— 

and \re shall find cos a=0, cos^—k, d=secj8,and 
=2AWgh a»c j3, =2AWgh cos 
The spherical curve described by O' is now given by 
sin 6 sin(tii cos ^—i/r)=^{cos 0(cos j8—cos B)}, 
sin 6 cos('H< cos fi—yp)=^(1 — cos /8 cos 0). 

With o=J(ii) 3 , b=a)i—^u) 2 , and 
we find that cos a, cos 13, and d are unaltered, but Or and Q 
are interchanged; and G now describes the spherical curve 

sin 0 sin(n,t—i^)=^{cos 0(sec j8—cos 0)}, 
sin 0 cos('nf—jS ®)- 
Again, with a=-|® 3 , ; 

so that po = — f, pb = we find that 

^=1, C08a= — V3+1) cos^=—J, <i=^3+l, G^=4(AWgh; 
and the spherical curve described by G is given by 
sin®0 sin 3^= (— 1 — 2 cos 0)*, 

Bin*0 cos 2yp'=(l +cos 0+cos®0)^(2+ 2 cos 0—cos®0). 

To realise this motion practically, place a homogeneous sphere, 
of radius c, inside a fixed spherical bowl of radius a, in contact 
at an angular distance of fiO” from the lowest point, and spin 
the sphere about the common normal with angular velocity 

VHf-O}- 

The sphere if released will roll on the interior in this curve. 
As another numerical illustration we may take 

when 4-J«s) = 2, p |<»3 = - 4 ; 

P'K+aWa) = ~ P'-8 Ci>3= 

Also, with fl'3=28, 

P?i«3= Ptw8=l—I a/S. etc. 
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226. It is convenient to represent the two parts of ^ by 
and ‘<^ 2 > 

d^i _l G+Cr 1 d‘^i _ hip'01' • 

at 2 A 1+CO8 0’ ciit “pit—pa’ 

O — Or 1 

dt ~2 A l—GO^O’ du p6—pu’ 


also to pnt x=V^i-^s. whence Euler’s angle ^ = X+(j4-C^)rt/.d, 

and gy-gcose 

^ dt~ ulsin*0 

an expression obtained by interchanging G and Or in i/r. 

With a = pw 3 ,6 = ft)j+3ft58» ^ change of q into — g interchanges 
G and Or, while a change of p into —p interchanges Q and 

— Or: both changes of sign change G and — (? and Gr into 

— Cr, and thus reverse the motion. 

The following degenerate cases of the motion of the Top will 
afford an exercise on the preceding results of §§ 210, 224:— 

A. With 6—a=coi, or g—p=0, 

0 _c_ l+cos a ooQjS 
cosa+cosj8 
(7V®/2u4 Wgh =cos a+cos ^ ; 
and by § 215, x is now pseudo-elliptic; and 
X=^(cos a+cos ^Wiigll)t - $ 

(cos j8—cos d)(cos 9 —cos a) 


where 


f=tan-i^- 


+C0S a cos |8—(cos a+cos ^)eos 6 


—^•^_ t.^{(cos |8—cos 6)(cos g—cos g)} 
sin 0 


_,,^{1+cos a cos j8 — (cos a+coa y8)coH 0} 

““ COS • n . 

81110 

The angular velocity of H round G in the invariable plane 
or G is now constant and equal to jfG/A, 

B, With t —a=a)i+a)8» or q—p=l, 

cos^=^-=|=l±f^“. 

Cr h costt+a 

0 V/2 A Wgh =cos a+d, 

and the spherical curve described by G has cusps on the circle 
given by 0=6; and now 

Xf V(°os a+d)s/{\gll)t-i', 

where fetc. 

^ 1+d cos a—(cos a + d)cos 0^ 
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The angular velocity of H round (? is again equal to ^QjA. 

C. With 6 +a=(Dp or 5 +p= 0 , 

Or _ 1 +COS g cos ) 8 . 

Q cos a+cos /Q ^ 
and now yjr is pseudo-elliptic, and given by 
x/(cos a+cos 

while the angular velocity of H round G in the invariable 
plane of G is constant and equal to ^GrjA. 

D. With 6 +as=ft)j+ 403 , or 2 +jp = l> 

^ Gr l+dcosa 

cos =-r-j-» 

^ G cosa+a 

yfr = ,y(cos a+d)^(i^glt)t - f, 

and the angular velocity of H round G in the invariable plane 
of 0 is again ^Gr/A. 

E. With g=1,2)=+ 6 »> 3 , 0 — Or= 0 , and disappears; and 
now C 08 j 8 =c/A=l, the Top being spun originally in the 
upright position. 

Now if the Top falls ultimately to the extreme inclination a, 
we find that CV/ 2 j 1 Wgh s= 1+cos a; 

and subsequently, after a time % 

sin J 0 =sin \a sech{sin \aj{gjl)t), 




COS g —COSg . 
i+COS0 


SO that the integrals for t and yfr are pseudo-elliptic. 

F. With g=0, 6 =0 — Or= 0 , and \Jr^ again disappears; but 
now cZ=l, and the Top does not rise to the vertical position. 

For numerical illustrations of this motion, take 

a=|a) 3 , and ^2 = 15, ^ 3 = 11 , when pa=:-.|; 
or g^ 3 = 44 , when pa=—4. 

G. With p = l, a=« 3 , (?+Or~0, and disappears; now 
cos a — “1, and the Top passes through its lowest position. 

For numerical examples of pseudo-elliptic cases, employ the 
results p(coi+y:ft) 3 ; 15,11)=^, and p(a)i+-Jft) 3 ; 48,44) = 2. 

H. With 29 = 1 and g=l, 0=0 and Or=(); and the motion 
reduces to plane revolutions, as in § 18. 

I. With p=l and g= 0 , 0=0 and Or= 0 ; and the motion 
reduces to plane oscillations, as in § 3 . 

K. With J) = l,g = 0 , d = l, cos^= — 1 , cosa^—l, the pen¬ 
dulum is at rest in its lowest position. 
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The Trajectory of a Projectile, for the Cubic Law of Re¬ 
sistance. 

227. An immediate application of the function ^(u, v) of 
§ 201 occurs in the solution of the motion of a body under 
gravity in a resisting medium, in which it is assumed that the 
resistance of the medium is in the direction opposite to motion, 
and that it varies as the cube of the velocity. 

Eefer the motion to oblique coordinate axes, one Oa? in the 
direction of projection at the point of infinite velocity, and the 
other Oy drawn vertically downwards. 

Denote by w the ten'minal velocity of the projectile in 
the medium; so that if W denotes the weight in pounds, the 
resistance of the air at a velocity v is a force of WivjwJ 
pounds, and the retardation produced is 

The equations of motion are then 

g 

^vAdt) ds^ . 

. 

EUminating the term due to the resistance, 

dso d®j/ ^ ^ ^ 

di- di* dt ~^dt’ 


or, writing p for dy/dx, 

dp dt dp dx 

di~^da> di~d1~^ . 

If Ox makes an angle a with the horizon, then 

d^_dy^ ^ 

d^~'dt^ dt 


~d/^ 


-2psina+l), 


and now equation (1) becomes 

d?x afd8\^dx 


.(3) 
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Integrating, noticing that dxjdt^oo , when p=^0, 

suppose, wherep®-3p%in a+3p is denoted by P; 

" . 

SO that i^=P"*, 

vJ^dp • 

.( 6 ) 

g^P^dp;.(7) 

0 

while ^s=£p^ 

at w 

.( 8 ) 

0 

228. The integration required in (6) is similar to that of 
ex. 8, p. 66, discussed also in § 167; we substitute 

«=m*Pi/p, 

where m is some arbitrary constant factor; and then 
42*—3^8= {(4m®—flrj)p2—I2m®p sin a4-12m®}/p®, 
which is a perfect square, when 

4m®—gf®=3m®sin®a, or gr3=m®(4—3sin®a); 
so that J (42!®-p8)=m®V3(2-p sin a)/p, 

Iff? 

or _ rrfi/JZdp dp gdx 

V(42®-S'^ ~ w“'’ 

on choosing m®=: |; so that 

ctx dz 

o,sfj).(91 
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and now 


_ /IX ©sin0—2. 

W'-’ 

and supposing a=a at the vertical asymptote, where p=», 
/ja_Ana 

** M>*“ 3 ’ 3’ 

80 that 

or _?-.(10) 

^ ^ V? ^ ™ 

/'6p*S ^ 

and, integiating, a/= /.... 

the equation of the trajectory. 

It is convenient to write u and v for gxjv^ and gajv ^; 

Mdnow si^re^ .(11) 

J p-y—pV 
0 

to be integrated by the preceding rules of § 198. 

Rationalizing the denominator p't;—p'u, it becomes 
p'^u or 4(p^—p^), 

since grj=0 ; and resolved into linear factors, it becomes 
4s(ffv - pit)C(opy - puXo>^pv - pu), 
where w, cd^ denote the imaginary cube roots of unity, viz., 

« = — afi= — J —JV3i. 

Now, resolved into partial fractions, 

6p^ 6ph){p'v+p 'u) 

p'y—p'u” 4(p^—p®u) 

_1 p'v+p'u . 1 p'-y+p'-M. , 1 2 p'-y+p'-w. 

2 pv —p^6 2 cspv—pii 2 o^py —pu 

p'v+p'u l^ p’cov+ni'u l^^ fp'afiv+p'u 
2 pv — pw'^2 pwv—pu’^z pco^^pu'^ ^ 
on making use of the results of § 196, when ff 2 — 0 . 

Then 

to* ^ 2pt;—pu y 2pwt;—ptt ^ 2pft>*t;—pt* 

which is prepared for integration as required in § 198; and since 
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= — log cr{v —16) + log (Tt6 —• Uj^v +constant 
= - log = - log <t>{ -V.,v)-, 

therefore the result of the integx*ation may be expressed by 


^ = — log 0 ( - U, V) - 0) log -16, wv) - co^log 0 ( — ^ 6 , 13 ) 


The conditions of Homogeneity of § 196 also show that the 
last equation (13) may be written 

or simply 


(rtav 


crcfyj 


•^ == - 3u^v - log (r(v-u)--(o log cr(o)V - u) - w^log <r(a>^tf - 'W), (14) 

subject to the condition that y=0, when u or a;=0. 

The equation is left in the complex imaginary form, as there 
exists no theorem for the expression of 

]ogcr((ox;—u) in the form P+iQ; 
unless we introduce a new function $(tt, a), defined by 
(Halphen, F. JS,, I, p. 161) 

$(a, a)5=^{f(a+ia)+^((Z—ia)}rfa. 

0 


229. For the expression of the time t in the trajoctoiy, 
equation (8) leads to 

} J p'l;- 


d/w 


w J 

-J 

when resolved, as before for y, into partial fnwjtions; so that 
^ = -log^(—w, v)—«?')—«log — w-w), 


<tV “ orw/i » «.««/• 

or simply 

= - log cr(v —tt)—ft,®log ai/mfl) —w) — <o log aiwh' — u), (10) 
subject to the condition that <=(), when x or it=0. 
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By addition, 

2^ 4 . 5 '^= —31og9i(—u, r;)+log^’(—«, v)^—u, u, a)®v); 

®V. (TVcrib j ^ arV crcov (rcohf ar^u 

and this last term, when expressed in a real form, is equal to 
logi(p'v-fp'u). 

(Halphen, F. E., L, p. 232.) 
This can be proved independently; for 

./ fv—pu J 2pv-pu 

_ r — _ jQg/p'^, _ a constant.(17) 

J pv—pu 

230. For the purpose of the expression of y and t in ascend* 
ing powers of as or u, it is useful to employ the function 

which we may denote by yfr(—u,v) or 

(TV 

so that v)=a^ ^(~w, v), and ^ = 1, when u = 0. 

We may now write 

gylv?=— log yl/{—u,v)—(o log i^(— u, tov) — w*log yfr^ — u, aH), 
gtjw = — log ■\{r{ — U,v) — fi)®log — U, COV) — ft) log •\^( — W, «*)-')• 
Differentiating logarithmically, 


log - u, v) = - Ij-pu 4 - J p'v - + ..., ... . 

Then, with ,9g=0, and p(ou=wpv, etc., 

1 If \ 'W'® ■ a . 

log l/r( - U, 0) v) = - -^mpv + V - v+..., 


u» 


u* 


•u* u* „ 

= -Upv+-^'v—^p'v+... 

on expanding the second side by Taylor’s Theorem ; so that, 
integrating again, 

- O .-O -.A 

.(18) 

.(19) 

.( 20 ) 


1 II a.\ V? ^ ,V? , 

logi/r(—-2 T®Vv+^P 


3!® 
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SO tiiafc .( 21 ) 

2“ ~%. p'"'"+lr '^-• ••).(22) 

aad here u = gxjv^, =0, ^Tg=^V(4 - 3 sinSa), pv=^, 

p'v =J sin a, pv"= f ,pt/" = -^ sin a, =4-|8ina, = •'*^mo,. •. 

231. When p^, p^ p^ denote the values of p corresponding to 
three points defined by the values Xg of x, or v^, Ug, Ug 
of u, such that 

x^+X 2 +Xg= 0 , or Ui+U 2 H-Ug= 0 , 
then, according to § 145, 

(PjPgPg)* =PiP2 Ps ~ (jpg^jj -^PgPi +Pil?2)sina +jpi +pg +pj. (23) 
This Theorem follows also as a corollary of Abel’s Theorem, 
as applied in § 166 ; and it is interesting to proceed to the 
determination, in a similar manner, of the corresponding values 
Vi+y^+yz^ aEid ^i+4+V 

Changing, in § 166, x into p and y into Pi, then from (7) § 166, 
^(<^?/l + ‘^ya + <^2^8)=Pl-^r%i+P2^’2"%2+2>3P3-%8 

( Pi^»?q +Pid^ ■ ^a+ P2^^ , Pa^^g+P ii^iQN ^ 3da 
a^-lVa-PiPi-Pa Pi-Pz-Pz-pJ 

+ dtg +dig)=Pj - idpi+Pg" *c^2+^s" ^^Pz 
_ 3 / (^yi+^XPi^tt+iS^) •iaSa 

{Pz-Pi)lPi-P2) ■*"•'7” a»-i' 

Therefore 

= — log(a—1)—«log(a—<o) — ft)21og(a — w®),.. .(24) 

^(*1+^2+4)=^ |~-1 

= — log(a—1) - w®log(a —co)—x log(a - <o®);.. (26) 

pi—pis pi—pi pi—pi 

where a=’^®- —£i-=£lj=£j!!;.(26) 

Pi-Pz Pz-Pi P 1 -P 2 ^ ' 

and a= 00 , when Pi'=Pg=Pg=‘0. 

As a corollary from the preceding expressions for y and t in 
tenns of x or u, it follows that 

(Tiv — v^(v — U^<t(v — ttg) _1 

a^v (TUitrUgfrUg “a—1' 


where 
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232. By taking 053=0 and 2>3=0, then 

or l/pi+l/pj=sina, 

when Xi+X 2 = 0 , or i*j+M 2=0. 

Now, from equations (13) and (16), 

—z(yi+yi> = -log(ptt-jM')-« log(ptt-wp'!;)-ft)*log(ptt-w®pv) 


w 


2 ® p*tt—p®v ^ 2pit+pi; 

— (<i +t2)= —log(pii—pv)—ft)*log(pit—wpw)—«log(pu— 


w 


= -^log 


-p*t;) 2pM+pw 


In particular, when u=a^ then 

^(-w, «j) = V(P“-«2). 

..d 

2*- 




--log- 


2'^” “ 262-1-pv’ 

I 1 /3tan-^ ^^^ 

^ 2 '*^ 262+pv’ 


so that the expressions for y and t are pseudo-elliptic; and, at 
this point, =2 sin a. 

233. We may now investigate the properties of certain points 
on the trajectory. 

When u=2a>2—v, 

then <^=i, = — J sin a, and p = cosec a, 

so that the tangent is perpendicular to Ox, 

The velocity in the trajectory is given by 

v){p^—tp sin a+l)*(i9®—Sp%in od-3ip)-i, 
and this is a minimum, by logarithmic diflFerentiation, when 
p—sing j?^--2psinaH-l 
2^sina4-l p^^-Sphina+Sp'^ * 

or j3®cos*a-f-p sin a—1 = 0.(27) 

If the tangent AB makes an angle /B with Ox at the point A, 

then 


P= 


so that the relation becomes 


cos(o—)8)’ 


tan a = — 2 cot 2)8=tan j8—cot jS.(28) 

Then V(4-|-tan*a)=tani8-l-cotj8=2cosec2)8, 
or .-y(3flf8)=W(^ ~ 3 8in®a)=| cos o cosec 2)8. 
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The relation (28) is equivalent to a number of other re¬ 
lations, such as 

tan(2j8 — a) = tan a —tan 2/3=tan a -h 2 cot a, 
tan(a —^) = cot®^, 

tan a = {cot(a—jS)} * — {tan(a—jS)} ^ 

3 tan a +tan^a = 2 cot 2(a—^8) = cot(a—jS)—tan(a— jS), 
tan a = {cot(a—/3)}^ — {tan(a— 13) etc. 

Also, since v = - - —t-, 

sin a —16 

therefore, at these points of minimum velocity, 
p'2|^=:^4^3sin2a) = 3y3, and 
and therefore p2«6 = pi6, or i6 = |co 2 , as in § 166. 

The integrals for y and t at these points of minimum velocity 
are therefore pseudo-elliptic, and depend on 
f da ^ f* ada 

integrals first considered by Euler (Legendre, jP. E,, I., Chap. 

XXVI.). 

We find, by differentiation, that 

§L +o ^_ J /o "1“ ^ ^ /OftN 

^tanh . 


Si-- . 

:!,d8 ^ 

1 ^3^tan-i ,3s/(48»-l)--y3(2«+l) 

= W3 , 3 _J|-1 

^(4sS-1)^v'(48»-1)4-V3 ^ 

by means of which the results can be constructed; and 
noticing that, if 8=p;, V(4«*-1) = p'v, .72=0. ^73=!, then 
V(4s*-l)+x/3 , , . 

V(4ir'-l)+v'3(^’*-l)“^ ^ ’ 

/3Vfl8*iilhV3(28_+l)_ 

'^V(4s*-]) + v'3"(28-1)“^^ 
we find finally, when u = §<00, 

gyjv?-i<i>^a)i-%e^ + ^ logp(v-fw2)-J.y3 tan”V(v-fa)2), (32) 
gtjw = 2vf«2-§«3f«j + J logp(^;-§ft)J)+^l•^3 tan-y('!;-§ft,3). (33) 
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234. Denoting by 9 the angle which the tangent at any 
point makes with Ox, the tangent at 0, the point of infinite 
velocity, and by ^ the angle which it makes with the tangent 
at A, the point of minimum velocity, then 9=/3—^, and 

_ sind _ sinO— . 

^~cos(a—d) cos(a—j8+^)’ 

„ sina—3p'iA 1 cos{a—^+<p) 

so that -2- p= siti(0-^y’ 


and 


:3p'u= 


sin g siD(/S—— 2 cos(a — j8+0) 


8in(/S-^) 

, cos(j8—(A)+|tana8in(j8- 

c( ih(^ — 0)—cot 2)8 sin( |8 - 
sinO-^) 


= — 2 cos a 


15^) 

±\ 


-_sin(iS+^). 
= - 2 cos a cosec 2^ , 


and since 

P'K= - JiW = - - 3 8in*a) = - § cos o cosec 2^. 


or 


8in(^-^) 

tan^ ^ g>'u-p'fw 2.(34) 

tan/8 p''x+p'^u)i . 

Therefore, at points defined by u^, Wj, where the tangents 
make equal angles with the tangent at A, 
p\.p'u^=p'^l(a^ 

Thus, if Wi=0, then ^^ 2 =< 0 J; and the tangent where u=a >2 
ma.kes an angle 2/3 with Ox. 

By the principle of Homogeneity of § 196, we can select any 
arbitrary value of g^ and it is convenient to take gi—l', and 




now, if uxxcxx 

where m=(4—3sin*o)V/«>/3- 

With gi=0,g^=l, wo have found, in § 166, 

j=l, p^|«)2=—x/3, 


Again, if — then 
^ m vr 

pn=(4—3 sin*o)“i, p'v =3 sin a(4—3 sin®a)“^ = — 3 cos 2/8; 

so that, as a increases from 0 to ^tt, p'v increases from 0 to 
and V increases from to 4 (<) 2 ’ 
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Denoting the analytical expression for tan ^/tan ^ in (34) 
by X, then X is independent of a or and therefore a Table 
of numerical values of X, with u or mgxjv? for argument, will 
serve for all trajectories. 

It will be a useful numerical exercise for the student to 
prove that corresponding values of u and X are 


4ft), 



0 ) 2 - - 1 ; 


iftf .<y3(,y3+i)+,y2 

Tft)2, 

4 ( 02 , 00 . 


Examples. 

Prove that, with g^= 1, 

3. p(u-|ft)2)K’'''+4‘02)=^—ly 

tanh-'• 

~ * ~ ^“2)+tW3 tnn - ■ ;i(02). 

7. Integrate (pu)-i, (pit)-®, (p«)-3 




CHAPTER VIII. 


THE DOUBLE PERIODICITY OF THE ELLIPTIC 
FUNCTIONS. 


235. Besides pointing out the advantage of the direct Ellip¬ 
tic Functions obtained by the inversion of the Elliptic Integrals 
(§ 6), Abel made an equally important step (Crelle, IL, 1827) 
in showing that the Elliptic Functions are dov^ly-perioddc 
ftmctions, having a real period, 4iK or 2K, as already defined 
in § 11, and an vmaginary period, 4iZ'i or 2K'i, where, as 
before in § 11, 

-/c'%inV)= 

0 

Doubly-periodic functions make their appearance when we 
consider functions of a complex argument 
Denoting ctj+j/i by 0 , we have already discussed in § 179 the 
system of confocal conics given by 


0 =c sin to, or c cos when or v is constant. 

In this case 

and the *poUa of this integral, as defined in § 54, are given by 
0 = ±c, the foci of the confocal system of conics. 

Changing the origin to a focus, then 

r dz 

^ J jJ{z^2c^zy 

and z^2cBm^w, 

2c—z=2ccoB^w, 
dzldw=c8ui w. 

Denoting by r, / the focal distances of a point, then 

=(ar 4 - yi)(x — yi) = 4 c*sin® J(^ 6 +vi)sin^ J(u— vi), 

254 
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or r=2c sin J(«+w)8in w), 

r'=2c cos J(tt+vi)cos J(«—w); 
so that r'+r=2c cosm=2cco8hv, 

r'—r=2e aoau, 

giving the confocal ellipses and hyperbolas, for which v and u 
are constants. 

It is convenient to denote a—yi by e'and w—vi by vf; 
and now the Jacobian 


J or = c*3in w sin u/ = 

236. Now, if we consider the integral (11) of § 38, 

..._ r dz 

Jl/'(z.l-z.l-kzf 
then z=an^w, 

1 —s=cn*Jw, 

1 —fes=dn®Jto, 
dzjdw =sn cn dn ; 

and the yoles of the integi'al are given by a=0, 1, and 1/k. 

Denoting by r, r', r" the distances of a point from these 
poles or foci 0, O', 0" in fig. 26, then 

/=sn J'wsnJto', r=cn ^t<;cn|tc/, Ay'=dn 
or by means of formulas (2), (3). (5), (28), (29) of § 137, with ^ 
and Jw'for u and v,and therefore u and iv for u+v and u—v, 
»•'= cn w —cn it _1 dnui—duu 
dn vi+dn u cnw+cnu’ 

^_cnvi dntt+cnttdnt;i_(c'* dnw—dnu 

dnw+dnw ~k^ cn wdnu—cnudnvi’ 
jir^_ cnOTdn'».+cnudn w ^ cnw—cnit 

cnw+cnit cn'fidnu—cnttdnvi" 

From these relations, by the alternate elimination of u and v, 
r+'/dtivi=crxvi\ 
r—r'dntt =cnu/’ 
or X!r"+A!r'cn«i=dni;i'i 

Icr"—Icr'ciiu =dnu/’ 
or A!r"dn w—cn m = 1—7cl 

A/'dn u —kr<sau =sl—Jcy 


the vectorial equations of one and the same system of confocal 
orthogonal Cartesian Ovals (fig. 26); also J = hrr'r''. (Darboux, 
Annalea admtifiquea de Vicole normcde eup^rieure, IV., 1867.) 
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As we travel round one of these curves and make complete 
circuits, each endosing a pair of poles of the integral defined 
either by 0 and 1, or 1 and Ijh, the integral increases by 
constant quantities 4&K or 4Z'i, the corresponding periods of 
the elliptic function sn®^, as in § 55. 



Fig. 26. 

By making A = 0, we obtain the degenerate case of the 
confocal conics, and now while Jl'=oo ; so that the 

circular functions have a real period 27r and an infinite 
imaginary period; on the other hand, the hyperbolic functions, 
as illustrated by the confocal ellipses, have an infinite real 
period and an imaginary period 2 * 7 ri. 

Mr. J. Hammond has shown, in the American Journal of 
Mathematics, vol. I., how these Cartesian Ovals may be de¬ 
scribed mechanically, by means of reels of thread, as in the 
case of the confocal conics of § 173. 

He takes two reels of thread, of different diameters, fastened 
together, and pivoted on the same axis at G. Now, if the 
threads are led through a pair of the foci, 0 and O', the curves 

r±lr'=c 

will he described, if the diameters are in the ratio of I to 1. 

By leading the threads round an oval, as in fig. 26, theorems 
can he obtained, connecting arcs of confocal Cartesian Ovals, 
analogous to those of Graves and Chasles for elliptic arcs. 
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237. By inversion of this system of confocal Cartesian Ovals, 
we shall obtain another system of orthogonal q^uartic curves, 
with four concyclic foci A, B, C, D, defined by the vectors 
a=o, |8, y, S, suppose; and now 

w=Jdzj^{z—a .a—jS. z—y.z—S)-, 


or, writing w for wl^(a-y . ^-S), then, from § 66, 


^ — S.z—a ,, a—^.z — S 

a-S.z-fi ^ a-S .z-^'' 

Denoting by r^, r^, rg, the distances of a point from the 
foci A, B, G, jD, then, from these equations. 




mod. ^ ^=sn sn ^w', mod. -—^ cn iw cn Aw', 

a—o a —0 ^2 ^ ^ 

mod. ^ ^=dn J^c;dn ^w'\ 

SO that we obtain the vectorial equations of these orthogonal 
quartic curves on replacing r', r, r" in the equations of the 
Cartesian Ovals by these expressions. 

(Proc. Cam. Phil. Society, vol. IV.; Holzmuller, EinflJJmmg 
m die Theorie der isogonalen Verwandtachaften, 1882.) 


238. We now proceed to express the elliptic functions of the 
imaginary argument m by functions of a real argument v. 

We know that cos vi =coshsin vi^i sinhv, tanw =i tanh v; 
and that the function 0 or amh u, and its inverse function 
u or amh“Y=log(sec ^+tan 0 )==cosh’isec^, etc., 
connects the circular functions of </>, for which /c = 0, with the 
hyperbolic functions of u in § 16, for which /c=l; and then 
cosh u =sec sinh u = tan <p, tanh =sin <p, tanh \u =tan 

Now, if ^ =amh \jA, 

then cos ^ cosh = 1, or cos <j> cos =1, 
a symmetrical relation, so that 

•\/r=amh ^ji] 

and sin ^ = tanh yfri^i tan \jr, 

cos <l> = sech yjA = sec \}r, 
tan ^ = sinh yjri^i sin etc. 

Also d<fi = i sech y/Ad^fr = i sec 

A(^, k) = ^(1+K^tan^yf /')=sec k), 

_ idyjr 

A(^, /c)"“ A(i^, k) 


so that 
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If 

then 

and 


i/r=am(v, k ), 

^=am(w, /c); 

or isc(v, *'). or itn(t;,«'); 
on(OT,«)= or nc(t;,K'); 


connecting the elliptic functions of imaginary argument vi and 
modulus K with the elliptic functions of real argument v and 
complementary modulus /e'. 

Putting ' 0 =^K\ we notice that mK'i, cnK'i, and dnK'i are 
infinite; and putting ?; = 2 jE’', then 

sn2Jr'i=0, cn2Z'i=—1, dn2jSr'i=—1; 
also sn4jSr'i=0, cn4iK'i=^ 1, dn4j&r'i= 1. 


239. The Addition Theorems of § 116 may now be written 
cn(u+vi) = (cnu cn^;—i sn wdnusn-y dni;)-s-D, 
&n{w+vi)^(snubdnv+ioRudJiU snv cnv)-s-i), 
dn(t6+ vi) =s (dn ucRvdnV’- ii^Qu ucnvusnv)-^ D, 

D = cn^v +/c^sn% sn^; 

remembering that the modulus of the elliptic functions of v 
is K, while that of the functions of u is k. 

Thus, putting v=K\ 

cd(u+ K'i )=-i , sn(u+K%)— —dn(u+-K^'i)=-i—^; 

^ ^ icsnu ^ ^ /csnw. ^ ' snu 

so that, putting Vj=K, 

cn(A:+Z'i)=-iic7ic, sn{K+K'i)^l/K, dii{K+K'i)^0. 
Writing 0, S, D for cn 2u, sn 2u, dn 2^6, then (§ 123) 

2 / I 1 —cn(2u+if'i) 1 kS+DI , 

““'(’‘+i'®^'->=r+dS-(K+ir'ir^ 

Generally, when m and n denote any integers, we find that 
cn(u+ 2mK + 2nK'i) =(—l)’"+"cn u, 
&n(u+2mK+2nK'i)={—iy^ anu, 
in(u+2mK+2nK'i)=(—iy dnw; 
so that 4iK and 2K'i are the periods of sn to, 

2K and ^K'i are the periods of dn to; 
the periods of onto being 2(E+K'i) and 2{K—K'i). 
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In § 164, we may now write 

Uj+^ 2 +%=4«iiL+ 4inK'i ; 
or in the notation of the Theory of Numhei’s, 

tti+i42+‘it3 = ^ (mod. 4iK, 4iK'i). 


240. A combination of the transformations of ^ 29 and 2>*)8, 
to the reciprocal and to the complementary modulus, gives 

1 _1 _ '!/c/k’') 

on(i;, k)~ An{KV, l//c')~ <ln((c''ui. '/k/zc') 


cn(OT, k)= 


. . .,_'t sn(?z, k) _ i sn(ic'v, ! //)_ .sn(/cVi, /k/k) 
sn w, Kj If') if'dn(ic'‘!;, 1/zc') zc'dii(ic'w, ‘i'k/k') 

j , . dD(v, k)_ cn(ic'v, 1 /k')_ 1 

cd(v,k')~ dn(/cV, !/?)“ dn(?vr'i/c/'f')' 
Thus cn(/c'«, ig/x') = cd(u, K)=sn(X— u>, k), 
or am(zc'tt,'/"/c/KO^iw—am(jK’—'M-, «); 

as is otherwise evident, when we notice that, if 


so that 
then X 


i^=am()c'tt, 'i/t/zc'), 


— (1—/c®cos*'^)~^<Zi//'= (1— 

^ 0 
or ^=am(Jf(r—It,/c), 

provided ■^ = i w— 

241. As an application, take the viilues of Vj and Vg in § 210; 
, . l+coSj8 , rf—cosa „ (i+I 

^ 1+cosa * l + coH« * 1 + costt 

, , I—coSiS , cos<x . </,—I . 

^ I—cos a * I—C 08 (t * 1—W>H« 


so that, with v^-pK'i, v^=K+qK'i, where ;; and </ an; real 
proper fiactions (§ 56), then 

1—cos a _ _ sn^Uj _Kn’-^/z/C'i d n®f/AT'i 

1+cosa sii^g ~ ciA/ZT'-i 

1 —cos/ 8 _ _Hn\ dn“«2_ 

l+co.S|S~ su^Ug~ dii'^pK'inii^qK'i 

^-7.1= K'WpK'im^qK'i 

d+r sn^yg cii^pK'iiiix^qK'i ' 
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Thence, expressed in a real form, 

1—cosg _ SD?pK'6r? gK' 

1+cos a ~ cn*pjE'' ’ 

or (§ 136) tanJa=tanJ[am {(_p+ q)K', /}+am > * }]> 

a= am{(jp4-2)Z^',ic'}+am{(p-2)Jr',/c'}. 

Ata, @29) 

l+coSj8 dv?pK 

»u^(Pk'K', llK')dn^qK'K', IJk') 
otiHpkK', 1/k') 

so that ^=a.m{{p+q)KE', l/K'}+am{(p-g)/c'JST', 1/k'}. 

And ^=ic'^sn^pjSr'sn^g'^^' 

snS.ipK', K)dnmi-q)iK'-K, k} 
cn\ipK', k) 

or £Z=cos[ain{(p+g'-l)i^'+i, ic}+am{(j 5 -g+l)ijS''-JT, k}]. 
In the Spherical Pendulum, Cr=0; and therefore (§ 210 ) 

1—COSg 1—COSj6 <? —1 _^. 

1+cosg 14-cos)S ci4-l ’ 

-..j d-1 « » rr/ 9 iT> saqK'isapK'dnpK' 

3+1='“ 

or 8n(p— q)E=anpK'ea qK'dn qK'. 

Thence 

j en(g’ 4 - 5 j)Z’' ^ CiTi(q+p)K' dTi(q+p)K' 

SD.{q—p)K ^ (sa{q—p)K da{q—p)K 

242. With Jacohi’s notation of § 189, the expression for i>/y 
in § 210 becomes 

. , /cnuduv, , cn^dnVoN , n / \ . tt/ \ 

= /^ cn^idnv, „ cnv^nv^ „ \ e(u-Vi)^u -Vz). 

\ sn Vj snvj y ® “ ©(u+'yi)0(u+ v ^)' 

and now, if we divide yp^ into its secular and periodic part, 
in the form yp = ^'a/E + yl/, 

then is called the apddal angle, in the motion of the Top or 
of the Spherical Pendulum, as seen illustrated for instance in a 
Giant Stride; and 

which must now be expressed in a real form. 


cos g = — 


dn(q+p)K \ 

dn(jq—p)K' 
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From § 172, 


iZ(vi, k)= ij [d — EIK)dm 

J cnXv, K'f 

=P-v+EBmiv, (§ 185) 


cnv 
snvinv 


cn-y 


by means of Legendre’s relation of § 171. 
Thns, with v^=pK'i, 

Again, by (2)*, § 186, since ZF’=0, 


2j(K + u)=Z tt— /c®sn u sn(Ar+ u) ; 
therefore, with v^=K+ qE'i, 




Also, if p and q are proper fractions, the logarithmic term 
of vanishes (§ 264); so that, finally, 


$=^i^P+2)+Z(pK', K')+Z(qK', 

In the Spherical Pendulum, 

cn pEda pK'/sn pK' =K'*sn pK'an qK'sa(p—q)K' 
=ZqE+Z(p-q)K'-7^K'-, 
so that ’^=^^+q)+2'Z{qE,K')+Z{{p-q)KW)- 


With the Weierstrass notation, taking % in equation (8) 
of § 208 between the limits <e^ and aj^+Wj, we find (§ 278) 

i'i'=(o+—(^a+f6)<0i, 
where a ^ptoj^ 5 * Wj ”H 

In small oscillations near the lowest position, p and k are 
very nearly unity, while q and « are small. 
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The Geometry of fhe Cartesian Oval. 

243. Denote the angles FOO', FO'O, P0"0 in fig. 26 by 
6, O', 6" respectively; then with 0 as origin, 

x+yi=eD?iw, x—yi=faF\v /; 

cn ^w^cxi _ jf l—cn 11 1 -^CD vi^ 


“cn \ \l+cnt6 1+cn 

or, in a real form, with modulus k for the functions of v, 

X 1 /^ //I—cnu l“-cnv\ sniudniu sni^dniv. 

*“i«=Vi,T+su'i+ 5 rs;— ■ ■ — ■ 

cnu+cnt; . ^ snttsnv 




cn 


1+cnucnt; 


. ---, Oiju. V - 

1+cnucn-v 
With 0^ as origin, 

f^(x+yi)=dn^^l 

and, similarly, 

•f izyr_ dn—dn iw' _ / /I —dnu 1 —dnm ' 

^ ^2 ““dn^iy-j-dn J^t;'*"V\l+dnu l + dnvi 

tA Iff'— dnv—or\v \_ Khn^'woniu sn^t; 

""Vxi+dnu dn-iz+cnw'" dn\u cnjvdniv’' 

/c^sni^snv 




cosfl^s 


sm0^= 


cn-y+dnudn V 
’dn v+dnucn V 
With O' as origin, and 

x+yi—m^\v), 


dn v+dnuanv 


then 


itan J0' 




sn Iw+sn ^v/ 

To reduce this to a real form, similar to the above, we require 
two new formulas, not included in Jacobi’s list (§ 137), but easily 
derivable from it, namely, 


{dn(^+v) ±cu(u+^^)}{dn(it—t;)±CD(w."-t;)} —(c^d^±Czd^yiDr 
{du{u+v)±cn(u+v)}{dn{'iu—v) + cn('iu—v)} — K%8^TS2y/D. 
Now, with and for u and v, and u and vi for u+v 
and u—V, 

dnt6+cnu ^ dnm--cx^\ 

.dnu—cnu dnt;i+cnw’ 

''dnu+cnu 1—dnt;\ cn Jt6dn Ju sn Jvcn \v 

dnu—cnu 1+dnt;/ sn^u dn^pT * 

—ca^6+dn^tdn^; . ic'^snusn-y 

cos^ = —j-- 3 —sin0 =-i-T—. 

dnu—cna«»dnv dn'M-—cnudn v 


itan 
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244(. Again, denoting the angles which P subtends at (XCy, 
(PO, OOf by <j), if," respectively, so that 

^=x- 0 '- 0 ', <i;=e-er, 

then we shall find 


tj^. 8niudnju_mjt^ ^ 1(1 

cnj«, sn^vdn^v 'VVl 


cnj«, sn^vdn^v V\1 

tan y - 

cnjudn^u dnji; VVd 

=J('l 

dn Ju sn J v V \1 


1 —cnu 1+ca V 

1+Cai6 1—CDV- 
dnt6—cn^6 1 —di 


dnt6—cn^6 1 —dnvN 
da u ] +dii v) 
1 — dn u dn^+ cn^\ 
l + dnw dnv —cnw 


. - - . . sn^6sn^; 

cos d> = 1 --—, sin d> =:-. 

i—cn u cn V ^ 1 — cn t6 cn V 

Af — CP u+dnudn^ . u sn t; 

^ dnu+cri dn i;* ^ "”dnu+cn tfcda-y 

/•AO— —cP^+dni^dna; . ic®sn umv 

^ dn^;—dntfc cn V* ""dn v—dntccn v 

Similarly, denoting by a>, a/, w the angles which the normal 
at P to the oval along which v is constant makes with PO 
PO', PO", we shall find 

X_/ SP'W.cni; snt6dn?; . ^ snu 

--^ tano)*-:-, tan{i)"=s-. 

fc*p V dn SQ V cn ^6 sn v 

Drawing the three circles through O'PO", (PPO, OPO, and 
denoting the points in which the normal at P meets them 
again by Q, O', Q", we shall obtain similar simple expressions 
for PQ, OQ, ... (Williamson, Liff. and Int. OotZotduB). 

245. The two ovals defined by v and 2Jr'-v form a complete 
curve; and so also the ovals defined by u and 2IC—u. 

Denoting by P, P', Q, Q' the four corresponding points 
defined by (a, v), (u, 2K'-v). (2K-u, v), {2K-u. 2K'-v)-, 
and denoting by p, p', q, ^ their consecutive positions when 
u receives a small increment du, then 
Pp—,JJdvb—K,J(^rr'r'')dv, 

_ cnt‘tdnu+c u « dn vi l/cti vi -- cn wN , 

dn'?;i+dni6 V \cu w+cri at/ ** 

_ dn‘M>+ctm dn V j (l—csau 
dnv+dn'acnvvVl+cnucnt;/ 


tanw'= 


sn u cn V 


dn v+dn-acni 


L—cn?.t cn 
L+enu cn 


sn V/ 


and changing u into 2K—u,v into 2K'—v, 


dnu —e nudny //I—cn 
dn — dn ti. cn vV \1+cn 


^J^)du. 

u cn V/ 
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Th» Pp+W-I JCr 


—cnucn 


^)du 

V/ 


1+cJxucn' 

2 cnv cos 0+cn^v)dd ; 


_ 2 dn ^ 

so that the sum of the arcs described by P and O' is expressible 
as an elliptic arc. 


which is expressible in the form 

- 2 dn i; cos 0'+dD®u)(20' 


— cnucn 


1 +cn u cn vJ 


^)du. 


+ ^g^^ ;^/(dn^+2 cn i; dn cos + ciihj)d<p !'; 

so that the difference of the arcs described by P and Qf is 
expressible by the sum of two elliptic arcs ; and thus the arc 
of the Cartesian Oval described by P is given by means of 
three elliptic arcs, which is Genocchi's Theorem (Annali di 
Matematica, VI., 1864; Mr. S. Roberts, Froc, L, M. S., III., V.). 


246. Let us examine the analytical properties and physical 
applications of the functions 

log cnlog sn log dn 

Denoting logcn^ by when resolved into its real 

and imaginary part, then 

J log cn \w cn log cn J^^;/cn \vf 

, , cn dn itt; cn Wdn i^c;' , .. , .cn cn 

^di.|«.dnK 


=|log 


cn iv dn u+dn m cn u 


-{tan 


-■'VS 


— cnu 1—cnm' 


1 + cnu 1 + cnm. 


i\ 

i/ 


dnvi+dnu 

as in § 236, by means of formulas (3), (20), (28) of § 137; and 
now expressing the elliptic functions of m, to modulus ic, in 
terms of functions of v, to modulus k understood; then 

L —cnu 1 —cnz;' 


, IT dnu+cnudno; , , . 1/1 

01 —i ^^dn-y-f dnucn^’ y\l 


1 + cnu 1+cn 


-) 

vJ 


Denoting logsn \w by 02+^'0'2» 
<l>^+i\}r^=i\ogsn snJlogsn iw/sn ^w' 


1 i_8nji«dni«)8njw/dnjw' , , .sn ^w'-sn Jw 


= Jlog 


cn m—cn u 
dnm4■dn^^r 


-{tan 


dni6+ cnu dn m—cnm ^ 
cnt^ dnm+cum, 




D 



OF THE ELLIPTIC FUNCTIONS. 


265 


1 —cnucn t; 


+i tan-i J(d!L2i±£5“. 

\ \dn u-cnu 1+dii -v/ 


•I 1 cnmdnu+cni^dn^^ . . 

--T---h^tan' 

cnm+cnt6 

,^_dIlU+ca^6dn^; , // 

=tan-^ ( 


’ dnv+dni4 'VVdn^^r-cau* 1+dii 

Similarly, denoting logdn^ by ^s+i'^s, it 

V \l+dnw. l+dnw 

__ 1—dn^6 dn'V—cn-^Y 

l+cnwcnv 'SjKl+dnu’dMv+mv)' 

By (20), (21), (22), (23) of § 137, we prove, ia a aimilnr 
manner, 

1a«., .-x_,—isn-yidntt 

^°SVl -cn«,-^^®gcni;-i_cnu " Ini^iBnu 

= fcanh " ^(cn cn -y)+i tan " ^(dn « sn ■y/sn itdn -u), 
/1+dnty . , . 

f 1 — (In ~ u cn i;/dn 'y) — ^ tan “ \cn 16 sn ^/sn u), 


i-eVl 


, //dnw+cnwN . 
“vXdnty—cnw/ ® ®' 


247. These conjugate functions ^ and of the complex 
u-\-vi are capable of representing the solution of various physi¬ 
cal problems concerning a plane in which u and v are taken as 
rectangular co-ordinates, since they satisfy the conditions 

_ 'b\jr 'd</> 'd\]A 

'dv dv du^ 




= 0 , 


du^^dv^ 


- 0 . 


Here u and v are not restricted to be rectangular co-ordinates, 
but they may represent the conjugate functions of confocal 
conics or Citftesi^ Ovals, as in §§ 179, 236, or of any orthogonal 
system, which divides up a plane into elementary s(iuares or 
rectangles, as on a naap or chart. 

As in § 54, we take a period rectangle OABO, bounded by 
u=0, Vi=2K, v=0, v = 2K 'and now, as the end of the vector 
w or u+vi, drawn from 0, travels round the boundary OABG 
of this period rectangle, the vector w assumos the values 


2ifi:(0 < t < 1); 2.K’-|- 2t'K'i(() <<'<!); 

2tK+2K'i{l > « > 0); 2tfK'Ml > t'> 0). 

When the sides of the period rectangle are a and b, we 
replace u and v by ^Kaja and ^ICylb, whore E'IK>=>bla. 



THE DOUBLE PERIODICITY 


266 

Taking the fanction logon or then from 0 to A, 

^j=0; from-4 to jB, from J5 to C, V^i=irx; and from 

C to 0, 

At A, where «=2X’, v=0, then -oo ; and at C, where 

u=0, i) = 2Z, ^1=00. 

The functions and therefore satisfy the conditions 
required of the potential and stream function, due to electrodes 
at A and C, of the plane motion of electricity or fluid, when 
bounded hy the rectangle OABC. 

The function will also represent the stationary tempera¬ 
ture at any point of the rectangle, when the sides OA, 00 are 
maintained at temperature zero, and the sides AB, BG at 
temperature 

When the period rectangle is a square, or E=K', then 
when u-\-v=^K, or along the diagonal AO-, we thus 
obtain the permanent temperature inside an isosceles rect¬ 
angular prism, when the base is maintained at one constant 
temperature, and the sides at another. 

Similar considerations will show that the function log sn Jw 
or will give the streaming motion in the same period 

rectangle, due to a source at 0, and an equal sink at 0. 

The function is now zero along OA, AB, BG, and Jw along 
0(7; and will therefore represent the stationary temperature 
when 00 is maintained at temperature Jx, while the other 
sides are maintained at zero temperature. 

A superposition of four such cases will give the peitnanent 
temperature when the sides of the period rectangle are main¬ 
tained at any four arbitrary constant temperatures. (F. Purser, 
Messenger of Modkematics, "VI., p. 137.) 

Examples. 

1. Solve the equation 

/c®sn*u— iuhrxhi, -h 1=0. 

2. Investigate the curves given by 

(Zz/clto=(l— 

3. Prove that the system of orthogonal curwes given hy 

^-fiaj=sn(u-l-‘ui) 

are the stereographic projections of a system of confocal sphero- 
conics (W. Burnside, Messenger of Mathenicttics, XX.). 
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Prove that the stereogi^phic projection of the points 
a;=i{snudnv, j^=i2dntcsnv, a=jBcnttcnv, 
on the sphere as®+j/*+z*=.R®, 

whose latitude and longitude are 0, <f>, are given hy 

^=2iJ tan(ix- idXcos ^sin ^)= 

^ 'Vl+cn(u+w) 

Prove also that 

^V+3'V+/'^V= 

\duJ \duJ \dv) '^\2n}) 

=: 1 — i^sixHb — K^snhj), 

4. Discuss the physical interpretation of 

^+iir= tan-®f^^™i^+itan-»^^; 

dn u dn i; /c cn u 

and determine the single function from “which it is derived; 

also of 0 +^Vr=:tanh"i: 3 ^?^ 

^ ^ dnudnt; ^ cnv 

Interpret these expressions when 

x+yi=!C sin(t 6 + vi). 

5. Prove that, if x+yi=smw, 

then 

gives the plane motion of liquid streaming past two obstacles 
given by a!=l and 1/k, cc=-1 and -1/k (W. Burmside, 
Messenger, XX.). 


The Double Deriodieity of Wderstrass^s Fv/nctions. 

248. A procedure similar to that of § 236 will show that the 
Cartesian Ovals of fig. 20 are also the representation of the 
conjugate fimctions of the system z=^pw, obtained from the 
definition of § 50, 


^_ 

or daldw=g'w=-J{^-g^-g^, 

where ^-g^-gi^Mfi^e^{z-e^)lz-ei ); 
and e^, define the three foci. 

According to § 51, 


pw - ^- 6s)ns®^(ei - e^w = (Cj - e^ sn2{ - rs>M;+ K'i}, 
p«? - Cj=(Si - Ci^dsV(«i - = (cj - «,)cn8{ - e^w+K'i }, 

P«> - Cl = (si - eg) es V(ei - Cs>‘' = - («i - ^<3)<3n®{ ^(*1 -e^+K'i), 
by § 239; thus identifying these results with those of § 236. 
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With the notation of § 202, 

and denoting the focal distances by r^, r^, 
~ trw (tv/ ’ ® (rW trw' ’ 



and u—vi'by v/, 
^ cr^w<r^w\ 

* crw<rvf 


249. To express these focal distances in a real form, as in §236, 
we employ the Addition Theorem (K) of § 200, written 
<7(u+ v)<T(yj—v) = er®u er^{ (pv—Co)—(pt — «a)} 

= <T% CTaV - (To^W. . (M) 

Again, from §154, p(u+t;)-e« is a perfect square; and we 
may write as=pu, y=fo, s=p('M'+'y)i 

N=^v,—ea, l)=pu—ep.fpv>—6y‘, 

J{p(u+v)-ea) 

^/(&U ~ea.f!>v-e 3 .pv-ey) — s/ • pu-fey • pv-eg) 

= pv-pu 

and now 

<Ta.(u+v)<r{v,-v )=- ea}a^o^v{pv - pw) 

=<rua-a^<rpV(TyV—tTftV, cTyV, (raVarV,...(0) 

and (dianging the sign of v, 

(r(u+ v)(rjiu—v)=aV/ (t^ a-pV <TyV + <rp>^ a-yV/ cTgV <rV ... .(P) 
Again, by multiplication with (N) and reduction, 
arjiu+v)<rp{u-v) 

<r(u+v) <r(u—v) 

_ s/(p^-^a • P’U-eg .^-6a.pv-ep) — (Ctt- eg)<s/ (pw- 6y . pu-fty)^ 
“ pW —pit 

or 

<Tju+v)<rp{u -v) = <Tjti <Tp% a-^v VpV - (e„- 6p)<rU a-yU <rv a-yV, (Q) 
(Tjy,-v)(rp(u+v) = (TaU O-pU CTaV (TpV + (6»- 6^)<rU (TyU aV (TyV. (R) 
Similarly, 

(r„(u+v)<rJiu - V) _ (pu - ej^fv - eJ - (e, - - By) 

(r(u+i;) (r(u-v) pv-pu 

or 

trJi'ii+v)(rJi'U'-v) = o-a®^' o’o®^ “ K-^pX«a - \)<^ .C^) 

(Schwarz, ElMptisohe Fv/nction6n, p. 51.) 
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Now, from these equations (0), (P), (Q), (R), with 
w or J(u+w) for u, and v/ or J(u—m) for v, 

a■^w g-jW (r-iV^(riV/ _ , . tri'M ggOT+ g^vi 

gW g^W gv/g^v/ '' ® ^VgU g-^vi — g^U g^m 

r _(g _g ^triUg-sVi+gsUg.vi 

^ gVl ggW guf ggW' ^ ^'giUg^i — g^U g-^m’ 

with sinailar equations for and r,; and thence the vectorial 
equations of the Cartesian Ovals analogous to those of § 236 

TiOrgU -Tgg^U = (e^-e^g^u \ 

riggvi~rggivi= -(ej-SjViwJ ’ 

These vectorial equations again are the geometrical inter¬ 
pretation of the formula, immediately deducible from (N), 
gpW g^w'g^(w+w')—g^W g^ffvj+w') 

=‘(ep-ey)gwgw’gjw+ut/), .(T) 

MaTcing m®= — 1 in the homogeneity equoMone of § 196, gives 
g<vi; 92.93)=- p(v; g^, -g^), 
the equivalent of the equations of § 238, by which a change is 
rnailft to a real argument and complementary modulus; while 
g»93)=-i^v; g^, -g^, 

<T(vi', 93, 9^= i<r(v; g^, -g^, 

9z’9s)— o'o(^ >’ 9z’ ^s)‘ 

250. When a point has made a complete circuit of one of the 
ovals, enclosing a pair of foci, defined by and Cj, or and 63 , 
z will have regained its original value, but w will have increased 
or diminished by 2(Oi or 2 <» 3 , defined as in §§51, 52 by the 
rectilinear integrals 

<02=y"’d8U8==y'‘^d8i^8, 

g>3=J'‘"del^8=J'^dslJ8) 

so that 2 a)i, 2013 are the periods of the function pw, and 
P(m -1- 2ma)i H- inoDg) = pw. 

To fix the ideas we have supposed the circuit of two poles 
of the integral made on the enclosing branch of a Cartesian 
Oval, but the result will be the same whatever be the curve, 
provided it makes the same number and nature of circuits. 

Now, in § 166, we can have 

'it-|-v-l-w= 2 wi<Bi-|- 2 wwjsO (mod. 2 aji, ‘iojj). 
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251. In § 54 it bas been shown how, as the vector of the 
argument uo traces out the contour of the period rectangle, pm 
assumes all real values; and pm may be made to assume any 
arbitrary complex value at a point in the interior of the 
rectangle, given by a determinate vector tui + tfws- 
It is convenient to put (Oi+(Oj= — wj, so that 

<«)i+<o2+®s=0, "with 61+62+63 = 0; 

and now pcoi=Pw 2 =^ 2 > ^^8 “ > 

while 9 '== 9 \= 

The equations of § 54 show that 

p(m±ci)-ei= ptl-^ -’ 


p(lt±« 2 ) — 82 = 


, — 63 . 63 —61 


^ e. — 6 , . 6 . — 6 , . 

p(m±a)s)- 6 s= > 

equations analogous to those of § 57, in Jacobi’s notation. 

Thus, from ex. 9, p. 174, 

4p 2u=p(u+oji)+ + C 02 ')+ 

With negative discriminant, as in § 62, we take eg as real, 
and 61 , Cj imaginary ; also (Bi=K® 2 +“‘^ 2 )> «s“ K® 2 ~®s) 5 

P<i)l = 6 i, p< 0 s = 6 s, P «2 = P »2 = ® 2 - 

262. A great advantage of the Weierstrassian notation (at 
first rather Laffliu^ y to one accustomed to the methods of 
Legendre and Jacobi) is that the dimensions of the elliptic 
integral are left arbitrary, and can be changed by an applica¬ 
tion of the Principle of Homogeneity of § 196. 

When the canonical elliptic integral of § 50 is normalised 
in Klein’s manner (§ 196) by multiplying by A* then 
r A^ds _ r dor __ 

J J{^^-g^-g^j y^-y^ 

where 8 =AV. gi=l^^yt, 9a=^^ye> 

and now yt—^*lyz=h 

so that the new discriminant is unity, and 
/=y 2 «, J-l = 27y3*. 

If tffi, ©8 denote the real and imaginary half periods of the 
normalized integral, then 

Oi=ei)iA*, Bl 8 =ft)sA’’*. 
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The general elliptic integral, written with homogeneous 
-variables as in §155, is silso normalized by Klein by multiply¬ 
ing by the twelfth root of the discriminant of the corresponding 
quartic, and its half periods are now and 

If we normalize, for instance, the canonical integral ( 11 ) of 
§ 38, written with homogeneous variables x^, in the form 

. ajj—®i • ®2 “ ~ 

then the invariants gj, and the discriminant A of the quartic 

being the expressions given in § 68 , therefore 

Now the half periods of integral ( 11 ), § 38, being 2)r, 2A"i, 
01=2if,y( Jr/c'), 03 = 2K'i^a<cK'). 

We are thereby enabled to change from Weierstrass’s wi and 
< 0 , to Jacobi’s K and JC, and to utilize the numoric 4 il results of 
Legendre’s Tables. (Klein, Math. Amn., XIV., p. 11 S.) 

When the discriminant A is negative, wo noruializo by 
multiplying by (—A)*, and replace wj and wj l>y cog and »./ 
(§62); but now the new discriminant yj®— 27 y 3 '-*= — 1 , and 
«,^_A)A=2A4/(-i*/), a>' 3 (-AA) = 2.fir'i^(.>/) (§g 47, 58). 
For instance, if . 73=0 in § 50, (-A)* = „y 34 /// 3 ; and in § 58, 
J= 0 , or 2 «/c'=|, 24 /(i/c/)= 4 / 2 ; 

whde (§ 47) w37«2== -<V«- 


Gonfocal Quaclno Surfaces. 

253. The symmetry and elegance of the Weierstniss notation 
is well exhibited in the physicjil applications relating to con- 
focal surfaces of the second degree. 

The equation of any one of a aysUmi of confomil (iuudric.s 
. ■ tc* 7 /* s* 

a*+X'^¥+\'^(^+\ ~ ' 

we put 

and now the inte!;ral 

d\ 


y ^oo 

7(o 


. 6^4*X. c“4“X) 


•in ' 


With «! > 62 > fijj, we must take u" < l>^ < 
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Three confocals can be drawn through any point x, y, z, 
an ellipsoid, a hyperboloid of one sheet, and a hyperboloid of two 
sheeta 

Supposing the ellipsoid to be defined by X or u, and the 
hyperboloid of one sheet in a similar manner by ft or v, and 
the hyperboloid of two sheets by v or w; then in going round 
the period rectangle of § 54, 

(i.) u=p(», 00 >p^6> 01 , for the ellipsoids; starting with p =0 
for the infinite sphere, and ending with p=l for the inade 
of focal ellipse; 

(ii.) hyperboloids of one sheet; 

starting with g =0 from the focal ellipse, and ending with 
g=l for the focal hyperbola; 

(iii.) io=r(Bi+«>s. e^> 9 W> 6 s, for the hyperboloids of two 
sheets; starting with g =1 from the focal hyperbola, and ending 
with g =0 for the outside of the focal ellipse ; 

(iv.) the fourth side of the period rectangle gives ima^nary 
surfacea 


254 Replacing 6 *—a® and c®—a® by ^ and y®, so that 

(y/j8)*+Wy)®=l» 

are the equations of the focal eUipse of the confocal system, we 
should have to put, with Jacobi s notation, 

y*cs*(u,K), h®+X= y®ds®('U,/c), c®+\= •y®ns^(u,jc); 
o2+^=-j8*sn®(i;,0. i8®cn®(i;, k'). c®+M= yMn®(u,0; 

a*+v=-y®dn®(w,K), h®+v=-y®en®(w,K), c®+>' = /c®y®sn®(w,K); 


where 


K® = 


c®- 6 ® 


^_ 


6 ®-a® 


c*-a®’ "■ c®-a® 

and now «, v, w will be Lamd’s parameters, as given in Max¬ 
well’s Electrieity and Magnetism, L, chap. X. 

By solution of the three equations of the confocal quadrics, 

. a^+'K.a^+n..a^+v l^ +\.b^+n .h^+v _ 

a®-b®.a®-c® ~~ W-e\h^-a^ 

- ( ^+X.C®+m.<!^ + »' 

^ c®—a®.^ —6® 

and thus », y, z can be expressed as functions of u, v, w. 
Employing the function of § 203, 


a!®= 


m®8i® 


m*« 




e\~H • *iT^s 


■e..6,-e 


2 ® = - 


m*a 


2o 2 


Cj—. Cg—ej 
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When 6*=c*, the ellipsoids are oblate spheroids, and the 
hyperboloids of two sheets degenerate into planes through Oa; 
and now the orthogonal system is given by 

cec^ .Ov 

tanh^^^sech^-y .0^*) 

cos^ii; sin^u; ’ . 

intersecting in the point 

05 “ y cot u tanh -y, 

2/=y cec u sech v cosza, 

0=y cec u sech v sin zv. 

When 6*=a2 the ellipsoids are prolate spheroids, and the 
hyperboloids of one sheet are planes through Ois; now the 


orthogonal system is given by 

, 

cech^i6 coth^u . 

^ y2 ^ 

sin^'^ cos^*^’ .(^0 

_ 2. 

sech^^(;"^tanh% ’ . 

intersecting in the point 


oj=y cech u sin v sech w, 

2 / = y cech u cos v sech w, 

0 =:y coth u tanh'ly. 

The degenerate case of confocal paraboloids, where the centre 
is at an infinite distance, may be written 


“®)>.(vii.) 

cos“i'<; “ siu-Jv “ cos V - as),.(viii.) 

y^ $2 

sinhiiJto+coHh^i^=.(«•) 

intersecting in the point 

83=aCcosb u +cos V —cosh w), 
y—4ia cosh In cos sinh Jw, 

2=4tt sinh lu sin J?; cosh Jw. 


{Froo. Land. Math. Society, XIX.) 












TTn?. double PEEIOraOEEY 


266. We may take u, v, uo bb Lamp’s UrnmometHo pa/ra- 
meters, and now Laplace’s equation becomes (Maxwell, Mee- 
truMy, L, chap. X.) 

Thus ^=Au+Bv+Cw+D{u^+i^+'u^) 

+ 2Evw + 2Fwu +2 Chiv+HvAyw 
is a particular solution of this equation; for instance, the 
electric potential between two confocal ellipsoids, defined by 
and Uj, maintained at potentials and Dj, is given by 
U= {- Uj)+ U^i'ih-u)}l{ui-v^). 

When the solution <j> is equal to UVW, the product of three 
fundaons, U a function of u only, V of v, and F of w only, 
then liaplace’s equation becomes 

so that we may put 

three eq[uations of Lamp’s form (§ 204), when gf —u('n»+l). 

256. The complete solution of Lamp’s equation was first 
obtained by Hermite, in the form 

U=GF(v,)+G'Fi-u). 

Denoting by F the product ETitTg of and or F(u) and 
F{ —u), two particular solutions of tiie general linear diflferential 
equation of the second order, in its canonical form 

1 dm_j. 

WdAi?~ ’ 

where I is some function of u, and denoting differentiation 
with respect to u by accents, then 

F'= U{Ui+2U{iri'+ 
=21U^U,+2Ut;U,', 
or T''-2IY=2V{U^-, 

and F"'- 2/F-2J'F= 2 TJ{ 17j'+2!7i'l7/ 

= 2I{UJT^+U^'U,)^2IY', 
or F"'-4/F-2J'F=0, 

the general solution of which linear differential equation is 
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A first integral of this differentia] equation is 
2py-r_ f»- 47F*+0®=0, 
where (7 is a constant, given by 

U,U,'-U,'U,= G, 
the integral of ~ = 0- 

In Lam^s differential equation 

I=n{n+l)pu+ht 

and now, changing to a;=pu as independent variable, 

MY S%Y 

+3(6i»®— 

—4{('n®+«.—8)®+2‘)i,(?i+1) F= 0, 

and tbia equation for Y has, as a particular solution, a rational 
integral function of x or pu, of the wth order, which we may 
write Y = n(pu—pa), 

and fe=(27i—l)2pa. 

Now, by logarithmic differentiation, 

u .', u.' r ^ f'y' 

Wi^U^~Y~-^-9a' 


Y ^-Yv,-pa 

U,' U,' C „ G 

while -^(p^-pay 

Brioschi shows (Gomptes Bendua, XCII.) that, when resolved 
into partial fractions, we may put 

G _y , p'o 

n(ptt—pa) ■^pu-pa’ 

provided that 

2p'a=0, 2pap'a=0, 2(pa)Vo=0.S(pa)»-ya=0, 

and 2(pa)"-ya=(7. 

m, U,' ^Ip'u-p'a U: 

Then ^--^gpu-pa’ 

and^ integrating, 

Fu, or I 7 i=D?%i^exp(-u^a)=n^(^,a); 

^ ora 

while CTj or FC-u) is obtained by changing the sign of u or a. 
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267. Hermite shows {Comptea Bmdus, 1877) that the func¬ 
tion Ilu) may be otherwise expressed by 

and called the simple element, is of the form a), 

<i(u, a) being a solution for and h=pw (§ 204). 

To obtain the coefficients J.j; ... in F(u), we suppose 
4»x, or co), Fn, fw expanded in the neighbourhood of 

<^=0 (§ 195), in the form (HaJphen, F. E. I., chap. VII.) 

«) =^-l-X+(X*- 3\pft>-p «)|j + •... 

^11-1)! , (%-3)l . ,, (11-5)! 

Substituting in Lamd’s differential equation 
F''u= {n(n+l)pu+h]Fu, 
we obtain, by equating coefficients, 

^1“ 2(2n-l) ’ 

fa-l)(ri-2)(n-3)(74-4 )ft,_<!Hil(2i^ I. 

8(2ii-1)(2«-3) \ 10 j 

On comparing the two forms of the solution Fu, we find that 
o)=Sa, and X=fa>—2fa. 

Thus, for instance, when 91 = 2 , we find, as in § 209, 

When 91=3, 

Fv,=^u, 

=^j^(u, <o)e^’‘-(pai+pa2+pas)^('u, a»)e^“, 

where 

p'a^+p'aj-hf'as^O, 

paiP'ai+pajjj'a2-l-pasP'a3=0, 

^to—fttj=X. 

This fails when g^=0, and ai=v, a^=ufv, a^=oih }; but now 
(§ 229) Fu=\{p'v-p'u). 



CHAPTEE IX. 


THE EESOLUTION OF THE ELLIPTIC FUNCTIONS 
INTO FACTORS AND SERIES. 


268. The 'well-known expressions for the circular and hyper¬ 
bolic functions in the form of finite and infinite products 
(Ohrystal, Alg^a, II., p. 322; Hobson, Trigonometry, chap. 
XVII.) have their analogues for the Elliptic Functions, as laid 
down by Abel in Crdle, 2 and 3. 

Granting the possibility of the resolution into linear factors, 
the individual factors are readily inferred from a consideration 
of the zeroes and infinitiee of the function. 

Denote ^K+^K'i by D, 

where m and n denote any integers, positive or negative, 
denote also QH-AT or (2m-|-l)jSr-l- SmK'ihyQjf 
Q+K+K'i or (2m-|-l)A:-|-(2«-l-l)A'i by Q^, 
and Q+ K'i or 2mA' + (211+ l)Ki by Qj. 

Then considering the function 

snu, 

the zeroes are given by us=Q, and the infinities by u=Og 
(§ 239); and thus we infer that, if snu can be resolved into 
a convergent product of an infinite number of linear factors, 
the form is 


snu=A 


msoo »s00 / nt \ 

u H' H' (l-g) 

mss-00 n= -CO > ft* ^ 
m=oo »aoo / 

° ^ v-w 

m=-eons:-eo^ ^*8' 


( 1 ) 


the accents in the numerator denoting that the simultaneous 

zero values of m and n are excluded. 
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Similarly, . 

dn w=on n(i .(5) 


the zeroes of cnu beiag given by u=£li, and the zeroes of 
dnu by u=f 22 , vrbile the infinities are ^ven as before by 
u=Q^‘, D denoting the denominator in (1). 

259. But now, in demonstrating the analytical ecLuivalenee 
of the expressions on the two sides of equations (1), (2), (3), it 
will fix the ideas if we employ a physical interpretation, such 
as that given in § 24i7. 

It was shown there that the real and imaginary part (norm 
and amplAtnn^ of 

logsnw, 

where w^u+vi, will represent in the rectangle OABC the 
potential and current function of the flow of electricity (or of 
liquid, following the laws of electrical flow) from a positive 
electrode at 0 to a negative electrode at 0, Jv ampbres being 
the strength of the current; but here we take OA = K, OC=K '; 
and u, V are the coordinates of any point in the rectangle. 

The infinite series of electrodes, which are the optical images 
by reflexion of these two electrodes at 0 and C, will form a 
system on an infinite conducting plane, such that, if the 
strength of the current at each electrode is 2^ ampbres, the 
resultant effect in the rectangle OABC will be the same as 

before. (Jocbmann, ZpAiscSvrift fv/r Mathematik, 1865; 

0. J. Lodge, PhU. Mag. 1876; Q. J. M., XVII.) 

Starting with a single electrode at 0, of current 2x ampbres, 
the potential and current function at any point whose vector 
is w or -It+vi are the -norwi and cmpUtude of log w ; and log w 
may be the vector fwnctiov, of the electrode at 0. 

For an electrode at a point whose vector is c=a+bi, the 
vector function at z=x+yi is log(z—c), 
which may be written 

log(l-z/c), 

disr^arding the complex constant log(—c). 
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The vector of aDy optical image of 0 in the sides of the 
rectangle OABO being given by Q, the vector potential of the 
corresponding electrode is log(l—ty/Q); and the vector function 
of the system of images of the positive electrode at 0 will be 

iog»n'n'(i-g. 

Similarly the vector function of the system of ima.ges of the 
negative electrode at C will be 

iognn(i-g). 

But these functions, considered separately, represent a 
physical impossibility, and are analytically meaningless; their 
difference, however, 

will represent the vector function of the whole system of posi¬ 
tive and negative electrodes; and since this function satisfies 
the requisite conditions inside the rectangle OABG as the 
function logsn^c;, we are led to infer equation (1), with suitable 
restrictions explained hereafter. 

For logcntc;, the positive electrode is placed at A, the 
negative electrode being still at 0 ; the vectors of the positive 
electrode images are given by ; and now equation (2) is 
inferred; while for logdn^(;, the positive electrode is placed 
at jB, and the vectors of its images are given by the 
negative electrode being at G ; and we infer equation (3). 

When in the rectangle OABG we have OA — d, OG=b, 
we take KIK^hja, and write K{xla)+K"i{y/b) for u+vit 
X, y now denoting the coordinates of a point. 

260. We now proceed to express these doubly infinite pro¬ 
ducts of factors, corresponding to the different integral values 
of m and ti, by means of singly infinite factors for different 
values of n\ that is, we combine all the factors for one value 
of n and the infinite series of values of m into a single ex¬ 
pression; and here we employ the formulas for the trigono¬ 
metrical functions expressed as infinite products. 

Interpreted physically, we detemine the vector function of 
an infinite series of electrodes, equispaced on a straight line 
parallel to OA, 
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Denoting the vectors of such a series of positive electrodes 
by 2ma+^i, the vector function is 

log’n“’(»-2ma-‘nhi), or ’ 

ms-eo 

and provided that (z-nbi)l2ma is ultimately zero when m is 
infinite, or that z/ma and n/m tend to the limit zero, we can 
write this vector function (Cayley, Elliptic Fv/nctions, p. 300) 

logsin JtC*—" nhi)/®!.W 

Resolved into its -norm and amplitude, this vector function is 

i log J[cosh{w(2/— nb)/a} — cos Trtc/a] 

+i tan ” ^[tanh{— 7>E)ja} cot(Jiraj/o)]. • • .(6) 

The amplitude or current function is therefore constant when 
®=(2m+!)«-, and there is no flow across these lines, provided 
however, as is physically evident, we do not recede to such a 
large distance from the origin that we are not justified in 
taking ltz/2ma as zero. 

261. We suppose that Oy passes through the centre of this 
infinite series of electrodes, or that m reaches to equal infinite 
positive and negative values; but now, at a very large dis¬ 
tance from 0, the electrodes on one side of a line, given by 
a!=(2m+l)a, where m is a large number, will preponderate 
over the electrodes on the other side, and the resultant effect 
win he a uniform normal flow a across this line, to counteract 
which a term of the form - oa or log must be added to the 
vector function. 

The analytical equivalent of this physical effect is illustrated 
by the theorem proved in Hobson’s TrigoTumetry, p. 328, that, 
when the integers p and g are made infinite in any given 
ratio, then <f>z, the limit of the product 

. 

The infinite product HCl+CnPs) is convergent for all finite 
values of as, if the series 2c» is convergent; as is evident on 
expanding the logarithm of the product. 
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But Weierstrass shows (Berlm Sitz., 1876) that the divergent 

can he made convergent if the exponential factor e*/™* is 
attached to the linear factor l-a/ma; or, interpreted electri¬ 
cally, if to the motion due to the electrode at ma, whose 
vector function is log(l — 0 /iJia), we add a uniform streaming 
motion parallel to the vector ma, given by log or zjma. 

Now, denoting the hannonic series 

l“'+2"^+3~^-|-...-l-p-i by 8p, 

^z =e^*j>" &m{irzja) =CP/3)^*sin('7r2/a), 

since the limit of logjp or Sj—logg is Uul&i^a ooristant. 

262. In a similar manner it is inferred that the vector 
function of an infinite series of positive electrodes, whose 
vectors are (2m4-l)a+wH 

m reaching to equal positive and negative infinite values, is 
log cos hT(z-vM)la=^log^[cosh{ir(y~nb)/a} +cos( 7 ra!/a)] 

+4tan-i[tanh{Jir(jr-TC6)/a}tan(J«j/a)], (7) 

having lines of equal amplitude given by «=2ma. 

Therefore the vector function of a pair of lines of electrodes, 
whose vectors axe 2ma±nbi, is 

log sin{ ^Tr(z —9^6^)/tt}sin{ ^• 7 r(z+nbi) ja) 

= log J{cosh(7iT&/a) — cos( 7 r 0 /a)}; 
or, corrected by the addition of a constant, which makes the 
function vanish when ^=0, the vector function is 

, <so6h{nvhja) - cos( 7 rg/a) 1 - 2g" cos Ma) + ... 

cosh(^7r&/ct)—1 " (i Z ^2 ■» W 

where j--g-7r6/a 

For a pair of lines of electrodes whose vectors are 
(2m+l)(X±7i6i, the vector function is 

log cos{ l7r{% - n&i)/a}cos 7r(0+ nbi)la}, 
which may be replaced by 

loff coah(n';r 5/a)-f- cos(7rg/a) Ijf 25 »co 8 (waf/a) + 

® cosh('n,ir6/a)+l -(9) 

For the line of electrodes along OA, whose vectors are 2ma 
or (2m-l-l)a, the vector function will be 

logsin(^'7r0/a) or log co8(|x«/a). 


(10) 
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263. Under Cayley^s restrictions, that m- reaches to equal 
positive and negative infinite values, and n also; but that the 
infinite values of w are infinitely small compared -with the 
infinite values of m (equivalent to taking the infinite array of 
the images of the electrodes as contained in an infinite rect¬ 
angle, of which the length in the direction OA is infinitely 
greater than the breadth in the direction OS), we can now 
replace the doubly infinite products in (1), (2), (3) by singly 
infinite products, in the form 

» (U) 

n TT l+2g^~^cos('7ru-/i?)+g*“~^ . n n3> 
^ ^V 

„ l-2gt®“-^cos(Tru/Z)-Hg*""® 

° . ^ ’ 

By putting ' 14 = 0 , the values of A, B, 0 are seen to be 

JT/Jw, 1,1; while q=exp(-7rii:7Z). 

The common denominator D of the three elliptic functions, 
which represents physically a function whose logarithm is the 
vector function of the negative electrodes at points whose 
vectors are of the form fig, is the equivalent of Jacobi’s Theta 
Function of § 187; and we write 

l-2(7’^-^cos(Trn/-g)+g*”~ ‘^ 

014 = 00 n — 

nnTrfi i sin^C^W-g) A nSl 

=00 n|l + l)hirK 7 K] . 

The numerator of sn u will now be the equivalent of the 
Eta Function, defined in § 192; and thus 
H'14=,^ic snu 014 


dnu= 

where 

J)= 


= Jk^ 00 sin 


iin(J'7ru/.Sr)n| 


sin^(i'7ru/-g) 
'^sinh®(iiwJ 


The numerator of cn u is represented by the Eta Function 
of u+^, and the numerator of dn u by the Theta Function of 
u+K ; and the factors are so chosen that 





INTO FACTORS AND SERIES. 


288 


8n«=- 


1 Hu 


(IT) 

Eiluation (6) of § 188 may now be written 

6(u+v)e(u - ^;)02O=e^u - H®u H*t;;.(18) 

while, by means of (7), § 137, 

H(«+u)H(u - «;)e*0=H*tt - 02% H*%. .(19) 


264. It is convenient to replace Jwu/JT by a single letter x ; 
a^d we shall now find that the constant factors are so adjusted 
as to give the expansions in a Fourier series in the form 

eu=1 - 22 cos 2a!+22*cos 4ai - 22»cos 6a!+.(20) 

Hu=22^sin a —22*8in 3a!+22^*sin 5x— .(21) 

It is easily shown algebraically that 


“ff (1 -2®“-^«)(l -2®“"^'^) 

= Q{l-2(2!+0-i)+2‘(!s2+a-*)-2»(sS+2-s)+...} (20)* 
by changing z into q^z and multiplying by qz, when the pro¬ 
duct on the left hand side merely changes sign; whence equa¬ 
tion (20) is inferred from (15) by putting z=6 ^; and equation 
(21) is obtained from (20)* by writing qz for z, and multi¬ 
plying by qh^. 

Written in the exponential form, 


0u= 2 i 2 « 2 ^e®"**, Hu= —.(22) 


or with 2=6'“ a=vK'IK, and b=xi, 

0u=2i*’6~"^+®^, Hu= —2i*”“^e“(”“45“«+(2»-i>*,.. 
Then0(u-|- jK)=22^«*’*** 

H(u 4- jK)=22<"“*^e<*““‘>**=2«’(*“i>^+(2»-i)ft. 
and 0(u+2ir)= 0u, 

H(u-i-2i0=-Hu,. 

Changing u into or x into a!-|-Jilog2, we find 

0{u+K'i) — iq~i6-*’llu, 

Bi(u+JS:'i)=iq-ie-‘‘^, . 

agreeing in giving « sn u sn(u-|-Jf'i)=1. 

and leading by diflferentiation to the formula 

Z(u+JC'i)=Zu+(cn u dn u/sn u) -(J-ri/iT)... 

which, with (§ 176), 


.(23) 

.(24) 

.(25) 

.(26) 

(27) 

.(28) 


Z(u-l-£)=Zu —(K%nu cn w/dn u), 

leads to 


(29) 


Z(u+Z+K'i)=Zu—(siiv,dn u/cn u)—(^' 7 rilK). 


(30) 
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266. Jacobi writes ("WerTee, L, p. 499) a for and 

6x for Qv/, OjX for "Su, for ©('1*+ 

and now 


0 aj=2i®*g^e®”** 

= 1 — 2 j cos 2x +2g^co8 4®—2g®co8 6® +.(31) 

OjX = 2 i®»- 

^ 2gi8in ®—22^sin 8®+2g^sin 5® —.(32) 

= 2g;^cos®+22^oo8 3®+2g^co8 5® +.(33) 

0 ^=S2’^e®*** 

= 1+2g cos 2®+22^008 4®+2g®cos 6®+.(34) 


or, with 2 = 6 ““, 6=®i, 

6xp(—'n.®a+2‘n.6), 

6j®=2 exp(—‘M,*a+2'n,6), 

01®=Si*‘"^exp{ —(to—J)® a+(2TO—l)b}, 

0 j®=S exp{-(TO-J)®a+( 2 TO— 1 ) 6 }.( 35 ) 

Conversely, starting with these 0 functions as defined by 
these exponential series, it is possible to rewrite the whole 
theory of Elliptic Functions ah initio in the reverse order, and 
to deduce all the preceding results. 

(Jacobi, Werke, I., p. 499 ; Clifford, Math. Peepers, p. 443.) 
For instance, we find that 

0(®+Jx)= 0:^15, 0(®+Jilog2)=-43“*«^9i®. 

0i(aj+iT)= 02®, 0i(®+iilog2)=— 

62(05+Jx)=-010?, 0s(«+i'ilog2)= 

0g(fl5+ix)= 0®, 0s(»+Jilog2)= 2 “*«*‘ 620 !..(36) 

The quotient of two 0 functions is thus a doubly periodAo 
fu/nction, of real period 2^ or ir, and imaginary period i logg- 
The form of the 0 and 0 function series shows that they 
satisfy partial differential equations of the form 


d® 0 _ , de 

da? dlogg’’ 


.(37) 


and the 0 functions are therefore suitable for the solution of 
problems in the Conduction of Heat. 

Thus, if 0(® cos 0 + 2 /sin a, g) represents at any instant, t=0, 
the temperature at the point (®, y) of an iufinite plane, of 
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which y denotes the iiharmomdmo conductimty, then at any 
subsequent tune t, the temperature will be given by 

6(05 cos a+y sin a, ge - ■‘V“).^ 38 ) 

266. Similar considerations to those of § 258 enable us to 
resolve other expressions into factors; for instance, 


dnit—Kcnu ., . , dntt+Kcnu 

or its reciprocal- 


so that 


dni4—eontt 




^dnw—jc cnii 


K dnti+jccnti 'S dnu+Kcrxu 

Now dc«, or sii(K—u) = 1/k, when 

u=i^i+l)K+(2n+l)K'i, 
or cos Jiru/.£'=! cogh(in—l)^7rK'Jli[-, 

while dou— — 1 /k, 

when cos ^irujK = — cosh(2«— \)^'irK'IK; 
and therefore we may put 

(hm-KCnii. ^ ^cosh(2TO- l)^xg7if-cos ^Trti/iT 
K cosh(2n—l)i->rJi:'fIi:+coai‘iru/£’ 

1 +2g*- *co8(^ trujlC) +g**»-.' 

where the letter 0 is used to denote some constant factor. 

Now, wnting x for ^tTVijK, and supposing x and u real, 
log(l •— 2c cos as+c®)=log(l—cc®*)+]og(l—cc"**) 

= - 2(c cos 05+^c^cos 205+icScos 305+..,), 
log(l+2c cos 05+c®) = 2(c cos as - |c®cos 2a5+ie®cos Sas -.. 

, 1— 2ccosa5+c® ,, „ 

l+2ccosa5+c® “ “®+^-c»cos3a5+-Jc«cos6as+...). 

Therefore, expanding the logarithm of (39), 

dnu—/ccnit 
log-;- 

K 

=log C-42(g“-icosa:+Jg®"-Jco8 3a5+|g6»-fco8 5a;+...) 
=log(7-4(y^-cosa5+| ^£i^cos3«+i cos005+...) 

=log (7- 22 —i- (A.(\\ 

® 2m-1 sinh(2m-l)ixA'7A'’. 

and, differentiating, 

5csn« ji:-^Binh(2m-l)ixA7A. 

the expression of sn u in a Fourier Series. 
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267. By fonning the similar factorial expressions for 
Ksnu+idnu and snu+icnu, 
and taking logarithms, we shall find 
log(Ksn«+idiiw) 

1 sin(2m—/-iON 

=constant-2»22^ ^h(2m-l)iTJr/T’-^^^^ 

. . s i. X 1 sin mirulK - .„x 

log( 8n«+^ cn u) = constant mxK'IHH’ . 

and, differentiating, 

cos(2m-l)i7ru/jS: 

« “ .' ' 

1 'IT , OOSmTTUjK 

. ^ ^ 

and therefore, integrating. 

ttx , ^ siamirulK 

am cosh mirK'lR . 

We have now found that, in § 78, 

cosh mrK'IK 

268. From § 263, we find, in a similar manner, that 
log0u==constant+logII{l--2g®"’‘^cos('7ru/jSr) +g^" ^ 

= conatant-2^ ’. 

and^ differentiating, 

.(“> 

^■»= .-w 

, , ^ E nr^^m(i03(mTrv,jE) 

» .* ^ 

Now, referring hack to § 78, we can put 

^““ZsinhnxifVifir l-J*"' 

Putting «=0 in (49) or (60) gives what is called “a q series,” 
^ , m _^2mq”^ _K(K-E) 

\mh{m',rK'IK)~^L-q^~ tt^ . 
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As an exercise, the student may form ihe similar factorial 
expressions for 

1—cnu 1—snw 1—dnu dn« — cnit 

sn<u cnur tcsnu jcsnw 

and their reciprocals 

l+CDu l+sntt 1+dnu dnu+snw . 

snii ’ cnu ’ /csnu ’ ic'snu ’ ’’ 

and thence determine, by logarithmic differentiation, the Fourier 
Series for ns «, cs u, ds etc. (Glaisher, Q. J. M., XVII.). 

The applications of these expansions will be found in papers 
in the Q. J. M., XVIII., XIX, XX 

269. As an application of these q series, consider the problem 
of the electrification of two insulated spheres, in presence of 
each other, of radii a and &, and at a distance o from centre 
to centre, when maintained at potentials Va and Vj, with 
charges of and Ej, (Maxwell, Electricity and Magnetism, 
I., chap. XL). 

Then •®«=*2aoV'B+{fa&V's, Eb^^qaiVa+qiA^h, . (62) 

where q^, qw are called the coefficients of capacity, and qto, the 
coefficient of i/nducHon. 

We take u and v as coordinates, given by the dipolar sysbun 

a+yi=kiaa.^(u+vi), .(58) 

so that u=constant represents a circle through the ]>ok'» 
(0, ±k), and constant represents an orthogonal circle, with 
the pules as limiting points. 

Now, if we revolve this system about the axis Oy, which 
may be supposed vertical, the two sphercH, if outside each 
other, may be supposed defined by 
v=a and v= 

so that a=&cosecha, 6=Aooseeh^, c = /c(coth«H-coth/?); 
and putting a+P—^, Maxwell shows, by Sir W. Thoinstm’s 
method of successive images, that 

qat^k"!, cosech(?i5r-j9), ^k'2. c().s(fch 'n-w, 

3 »=AS cosech(nw—a).(.n-tj 

the summations extending for all positive inttigral values of n 
from 1 to 00 . 

Heregojis called Lambert's Series; it is consithiriMl in tin? 
Fvmdamenta Nova, § 66. 
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Again, with a—)S=», 

qaa=V2i cosech ^{(2'n,—l)cr+a!}, 
g'M,=AS cosech ^{{In—VfS—x }; 
and br the preceding formulas it can be shown that 

2»-?aa=A k— tanam(z'|, «').(55) 

When the two spheres are equal, £6=0, and 

2gin-J 

ga<i= 2»=*2 cosech K 2 «-l)®=ASj 3 ^g^i. 

When j8=0, the sphere j3 becomes a plane; and now 
qaa= cosech na=a sinh aS cosech na ; 

which shows that the capacity of a sphere of radius a is raised 
from a to a sinh aS cosech na by the presence of an uninsulated 
plane at a distance a cosh a from its centre. 

Similar functions occur in the determination of the motion 
of two cylinders or spheres, defined by 'y=a and — j8, when 
the interspace is filled with homogeneous friotionless liquid. 

(W. M. Hicks, FhU. Trma., 1880; Q. J. M., XVII., XVHL; 
Basset, Hydrodynamica, I., Chaps. X., XL; 0. Neumann, 
Hydrodyna/miache Unterauchungen.) 

270. To illustrate geometrically the singly infinite product 
forms in § 263 of the elliptic functions, consider the analogous 
problems of electrodes at the corners of curvilinear rectangular 
plates, bounded by arcs of concentric circles and their radii. 

The vectors from the centre as origin of a series of p 
electrodes, equally spaced round a circle of radius a, will be 
a exp iririlp, where r=sl, 2, 3, .... p; 
and with polar coordinates r, 6, the vector of the point will he 
r exp id; so that for the p electrodes, each conducting a current 
of 2ir ampbres, the vector function is 

logii^r exp(i0)—a exp(2rxi/p)} =log(ri’6^>’®—aJ*).(66) 

r=l 

by De Moivre’s Theorem (Hobson, Trigonometry, Chap. XIII.). 

Interpreted geometrically, the norm is the logarithm of the 
product of the distances of any point P from the electrodes, 
while the ampUtude is the sum of the angles the lines joining 
the electrodes to P make with the vector 0 = 0. 
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We thus prove incidentally one of Cotes’s theorems, namely, 
that the square of the product of these distances is 

_ oi’Xri’e - <*>0 - ai>)=- 2ai’ri’oo8 p6+o®i>,... (57) 
and, in addition, the theorem that the sum of the angles the 
vectors from the electrodes to P make with the vector 0=0 is 


, r^’sinnd 

. 

and when the sum of these angles is constant, the locus of P is 
an oblique trajectory of the curves 

rPcoapO or ri’sinp0=constant. 

With a single negative electrode at the centre, of current 
nr ampfei-es, half the total current from the n electrodes on the 
circle will flow to 0, the other half flowing off to infinity. 

Now the vector potential is, on writing s'* for rja, 
log(»‘”e^"®—a”)—I log 

= i ]og(eosh np - cos n6) +i _ ^i^e.. ..(59 

We can isolate a sector, bounded by 0=0, Q—rIn, and 
i’=a; and the preceding expression will represent the vector 
function of the electrical flow of ampbres, with electrodes 
at the end of the vectors r=a, and at r=0. 

The ampUtvde of this expression will also represent the 
temperature in this sector, if the radius 0=0 is maintained at 
temperature 0, while the radius B—r-jn and the aror=a are 
maintained at temperature It. 

271. Now suppose that on the same circle r=o, an equal 
number p of negative electrodes are placed, equally spaced be¬ 
tween the. j)ositive electrodes; the vectors of these electrodes 
being aexp(2r-l)7ri/p, the vector function is 
— log(ri’6<J'0-l-a>'); 

or, if moved out radially on to a circle of radius b. 


- log(ri’c'yH+ti'). 

The vector function of p equal electrodes at a exp 2rrilp, 
and of p equal negative electrodes at a exp(2r—l)^/^ will 
therefore be log(rPe'i'^—<ii')/(rJ'e‘2’0 -f aP ); 

which, when resolved into its norm and amplitude, is 




2ffl^’r*’sin p6 
r^p-aup 
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= .(61) 

coshjpp sinhjpp’ ^ ^ 

with p=log(r/a); this function will represent the state of 

electrical motion in a wedge bounded by 6=0 and 6 =- 7 r/ 2 ?. 

272. The substitution in the preceding expressions in § 247 
of the conjugate functions p 6 and log(r/a)P or pp for u and v, 
leads to the solution of corresponding problems for curvilinear 
rectangles bounded by arcs of concentric circles and their radii; 
and now g= (h/a)^, where a and b are the radii of the curved 
sides, while x/p is the angle between the straight radial sides; 
so that in the rectangle OABG, 

OA — airlp, jB(7=6x/p, 0(7=-dJ5=a—6. 

The vectors of the images of an electrode at 0 are now 
aq^l^exp irTrilpt 

where n denotes any integer, positive or negative, and 
r=l, 2,3, 

For electrodes at -d, jB, G, the vectors of the images are 
(;^ 2 »/Pexp( 2 r—l)ix/p, 

^C 2 n-i)/pgxp 2ri7rlp, 

i)/pexp( 2 r—l)ix/p. 

For a given value of ti, the vector potential of the electrodes, 
whose vectors on a circle of radius are 

ag^^exp 2 rix/p or ag”/Pexp(27’—l)xi/p 

will be logII(r^'e^^^—or logllO’^^c^^^+a^'g’^).(62) 

Now, suppose a positive electrode is placed at 0 and a 
negative electrode at 0, with the corresponding system of 
images; the vector function is 

log "if (rPe^^ - aPg 2 n)/(rP< 3 ^^- aPg^n- 1 ) 


=log- 






jl-g®" 1 





m 


on introducing a negative electrode, of cui'rent x amperes, at 
the origin; and, writing xw/if for y^+ilogCa/r)**, this becomes 

logsui(Jxw/Jr)TT-j _2q^-hoa{Tfw/K) . 
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equivalent, as in § 263, on omitting constant terms, to 
logsnm 

A similar procedure with electrodes at A, 0, and B, G, will 
lead to the singly infinite factorial expressions for cnu and dntt. 

Projecting these equipotential and stream lines stereographi- 
cally on a sphere which touches the plane, we shall obtain the 
corresponding solutions for the flow of electricity on the surface 
of the sphere. 

(Robertson Smith, Proc, R. S. of Edinburgh, vol. VII.; 
M. J. M. Hill and A. J. C. Allen, Q. J*. AT., XVI., XVII.) 


273. When these electrodes are replaced by straight parallel 
vortices, perpendicular to the plane, which is taken as hori¬ 
zontal, the potential and stream functions are interchanged. 

Suppose a vortex is placed at a point P in the rectangle 
OABG ; to introduce the restriction that there is no flow across 
the sides of the rectangle, we must suppose the motion due to 
vortices which are the optical reflexions of the point P in the 
sides of the rectangle; the sign of the vortex being positive or 
negative according as the corresponding image has been formed 
by an even or odd number of reflexions. 

The vectors of the positive images will therefore be 
'ima+SLnbi±:Zy 
and of the negative images 

2ma+2nhi±z'\ 

where y% d = u;—■?/ /. 

The resultant current and velocity fuixction at will 

therefore be the norm and amplitude of 

lo(r 

° .' ' 

At the point P, this vector tuncti<ni, duo to all tho other 
images, is therefore 

, TYTT_ (%7mi+2nhi)('2,VM + 2yihi+ 2s) 

® (•2,nui+inbi +s—+io /;t. -t- s+s'j ’ 


and writing 


and iK' +^KVl 


this may, according to § 263, he replaced hy 
l0£f . 


” I la Hoi 
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The stream function at P is therefore, disregarding constants, 


ilog 








, , (Ohn, QhAX 
HW 

= I log(nB®u—ns®i;i) 

= i log{ns*(u, k) +ns®('!;, k') — 1};.. .(66) 
so that the curve described by the vortex is given by 

nB\2Kxla, K)+n^(^K'ylb, «') = constant.(67) 

and all the other image vortices keep up a symmetrical dance, 
by describing similar curves. 


274. The vortex is stationary when at the centre of the 
rectangle; and now, changing to the centre as origin, the 
vectora of the images are ma+nbi, where m+n is even for 
the positive, and odd for the negative images; so that the 
vector function of the motion is given by 

, TTTr(2«M»+2«&i—s){(2m+l)a+(2n+l)&i-s} 

log il li^ ^ 1 )^ - ^} {(2m+l)a+2n6i- 5 } 

= log«“i“''f“'^^==Uog-J-;-°?-^.(68) 

^ aii^w " ^1 + cmv^ ^ 

Expressed as norm and amplitude, as in g 247, this function 

, 1—cn^^; 1 —cntc;' 5 , ^1—cnw; l+cnto' 

l+ciiw l+cnv/"^^ ^®^+cn^t; i —cnv/ 

, , cn cn u . , 1 sn u dn dn u sn m 

= ilog--Hr log 

^ ^cn-yi+cnu 


- — tanh- 


,cnu 


cu m 


-tanh’^ 


HHU dn ui+dnusn-yi 
snudnm 


dn u sn vi 

X 1. 1/ \ • L ,snt6dir/> 

= — tanh“\cn u cn t;)+^ tan"^-.-— , 

' dn u sn v 


.(09) 


with u = 2jraj/a, v=2K'ylb; the modulus of the elliptic func¬ 
tions of V being k. 

The equation of a stream line of liquid is therefore given by 
cn u cn constant, or 

cn(2jK"£c/a, #c)cn(2jK''y/6, /c') = constant.(70) 

Close up to a vortex the velocity according to these ex¬ 
pressions would become infinitely great, which is physically 
impossible; but a solid core may be substituted for this central 
portion, and the shape of this core has been investigated by 
J. H. Michell, Phil Traois,, 1890. 
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276. When, a point is placed inside an equilateral triangle, 
the Kaleidoscopic series of positive images is given by the 
vectors z, wz, where z=a+yi, and co is an imaginary cube 
root of unity ; the negative images being given by z', oaz ^, , 
where z^=—x+yii the origin being at a corner of the triangle, 
and the asds of x perpendicular to the opposite side (Fig. 27, i). 



In addition, similar groups of six images must be added, 
tanged round the centre of hexagons forming a tesselated pave¬ 
ment, the vectors of the centres of the hexagons being 
2'mh+2'n}ii/^3 and {2m+l)h-\-{2n+l)kif^3, 
where h denotes the altitude of the equilateral triangle. 

In the corresponding doubly infinite products,the elliptic func¬ 
tions will have K'IK=J3, so that (§ 47), K=sin 16°, 2kk:'=^. 

Then, in Weierstrass’s notation, the vector potential at 


t=i+ni 

for a single source or electrode inside the triangle will, neglect¬ 
ing constant terms and factors, be expressed by (§ 278) 
logo- (f—af)cr (f-ws )(r (f— 

) 

<r (f—w/ler (f— 

coV); .. .(71) 

while for a vortex or electrified wire, the vector potential is 


, ai^-z )q-i(f-g )«ri(^- 

“2ff(f-aV(f--«s')(r(f-wV)<ri(f-5')cri(^-«)/)(ri(f-«V)' ^ 

The nature of the resolution of these functions into their 


norm and amplitude is illustrated in ^227 to 231. 

(0. J. Lodge, FhiL Mag., 1876; 0. Zimmeimann, Dos logw- 
ifAmiscfte Potintial ei/ft&r gleichseitig d/reiechig&n Platte, Diss. 
Jena, 1880; A. E. H. Love, Vorfzx Motion in Gertain Triornglee, 


Am. J. M., XI.) 
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So also for a rectangular boundary OACB, if we write 
a for or ^-z, 

^ for ^+x+{,i-y)i, or 
y for i+x+{ti+y)i, or l+z, 

S for ^-x+(,,+y)i, or f-/; 

z, — 0 , sf being the vectors of the point P and its images 
by reflezion in the coordinate axes Ox, Oy, taken in order in 
the four quadrants; then the vectors of all the other images 
by reflexion in the sides of the rectangle OABG being ranged 
in a similar manner round points whose vectors are 2ma+2'n6i, 
it follows from what has gone before that we may express the 
vector function at ^ of all their images, taken as positive, by 

log era <r^ cry erS, .(73) 

with a)i=a, a> 3 =ti; 

disregarding constant factors, and exponential factors of the 

form exp(j4:u+jBu*). 

But when we represent the vector potential of a vortex or 
electrified wire at P, the vector potential becomes 




.(^ 4 ) 

276. As another illustration of the connexion of a regular 
E^aleidoscopic figure with Elliptic Functions, consider the solu¬ 
tion of the recvprocant 

(<*-|-l)e- 10a6<+16a»=0.(75) 

where 

(Sylvester, Lectures on the Theo'i*y of Reciprocants, VI,, 1888.) 

Mr. J. Hammond has shown (Nature, Jan. 7,1886, p. 231 ; 
Proc. L. M,8., XVII., p. 128) that the integral of this equa¬ 
tion (75) may be written 




(1 “t" t^dt 


By turning the axes through an angle ^tan-XX//e), we can 
make X vanish ; and now, replacing J* by unity, 

^ “■'■^’'T/y{(l+ti)»+(l-tip.(^7) 

0,4), (^)*=_p(a,_yi. 0,4),...(78) 
p(®+3/*)p(®-2Ai)=l.(79) 
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Since (§ 196) p(^z=u?pz, 

where <0 is an imaginary cube root of unity, therefore 

f>w(a;+3^i)pa)*(a;-yi)=l. 

which shows that the curve is unchanged if turned through an 
angle of 60* about the origin (Fig. 27, ii.). 

Captain MacMahon has shown that the intrinsic equation of 
this curve may be written 

cos3^=dn(8/c), with .( 81 ) 

The student may also show that the equation of the curve 
may be written in one of the forms 


am(a!±£’, ic)=am( 2 /±F‘',«'), 
kH-oHx, /c)=/c®tn%, k), 

K)=*Ssn®(3/, /c^, 

dn(a!, r)dn(y, k)=k, .(82) 

/c=sin 16°, k '-sin 75“. 

As a similar exercise, the student may solve the reciprocant 

tc—5a6=0 .(88) 

in the form p® pj/ = ± 1...’.(84) 

and determine its intrinsic equation, drawing the corresMud- 
ing curves {Proc. London Malk. Soo., XVII, p. 360). 

277. When we expand, in ascending powers of u, the 
logarithm of a doubly infinite product, such as that in the 
numerator of sum in equation (1), § 268, we find 

log=logtt-tiSQ-1 _ -8-...(83) 


Now, when the origin is taken at the centre of all the 
points whose vectors are 0, the coeflicients of u, u*, ... 
vanish; but the value of the series is still indeterminate, until 
the infinite curve containing all these points has been defined. 

For if P denotes this infinite product, and P its value when 
the boundary has changed into a similar curve, then 

log P-logP= Jt482n-8+..., 
where the summation now extends over the region lying be¬ 
tween the two boundaries; and now the limit of 20-* is a 
definite number, A suppose, while the limit of 20“*,... is zero. 

Therefore 


logP-logP=J^u2, or P=P6M»*,..; .(86) 

so that the value of the infinite product depends on the shape 
of the infinite boundary (Clifford, Math. Papers, p. 463). 
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But, as in § 261, Weierstrass removes this ambiguity by 
attaching to each linear factor of the product, such as 


(u 1 

an exponential factor '*’2 0®/’ 

and, in the physical analogue, the corresponding electrode at 0, 
whose vector function is log(l—u/0), must have associated 
with it a uniform flow in the direction of the vector 0, repre¬ 
sented by u/0; and a streaming motion in rectangular hyper¬ 
bolas, whose asymptotes are parallel and perpendicular to the 
vector 0, represented by J(u/0)®. 

Now in the expansion of the logarithm of the doubly infinite 
product P, when these exponential factors are introduced, 

logP = logu—■Ju®SO"®— ...(87) 

an abaohitely convergent series; that is, a series the value of 
which is independent of the order of the terma 
278. Making a new start ab initio with the sigma func¬ 
tion (§ 195), as defined now by the equation 

’’Sf /, u\ (u, , 1 u®\ 

cf) . 

where 0=2«UB+2ua)', and w'/wi is a real positive quantity, so 
that ft),«' correspond to a>^, wg or wj, < 0 / according as A is posi¬ 
tive or negative, then <tu is the analogue of Jacobi’s Eta Func¬ 
tion ; in fact, 

o-w = - «3> = Oe^««0i(iwu/«)..(88) 

(§ 268), where C, A are certain constants; also log ou is the 
same as logP in equation (87). 

Now denoting, as in § 195, 

= ^ -u^SQ-^-uOSQ-®-...,.(V) 

u 

by differentiation of (U) and (58); so that, on reference to § 195, 
we may put 

^j=602Q-*. flrg=1402f2-«.(W) 

also ^j®=2^3.5®.72Q-» flrj(78=2*.3.5.7.1l2f2-“ etc. 







INTO FACTORS AND SERIKS. 


297 


Differentiating (60) again. 




(X) 


p'u=-.4-2r,- 


u=* (u-ny 


•(Y) 


Then {au)ju, u^v,, v?^'u, uYu,..., aiu unaffected by 

the considerations of homogeneity of § 196; as for instance in 
the expansions in equations (21) and (22) on p. 249. 

A change in (X) and (Y) of u into u +'where p and 
^ are integers, merely leads to a rearrangement of 'terms; so 
that, as in § 250, 


p(ii+ '^u> +2g'<i)')= 

Also, since in J2=2m((»+2M<o', the arrangements (m, n) and 
(—m, —n) exist in pairs, therefore 

p «=0, p'(4i>+ (iT) =0, pV=0; 

end !?'*«•= 4, pu—jSft).pu—j3(a)+ft)'), pit—pw' 

=^^u-g^^u-gs, .(AA) 

as originally defined otherwise in § 50. 

A change of it into it+2ft) in (V) shows that, by a rearrange¬ 
ment of terms. 


^ti-l-2ft))=fitH-2,;.(89) 

-where i? is a certain constant, determined by putting u=-u>, 

.(90) 

Similarly ^(^*+2(00=^“+V,.(91) 

;.(92) 

and, generally. 


^u-|-2pft)-(-2qft)') = ^it-f 22),,-|-2g’V..(BB) 

Integrating (89) and (90), 

o<ii+2ft)) = (7e2^«<rtt, <r('it-l-2o)') = (7V’^“nt; 

where G and O' are determined by putting it= — t# and — 
so that 


<r(it-l-2ft)) = -e2^«'4-«)(rii, o-('it +±te)=- e*««'K^(rit, (93) 

and therefore 

<r('it -f 2j5ft)) = - ( - l)p+V^’«“+r“)(rW/,.(94) 

(r(w-f-22ft)'')= -(-l)?+ie2!r>r(«+«60<rtt,.(95) 

and, generally, 


<r(tt-|-2jjft)+2g'ft)')= —( — l)(2>+iX«+i)e(2p’?+i9)n(«+P«+9wO^^ ..,(00) 
obtained also by integration of (BB). 
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The doubly infinite products in (U) may be converted into 
singly infinite products; and now 

where 3 =e’^> and 

iw®-w*S C08ech2(W/a)i),... .(97) 

etc.; for the proof of these and other similar formulas merely 
stated here, the reader is referred to Schwarz and Halphen. 

Also, denoting Q+<o, Q+a)+ti)', 0+« by fig, Oj, 
then the function o-.m. of § 202 may be otherwise defined ab 
initio by the relation ^ 

.(EB) 

which will he found to lead to the preceding results. 

Denoting logir^'u. by — we shall find that 

Pa'“' = P(^+®a)> 0 = 1, 2, 3..(98) 

(A. R. Eorsyth, Q. J. M., XXII.) 


279. Returning to the function C of equations (8) and (10), 
§ 215, and the sign of the u’a, we may also write it 

ff(v +v,^+v,^+...+u^^)<Tiv-'>h)(r{v-u.i) ... g-(»-Uu) 

=Co+ ej)V +Cjp'v+. - + .(99) 

and we may suppose the u’s and i; to he all increased by 
equal amounts, the condition (0) of § 215 is no longer required. 
Now, since G vanishes when '0=Ur, where r=l, 2, 3, 

therefore the coefficients Cj, e^, .are determined by 

a series of equations of the form 

0 = C(,+CiplJ«r+ C2 P^'Uy+ ... + ;.(109) 

and therefore the determinant 

1) P^» P"'*'> •••» =MG, .(101) 

1, P»n P'l*r, •••, 

where ilf is a factor independent of v ; and now this theorem, 
as a corollary of Abel’s theorem, shows that the determinant 
also vanishes when v= —u^—Wj—...— u,b. 
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The symmetry of the determinant shows that M must be a 
symmetric function of the u’s ; or writing for v, and denot¬ 
ing the determinant by then ^ is a 

symmetric function of the u’s, such that 

(.p<q.p. 2=0, 1, 2, .... ^), 

and it will be found (Schwarz, § 14) that 

Thus, for instance, with /t=2, 

1) jw*'> _ g oju -b u ■+ w)a{v—w)ff( w — u)(r{u — v) 

1, py, ^'v oHta^Va^ * 

1. pw, p'w 

By forming a similar function C' of the u'’8, subject to the 
condition (6) of § 215, we see that (7) is an elliptic function of 
V, which can be expressed by G/G', where G and G' are given 
by determinants, as above. 

Equation (CO) is also sufficient to prove that the function 
in (7) § 216 is doubly periodic. 

As an application of the principles of this article and of 
^ 209, 215, 216, 267, the student may prove that Q of § 216 is, 
■writing a for Uj, b for u^, and u for v, given by the equations 

Q 0^^ ~l~ + b)ar(ji -|- b) 

<t(% ab)ffUi (TOh ah 
= 1 1, pit, -5- 1, pu, p'u 
l,pa, p*a 1, pa, p'a 

1, pb, p®6 1, pb, p'b 

=f(u-(-a-(-?))— fu—fa—f6. 

We thus verify the equations of §§ 209, 257, 
d g<^+g+gg_^^+^)^(r( u+a)(r( u + 6^^^ 
du crU(r(a+b) (fyucracro 

==<f>{u, a)<t>{u, b). 

When condition (6) of § 216 is not satisfied, then (7) reappears 
qualified by an exponential factor of the form when v is 
increased by 2p(o+2q(ai the function is then called by Hermite 
a doubly periodic function of the second hind; the function 
fp(u, v) defined in § 201 being the simplest instance of this 
kind of function. 
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280. Making the u’s all equal, as in § 218, and interchanging 
u and V, the function 


_<r(y^+IULv){(r('W-- v)}^ 

is a doubly periodic function which can be expressed in the 
form of C ; but now the coeflSlcients c must be determined by 
a series of equations of the form 

0:=Cq+c^Pv +c^^'v +..., 

0= c^p'v+c^p"v + ..., 

0= c^p''v+c^p"'v+,.., 


Expressed as a determinant we may now put 


1 

pu — grv, p'u- 

‘P'v, 


nl 

P% 


p{f^)u — p{lA)v 


9'\ 

P"'V, ... 




ffMv, ... 



Finally, making u=v, and dividing both sides by (u—-yy*, 
we find, in the limit, 


<r(/4+l)u _ 


p"% 


puWVf 

p(M+i)u 






...(GG) 


(—1)^ 

where '^^^^(ir^rsrT:. ,t!)2 § 16); 

Halphen denotes this function of u by V^(;n+i)U. 

Thus for instance, as in § 200, with jn — l, 

, <r2u , 

Again, with /x = 2, 

~ “ P'Mpm - p2«). 

By logarithmic differentiation, 

j^loglog^p=ii*(ptt-pnu), ....(HH) 

whence pnw can be expressed rationally in terms of pw, p'u ,.... 
When u=t;, 

lx <r(fji.+l)v , 

{<r(u—t;)}^ * 
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Also, when ^=0, 

V=(-1 ^ ~ 

= lt( trM>*+^ {a,)+Oipu +...+-1)«)} 

= 0/x(-l>‘+V!;.(102) 

and therefore a^=0, when ;u'y=2jp«i+2ga»8. 

281. In the pseudo-elliptic integrals (§ 218) 
fjLV=Q (mod. wj, ojg); 

and now, knowing the number fi, the coefficients Cj, o^, Cg,... in 
G or )(U are readily calculated from a knowledge of the values 
of 9"v, ... j in this way the results employed in ^218, 

219, 223, 226, 233 were inferred. 

Thus, for instance, in § 219, we know that 

y«=3, /*i;=3<Bi-b<Bj; 

P®=J, p'v=Si/^2, p'''w=—6, p'"v=18i^2, (p"’"v= — 252, ...; 
so that the ratios of Oj, Cj, o^, ... can be calculated from the 
equations O^Oj-j-Jcj-f- Ocg, 

0=3i.^2ci— 6c2+18iV2cj, 

0= — 6ei-l-18i,y2c2— 262cj. 

Taking an arbitrary value of Cg, say f, we And, by solution, 
Cg= 9, 0^=—10, Cg=—3i,^2; 

X“=#es(t p"u-Si^2 p'u-lO pu-9) 

=^C8{(2 j5tt-t-2)(2 pu-'I)-Si^2 p'u}. 

Now vii - 3a>i+<»>sV(^-'^) 

^ <rHKr“v 

SO that, in the algebraical herpolhode referred to axes rotating 
with a certain angular velocity, we may put 
(x+iy)^=Axu(s>u-e^-^, 
thus leading to the results of § 219. 

As other numerical examples the student may investigate 
the results of §§ 218, 223, 225, 233; all^o the example due to 
Abel ((Euvres, I, p. 142), where /i=5, gz = ^^, 5^8= 

■y=fttig' or when pv=—2 or 1; we then find that the 
values of Cj. ® 2 > ®i> proportional to 

-288, -36, -48iV3, 12, i^8, 0; 

-396, -252, -12iV3. “24, i^S, 0. 


or 
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Writing s for pu, then we may put 
XU=- 288 -36pu- 48i^3p'u+ 12p''u+iJZp"'u 

= 36(28®-8-10)+12iV3(s-4)*/(48»-12«-19), 

XU = - 396 - 252ptt - 12i^3p'u - 24p*u+ 

= - 36(4!8®+78+7)+12iV3(8-l)V(^8®-128-19) 

We thence infer that the corresponding pseudo-elliptic inte- 


grals involve 

, _, (8-4W(4s»-128-19 )__.x^3(28^-8-1^^ 

^3(282-8-10) 2(8-1)^ 
,(8- 1)^(48«-128-19) _ 1 ^3(482 ^ ^ 

^ v'3(4s2-1-784-7) 2(8-1-2)^ 

and now by differentiation we infer that 
/'28-1-13 _jfo_L ^ 

J ^(48^-128-19) J'i 


or 


^3(2s*-8-10) 


J 


ds 


_ 2 , ,( 8-1)^(48»-128-19) 

^(4s2-128-19) J^^+18+^) 



8-1 ^^(48* 

48-7 
84-2 

Thus, in the Weierstrassian notation, 

= -i 

with ^s=12, flfs=l9, according as pv=l or -2. 

These results may he employed in the construction of 
degenerate cases of the catenaries discussed in ^ 80, 20o, 206- 
Thus, for instance, the curve given by 


or 


r^=k\pv,-\-2). 


•r'->cos(2 V3u - 50) = +9/c*), 

is a plane catenary for a central attraction nhor per unit of 
length, in which (§ 80) 

t=^nhv(7^—'ik^), tp=i^Znhi}l^. 

So also a tortuous catenary is given by the equations 

‘t^=l^{p{^lk)-Vj[, 

r8cos(50 -f -Iv'Saj/A) = jZk{2T*+Zl^ - 9/c*), 
under an attraction 'nhjor to the axis Ox. 
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282. Other pseudo-elliptic integrals are formed by the sum 
of two or more elliptic integrals of the third kind, when the 
sum of the parameters is of the form , as in § 226, for 

the expressions of ^ and 

We shall denote the integral of the third kind in the form 
^ have found is the form of 

most frequent occurrence in the dynamical applications; and 
now ipi) shows that 

6)—$(u, a+b) 

r. . ... a{a-ii)<r(b-u)<ria+b+u) 

_ ^ p'a—p'b p(<»+‘»’)-P(i^ + »' ) . P«-p(tt+&-u) 

^ pa ^pb ^ ® tt)—p(6 — u) pu-^p{a+b+u) 

by reason of (y), § 197, and (K), § 200. 

When a+b = oi)aj a-l-t)=0; and now 

«(»,«)+»(», i,)—ioggs^|5s- 

By equation (N), § 249, we may write 

-, a(a+‘u)—ea , , U pu—ett..&a—ep.fa—ey \ 

^ p(a-u)- ‘\\pa-ea ■ pa-«/3 • 

= tanh-x-^P-“7-‘^, or 

pa—fia p'Wf pa—e® 

the latter form to be employed in dynamical problems, where 

p'a is always imaginary ; thence the expressions given for ^ 

and ^ in § 226 can be inferred. 

As an application we can put a 2)=-I- C03 or 0)3 in § 209, and 
thence deduce a degenerflLte case of the Spherical Pendulum. 


Examples. 

1. Prove the following q series:— 

(i.) 1 -j- 2^ + 2^* -{- 2^^ +... = 0J?* = (J^l ^ > 

1+2}+25‘+~- 6K 

.... 1 — 2g+25*— ..._ 00 _ / 

U11-) l+^+‘2g*+... OR ^ ’ 

(iv.) (l-2j+2g*-...)*4-(22*+2g-i+...)*=(l+2?+23*+-)*; 
(v.) J{KK)^2qK J^?S:l/l728y* or- l/1728g,ac(»rd- 

ing as A is positive or negative, when q and /c or /c is small. 
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2. With the notation of § 265, prove the theorem 

e^{w)e^(x)6^{y)e^{z) - e4.w)ei{x)6^{3j)ei{z) 

-0(w)d(!B)0(s/)e(2)+0i('M;)0i(a!)0i(y)0i(2) 

= 20i(8)0i(8 -y- 2 ) 0 ji(s -z-x)e^(8-z-y), 
where "iB^w+x+y+z. 

Deduce ihe formulas 
(i.) (c®/c'%n«sn'»snrsns 

—ic*cn u cn cn r cn s+dn -a. dn v du r dn 8—«'*=0, 
provided w+i;+r+8=0. 

(ii) *:®snK'W+^+’'+8)siii('M'+«'-'»‘-») 

X sn J («—V+r—8)3n K-ii—V—r H-8) 
(di mdixt;dnrdn8-K^ucn‘i>cnrcn8+/c^<c‘%imsiit>snrsn8-jc'^) 
~ (dniidn-udjirdns-A um cn'i;cnrcu8 -K*jc'*snt6sni;sn»*8n«+K'*)‘ 

3. Show that 

(ej - e8)<ri(te.)cri(3u)+(eg - ei)<r2(u)(ra(3«)+(e^ - e2)«rj(w)(rg(3u) 

= 2 ( 82 —Bg) (eg—BiXe^—e2)(r^w)(r*(2«). 

4. Show that Weierstrass’ function <rCti) satisfies the partial 
difTerential equations 

Show that the second of these equations is also satisfied by 
the function 

0’a(u)/{ (<9a - e^)(ea - 6y) }i; 

and write down the differential equation satisfied by (TqIVu, 

5. Prove that the projection of a geodesic on a quadric of 
revolution on a plane perpendicular to the axis is analytically 
similar to a herpolhode (Halphen, II, Chap. VL). 

6. Evaluate the surface of an ellipsoid. 

7. Construct some degenerate cases of trajectories or caten¬ 
aries on a sphere, or on a vertical paraboloid or cone, employing 
the numerical results of the pseudo elliptic integrals. 




CHAPTEK X. 


THE TKANSFORMATION OF ELLIPTIC FUNCTIONS. 

283. By the Theory of Transformation is meant the ex¬ 
pression, in terms of the elliptic functions of modulus k and 
argument of an elliptic function with respect to a new 
modulus X and of a proportional argument VaJM ; and then M is 
called the multiplier, and the relation connecting the moduli 
\ and K is called the modular equation. 

A particular case of Transformation has already been intro¬ 
duced in Landen's Transformation (§§ 28, 67,71,123,181,182) 
in its application to Pendulum Motion, and to the Rectification 
of the Hyperbola. 

In accordance with the plan of this treatise, we begin with 
a physical application of the Theory of Transformation, before 
proceeding to the analytical treatment of the subject. 

Suppose then in § 269 that an odd number, n, of such 
rectangles as OABO are placed in contact, side by side, so as 
to form a single rectangle OA^BnO, of length 0 jil„= 7 ia,(and 
height 0C?=6; and now put 

OAnlOG^nalb^KIK', 

OA lOG^ a/6=A/A', 

so that AyA=nK'IK; .(1) 

where K, K' denote the quarter periods with respect to the 
modulus K (§ 11), and A, A' with respect to the modulus X. 

Let us begin by placing a positive electrode at 0, and an 
equal negative electrode at (7; then, inside the rectangle OR, 
the vector function will be 

log sn Az/a =log sn(Aa5/a-b A%/b), 
z^x+yi. 


with 
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Bat, inside the rectangle OBn, the vector function of these 
electrodes and their images will he that due to positive elec¬ 
trodes at 2sa and negative electrodes at where s 

assumes all integral values from 0 to n—1; and the vector 
function of this system is 259, 275) 

log n snK{z—28a)l'm=\ogTlsD.{Kxj'iia+K^jjh—%8Kl'tC). 

The physical equivalence of these two forms of the vector 
function, as seen from two different points of view, shows that 

sn(A0/a)=J. n Ba(Kzlna—28Kln), 


smO 

or sn(u/M, X)=11 sn(u— ^sKjn), .(2) 

where u/M=Azla, u—KzIna', 

so that M=KlnA=K'jA'; .(3) 


this is the formula for the first real transformation oi the sn 
function, of the nth order. 

Similar considerations will show that 


cii{v,jM, X)=jBIIcn(u—28ir/7i),.(4) 

dn(ulM, X) = OJIdn(v>—28KJn) .(5) 


If, as in § 263, we put 

q=exp{—wK/K), and r=exp(—xA'/A); 


then r= 2 ”,.(6) 

and X is less than k. 

It simplifies matters to place the rectangle OB in the 
middle of n such rectangles placed side by side, and now s 
ranges from —^(11 — 1) to ^( 114 - 1 ); and combining equal posi¬ 
tive and negative values of s, we find, according to (7) § 137, 


where 


sa(n/M, X) 

<o=K/n-, 


sn2i(,_gnS< 

Asntt n 




1 — ic®sn* 28® sn V 


■(7) 


or 




.( 8 ) 


connecting ^=sn(u/Jf, X) and aj=sn(tt,«), a = sn(28A7»i). 


284. Next suppose that n equal rectangles, such as OABG, 
are piled on each other, so as to form a single rectangle 
OABnOn, where 0A=a, 0Gn='nh; and now put 
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0AI0Cn=alnh=^KIK', 

OA/OC = alb^KIA') 

so that J^7J^=1^A7A.(9) 

The physical equivalence of a positive electrode at 0 and an 
equal negative electrode at 0, and of their images in the rect¬ 
angle OABG, with the positive electrodes at iaK'iyjb and the 
negative electrodes at {28+l)E'iylb in the rectangle OABnOn 
and their images, shows in a similar manner that 

sn(A 2 ?/a, \)=^ATlsn(Kxla+K'iy/nb--28E'i/n), 
where a may assume all integral values from 0 to 1, hut 


preferably, from — 1) to 

sn(u/ilf, \)=AlIan{u—28K'i/n, /c),.(10) 

where u—Kz[a ; 

so that M=EIA^K'lnA'\ .(11) 

and now, with 

q =exp( - ttE'IE), r =exp( - wA'IA), 

we have .(12) 

and now X is greater than k. 


Similar considerations show that, by placing positive and 
negative electrodes at A and G, or B and G, we shall obtain 


the formulas 

cn{ulM, X)=jBncn(u-2sZ'i/ri);.(13) 

dn(u/Jlf, X) = a n dn(u - 28E%/n );.(14) 


these are the formulas for the second real transformation of 
the elliptic functions, of the nth order. 

A similar physical interpretation of Transformation may be 
given in connexion with the curvilinear rectangles bounded by 
concentric circular arcs and their radii, as discussed in § 270. 

285. Besides the first and second real transformations in 
which q is changed into g” and q^f^, now denoted by and 
there are in addition 1 imaginary transformations, 
when ^ is a prime number, in which q is changed into 
denoted by where p = l, 2, 3,..., n-^l, and o) is an 
imaginary Tith root of unity; so that, corresponding to a given 
value of K, the modular equation of the Tith order, if prime 
will be of the ('Ji-l-l)th degree in X, having the roots 

of which two only, X^ and Xq, will be real; 
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We need only consider the Transformations of prime order, 
as a Transformation of composite order, can be made to 
depend on the transformations of the mth and -n^th order. 

The different transformations of the mnth order are formed 
by changing j into so that the number of transformations 
for any number in general is the number of divisors of mn; 
reducing to 7i+l, as before, for a prime number n. 

For a transformation of order there is one real transforma¬ 
tion for which q remains unaltered, and we thus obtain the 
formulas for Multiplication of the argument u by n. 


286. After this physical introduction, we can proceed to the 
general algebraical theory of Transformation, as developed by 
Jacobi in his Fundamenta nova theorice fanctionvm elU/pU- 
carvm, 1829. 

The theory in its generality consists in the determination of 
2 / as a rational algebraical function of x, of the form 

y^uir, .(16) 

where U and V are rational integral functions of a?, 

V = bnX^ + bn ,,. + h^x+ hoJ.^ ^ 

so as to satisfy a differential relation of the form 

Mdy_ dx 

. 

where A’= ^hx^+ ^dx+e, \ 

. ^ ^ 

Making the substitution of (15), we find that we must have 

J{AU*+iB(7>^\r+QOU^V^+4>DUV^+EV*)’"^ 
and the first condition requisite is that 

AU^+4^Bmr+6GV^V^+WUV^+FV^^XT^.,.(ld) 
where T is a rational integral function of oj, of the (27i^2)th 
degree; and now, if we can make 

.W 


where ilf is a constant multiplier, the Transformation is 
effected. 
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But if U and F are both of the nth degree, or if one of the 
nth and the other of the (^—l)th degree, so that either a» or 
(not both) is zero, this is necessarily the case; for any 
square factor in (U, Vy will appear as a linear factor of 


^Ev- V— 
dx ^dx’ 


which is also of the (272,—2)th degree, and can therefore only 
differ from T by a constant factor Jkf. 

The Transformation is now said to be of the Tith order. 

By taking X of the sixth, instead of the fourth degree, Mr. 
W. Burnside has derived hyperelliptic integrals (Proc. i. M. S., 
XXIIL) from the elliptic element dyjfJY^ similar to the hyper¬ 
elliptic integrals of §§ 159, 160, by means of substitutions of 
the second, third, and higher orders. 

Now denoting by a, )S, y, S the roots of the quartic X=0, 
and by a\ y', those of F—0; so that, resolved into factors, 

X= a(aj-a)(a5—/8)(aj-y)(a>-5), 

Y=A(y- a'){y - ^y - yO(y - ; 

then J.([7-aTXi7'-^'F)(U’-y'F)(J7-5'F) 

= aT\x - a)[x —j8)(aj - y){x — 8 ); 

and now a factor, such as U—aV, must be composed of linear 
factors, such as £C—a, and of the squares of factors of T, 

In the expression y^UjV there are at most 2n+l arbitrary 
constants; and in determining U and F so as to satisfy relation 
(19) we determine 2n—2 of these arbitrary constants; thus 
there remain at disposal three arbitrary constants, correspond¬ 
ing to the three constants involved in an arbitrary linear 
transformation, such as that obtained by writing (§ 139) 
(lx+m)/(l'x+7n/) for x, 

as exemplified in §§ 153,160, where the constants Z, m, l\ m 
are chosen so as to make X and F quadratic functions of x^ 
and yK 

When X and F reduce to quadratic functions of x and y, 
the elliptic functions degenerate into circular and hyperbolic 
functions: and now there is no Theory of Transformation, 
except for the change from circular to hyperbolic functions, as 
in § 16. 
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287. Jacobi, in his Fundavwnta nova, works throughoufc 
with the differential relation for the sn function (§ 35) 

Mdy _ dm _j 

V (1 -2^ . 1 -XV) “ V(1 -aj* ..1 . 

connecting a!=sn(u, jc) and y=sa(ulM, X). 

Now, if y= U/V, 

then, since u—0 makes x=0 and y=0, y and therefore 27 
must be an odd function of aj, the other, V, being an even 
function; so that for an odd order of the transformation 
U=aja>+affl+...+a,flf*, F=6g+6^*+...+6»-i®”"^. 

Since a!=l, y=li x=1Ik, y=l/\‘, etc., are simultaneous 
values of x and y, the relation connecting x and y may be 
written in any one of' the following forms, 

1+ y = (l+ a5)jl®/F, or V+ 27=(1+ x)A^; 

1- y=(l- x)A'^fV, r- U={1- x)A'^; 
l+\y=>(l+Kx)G^/r, r+\U=il+Kx)C^; 

l-Xy=(l-ic®)C"2/F, 7-XCr=(l-«»)(7'*;.(22) 

where A and G are rational integral functions of x, of the 
l)th degree, which become changed into A' and O' when 
X is changed into —x; so that we may put 
A=P+Qx, A'=P~Qx, 

0=P'-i-Q'x, G'=F-qx, 

where P, Q, P', O' are even functions of x ; and therefore 
1—y _ l—g/P—1—Xy _ 1—kx ( F—(^x' ^ . 

1+y 1+a!\P + ’ l+Xy 14-«:®\P^—■Q'a;/ 


-\-x\P+QxJ’ 1+Xy l+/c»\P'-W ’ 
P»+2PQ « KF^+iFQ+K(Pa^ 


When the order n of transformation is even, we put 
27=al»+o^+...+^£«-l»“-^ F=6o+6jaj*+..,+6rt»"; 
and now F+27=(l+a!Xl+«a5)P®, F+X27=2?®, 

7_J7=(l_a,Xl-«a!)P^. Y-\U=D’^-, .(24) 

where B, D are rational integi-al functions of x, of the (^n— l)th 
degree, changing into F and D' when x is changed into -x; 
so that we may put 

B=R+8x, F=M-Sx-, 

D=F+S'x. ])'=F-8'x; 
where JR, S, Sf, S' are even functions of x. 
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288. The number of independent constants represented by 
the a’s and Vs in JJ and V can be immediately halved by 
noticing that a change of u into 'W+E'i has the effect of 
changing x into 1/kx and y into 1/Xy (§ 239); and therefore of 
interchanging U and V. 

An algebraical simplification is thus introduced by writing 
for X and y/j^X for y, as in § 148; the differential rela¬ 
tion now becomes of the form (Cayley, American Journal of 
Mathematics^ vol. 9) 

n/( 1 - W+y*) “ V(1 - 2 cubH»*). 

and 2a=«+!/«:, 2;8=X+1/X,.(26) 

connecting 

V sfX 

and now, if y^sZfjV, 

U —^ V = Bq+B ^+... B* -iOj"” ^ 

for an odd order n of transformation, involving only n co¬ 
efficients Bq, jBi, and therefore ti —1 arbitrary 

constants in y) also B^^x^pB^. 

It follows then that, in the original relation y =17/1^, con¬ 
necting a;=:sn('M.,ic) and y=an{ulM,X\ if is a factor 

of U, then 1—must be a corresponding fiictor of V; and 
we thus obtain the expression of y as a function of x given in 
equation (8), and in addition the relation 


X^M^Kma\ .(27) 

so that we may write 

. 


Professor Cayley writes equation (25) in the form 

( 1 + 8zy*+...)dy=p(l+ B^+...)da!, 

where the It’s and 8‘s are the zonal harmonics of a and 
289. Writing this equation (28) in the form 

which is an equation of the Tith degree in x, the roots of which 
are aj=sn'it, sn('it±2a)),sn{«.±('»—1)«}, 
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where (a=2Kln or iK'iJn for the two real transformations, we 
find that the sum of the roots 


Xj= __2 _^sn(u+29a,).(29) 

or combining the equal positive and negative values of « 

or ^ .(30, 

the expression for y when the product in equation (8) is resolved 
into its partial fractions j and similar expressions hold for the 
cn and dn functions (Jacobi, TTerie, I., p. 429; Cayley, Mliptio 
Functions, p. 256). 


290. We need not therefore confine ourselves, with Jacobi, 
to the Transformations of the sn function; but we may some¬ 
times find it preferable to seek the relations connecting 
a;=cn(it, «) and y—ca{ulM, X), 
when (§ 35 ; Abel, CEuvres, I., p. 363) 

Md y _ dx 

VCl-S^'.X'^+XV) 
or the relations connectinsr 

o 

a:=dn('ii, (c) and 3/=dn('it/Jf, X), 

*/(l“y®.y*-X'*) “ .. 

relations already given in (4), (6), (18), (14) of §§ 282, 284. 

But Prof. Klein points out {MaOk. Ann., XIV., p. 116) that 
it is the differential form of § 38 (really Riemann’s form), 
connecting »=sn2(u, «) and f=sn*(u/Jf, X), 
and leading to the relation, on writing k for and I for X*, 
Mdt dz , 

y(4t.l-t.l-ft)-,/(4a.l-2.i_yb)=<*“.(38) 

which is the most fundamental in the theory of the elliptic 
functions sn, cn, and dn; the periods now being 2K and 2K'i, 
instead of 4K and 2K'i, etc. (§ 239); the quadrU transforma-’ 
tions (of the second order) 

z=x^, 1—or 1— 

or 1—XV*.(34) 

leading immediately to the px'eceding transformations of the 
sn, cn, and dn functions. 
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291. The Theory of Transformation may he developed en¬ 
tirely from the algebraical point of view; but Abel has shown 
how the form of the transformation of the nth order may be 
inferred from the elliptic functions of the nth parts of the 
periods, called by Klein, modular functwns. 

Thus taking the first real transformation connecting 
2?=sn*(n, a:) and ^=sn®(n/if,X) 
in relation (33), then 

*= 

1- «={!-«) n(i-|y -5 -a 

1 -Z<= (1 -fe)n (1 -kpzf-^D, 

D= Tl(l-kazf, .(86) 

where a=sia*2sJf/», ^=8B®(28-l)if/«, 

and the products extend for all integral values of s from 1 to 

The form of the factors is inferred by Abel from the con¬ 
sideration that 

(L)whent=0, ulM=2aA+2i'A!i, 
where a and s' are integers; and, from equation (3), 

Vi = iaJS^In^^a' 

2(=sn®28Z/TO=0, or a; 

(il)-when t=l, v,/M=(2a-l)A.+28'A'i, 

u = (2s— l)K/n+2a'K'i, 
z=ssi\28—l)Kln=^ or 1; 

(iii) when t=l/Z, tt/if=(28-l)A+(28'- l)A'i, 

V, = {28~l)Kln+(2^-l)K%, 

2 f=sn®{( 28 —1)jE/ii—J r''i} = l/AyQ or Ijh. 
(iv.) whent=oo, w/Jf=28A-|-(28'-l)A'i, 

u =iaEJn -I- (2s' — l)K'i, 
z=Bn\28E/n—K'i) = llka, or oo. 
Similarly the relations can be inferred connecting 
e=cn®(u, k) and t=cn\u/M, X), 
or «=dn*(u,/c) and t=ca\ulM,X), 

not only for the first real transformation, depending on equa^ 
tion (3), but also for the second real transformation, depending 
on equation (11), and also for any one of the imaginary 
transformations of the fith order. 
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292. In Weiersfcrass’s form the relation is 


_ Mdy _^_ 

connecting x=^{u-, g^,g^) and yj), 

by a relation of the form 
y=C7-/F; 

and this must be equivalent to relations of the form 

y-ea={x-eMW> or (»-e/9)5*/F, or (x-ey)C^IV, (36) 
for a transformation of odd order; giving 

V- 722/ - y3=‘(.^-g^-g^iABGflV ^;.(37) 

so that F must be a perfect square; thus leading to the 
requisite number of equations for the determination of the 
arbitrary coefficients in U and F, and an equation over, which 
relation may be made to connect the absolute invariants J 
and J', and corresponds to the modular equation. 

For a transformation of even order, we shall have 


y=7 


(®-««)2’® 
equivalent to relations of the form 


y-e<t= 
and therefore 


(cc-eJT^’ 


X — Cy 0^ 
x-ea W 


.(38) 


4y*-y^_y3 = ^®!._7^^ .(39) 

293. In the Weierstrassian form we determine the relation 
connecting x=p(ii,J) and jy 

But without altering J' we may write (§ 196) 

J') = -Jf J') . 

and now, if co, oo' denote the real and imaginary half periods of 
p(u, J) or pu, we may take co/n, x as the periods of p(u, /') in 
the first real transformation of the Tith order; and w, w'M as 
the periods in the second real transformation (Felix Muller, Le 
transformatione functionum ellipUcarum; Berlin, 1867). 

The first real transformation, of odd order may now be 
written 


p(u, J"') = pu+ 2'^ . 

similar to equation (30) for the sn function, and obtained in a 
similar manner. 
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By integration of this equation (§ 195) 

^ 2ai)/'n.)+^tt+2s<o/7i), (41) 

where Gfi=i S p(28a>ln) = ^ p(28(aln); .(42) 

«=*i 

and integrating again, 

log (r{u, J') = +log au 11 a{u — 28a>ln)(r{u + 28 ( 0 jn), 

(r{u, J')“ 06^“*cru H <r{u — 2sa>/'n)cr('i6+2sft>/72/).J.(43) 

The constant 0 is determined by putting u=0, "when 

au 



(r{-28<of'ti)cr{28(oln) ’ 

and now 

, *“«»rV28«M-tt)(r(28a)/n.+«) 

<<«, n - 

=e®‘'*’((Tu)"n(pu - p28a>l'n), . 

by formula (K) of § 200. 

Thus, for instance, with n^S, 

«r(u, . 


where 

and therefore satisfies the equation of § 149 


.(44) 

.(45) 


or G^^-h9tG^^-9sG^-M^^ .(^6> 

Denoting by and ffj the transformed values of uud g^, 

ttey are found by a comparison of coefBcients in the expansion 
of both sides of equation (44) in ascending powers of u (§ 196). 

Thus, if J=0. or g^^O. then Q^=0 or ^/gt', and taking the 
value Gi=0, then J'—O, G2=0, Gg= —2Tg^', and 

<r(u; 0, -27sr8) = ((ru)V.... 

Employing the principle of Homogeneity of § 196, this 
equation may be written 

.(48) 

leading by differentiation to 

iV3f(wV3)=3f«+PWP«. 

and - 3p«+^-^= “P“+^. 

since 9 ^= 0 , as in § 47. 
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Thus, if is positive, and <bj, the real and imaginary 
half periods (§ 62), then «27«2=iV3; and if we take «=§aj, 
then p*w=flrg (§§ 166, 233); so that pt<»2'=0. 

Again, putting w =«2 in equation (49) gives 

.(51) 

Making use of the last equation of § 202, we find 

As a numerical exercise the student may construct the 
following table, and also fill in the values for u=i(a^ ©j', 
iwg'* i<»s» io>z> •••5 taking ^ 2 = 0 , grj=l; these numerical results 
are useful in the problem of the Trajectory for the Cubic Law 
of Besistance, discussed in ^ 227-234. 


u 

fu 


fw 

au 

4“i 

W 

4".' 

u, 

i( 4/2+1)* 

1 

0 

-iN/3( 4/2+1)" 

-8» 

-V3 

-* 

^ (V2+1)* 

8^/34y2 
W-4<4'4 

i^j+Jd/S 

i’4'3(4/2+l)»«??^ 

-Le^ 

V3 

1 ^ 

V3* 





The Linear Transformaiion. 

294. In Chapter II. the general elliptic differential dccj^X 
has been reduced to Legendre’s standard form 


(1 

and to Jacobi’s, or rather Biemann’s standard form (11) of § 38, 

. 1 — 2!. 1 — fe) 

by v^ous substitutions, in §§ 39,40, 41, 42, 43, etc., which are 
practical illustrations of the Linear Transformation. 

In § 160, the six linear transformations are given which, 
according to Mr. B. Bussell, reduce 

daltJX to the form dz/^{A!!^-^-QCz^+E). 

In determining the linear transformations, of the form 

y=VjV=(aX+fi)l(yX+S), .(62) 

which satisfy Biemanu’s differential r^ation 

__ dx 

.\-y.\-ly) J{^, i-x. 1 -ife)“ 

connecting a!=sn*(tt,«) and 
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we notice, by § 139, that the absolute invariant J is unchanged- 
so that, according to § 68, there are six values of I, given by 

Ti 1-*- 1-j;.(53) 

and six corresponding linear transformations, in which 

Mi_aK+hE'i , , 

^ 6c-ad=l; ..(54) 

a,6 ^0 1 I 1 1 0 1 1 0 1 0 1 1 

c,d lOjlO XI 11 01 01 ^ 

296. But if we change to Jacobi’s form by the quadric 
tra/nsfcyrrnaHon, which changes » into as®, and y into y®, then 
_ Mdy _ doc 1 

V'Cl-y*. l-X®y®)“,y(l-a®. 1-A!*)~““’. 


and now, forming according to § 76 the invariants A, and 
J of the quartic 1—a^.l— k%;®, 

-„ l-33X!-38&®-33)y , jfcfl-l!)* 

ffi -12-. ffs -216-’ ^=16^; 

and ,,_ (l+14fe+fe®)® 

108*(1-*)*. 

Professor Klein writes for k or ic®, and calls the Octo- 
hedron Irrati<maUty; and now the absolute invariant being 
unaltered by a linear transformation, 

r _ (1+14Z+ Z®)» _ ( 1+14,* + ,«)» 

i08Z(l- V)* - 108,*(!-,*)*’. 

and the roots of this equation in I are found to be 

? (ii-:)* G-ii)‘.(“) 

giving the six corresponding l^ear transformations of Abel 
{(Euvres, I., pp. 459, 568). 

In the reductions of Chapter II. that linear transformation 
has been chosen which makes h ov I positive and less than 
unity, and also gives a real value to the multiplier M. 

The corresponding values of the multiplier are given by 
1/JI/®=1, y?, -i(l±,)^ 

the linear transformations being, as may be verified. 

w = ±a! ±«®£B. ^ 1 ± in l±i>ix_ 


±tfx. 
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Landen'a Transformation of the Second Order, 

296. The point L (§ 28) in figs. 2 and 3 has been called 
Landen's point, because of the use made of it by Landen 
{Phil, Trans,, 1771, 1775) for his transformation, important 
historically as the first case investigated of the Transforma¬ 
tion of Elliptio Functions, being the Quachric Transformation, 
or of the second degree. 

The ratio ADjAE being sm^a or k^, while EL/EA = cos a 
or jc ; therefore, if G is the middle point of AD, 

LG AL^AG AE^EL^^AD 
GA^ AG “ iAD 

_1 —cosa--|^sin®a (1 —cosja)® 1—cosja . 

The ratio LCJOA is denoted by X; so that 

^“l+zc" *“1+X’ *“1+X’ ^“l+ic" O+*0(l+X)-2, 
VX=(l-0/*. and /cX'=2V(ir'X),...(59) 

different forma of the modidar equation of tha eeoond order. 

Still denoting the angle ADQ in fig. 2 by we denote the 
angle ALQ by and now (§ 28) since the velocity of Q 
is n(l+K')ZQ, perpendicular to CQ, therefore the component 
velocity of Q, perpendicular to ZQ, 

LQ dyp-fdt =»i(l H- k')LQ cos LQG, 
or d^/dt=n(l+K')(iosLQO. 

_ . siniQO LO 

But since —;— y—= 77 n=‘\ therefore 
sin yfr OQ 

sin LQC =X sin cos LQC =^(1—X sin®^)=A('^, X); 

and d\p'ldt=‘n(l+K')A.{\lr, X), 

or i^=am{(l+/c')n<, X}.(60) 

Now, since the angle LQG—2<jt—'\p‘, therefore 

sin(2^—i/r)=Xsini^;.(61) 

and (m 

1+X sin(2^--^)+sini^~ tan 

- w 

sin = (1 +icOsin ^ cos 
as in equation (92), § 67. 

Putting (l+/c')7^^=:^;, then sin0 = snt«t, smyfr=snv ; 

and we obtain the formulas (90) to (98) of § 67, 
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297. Landen starts with the relatioa (61); so that, diflferen- 
tiating logarithmically, 

cot(2^—■^)(2c2^— d\f /)=cot d^f, 

2 oot(2^—yp)d^=> {ciot(2<f>—yp) +oot 
— sin 2^ 
sin \lr 8 in( 29 &—'^) 

2d<i> __ sbk—. 

sin 2^ cosec cos(2^ —\fr) 

Now cos(2^ ~ = -s/(l ~ X*sin®^)= A(yfr, X); 

while sin 20 cot ^—cos 20=X, 

cot •(^=eot 20+X cosec 20, 
cosec®\^= 1+(cot 20+X cosec 20)®, 
sin® 20 cosec®^=sin®20+(co8 20+X)® 

= 1+2X cos 20+X® 

= (1+X)*—4X sin®0, 

or sin 20 cosec \fr={l+\) —/c®sin®0) = (1 + X)A(0, k), 

where k=2,^/(1 +X) ; so that, finally, 

^ _ U^+\)dyjr d'yir _ ( 1 + k )<^ 0 . 

A(0,/f)“ A(^,X) ’ A(y}r,\)- A(0,/c) ’^ 

so that, if 0=am(nt, fc), then •0r=am{(l+K)TO<, X}, and the 
angle ^ may be made to represent pendulum motion on the 
circle OJRL, on CL as diameter, £Q meeting this circle in J2. 

The velocity of R will then he due to the level of L', a point 
on CB produced, such that CL'=GLI\^; and now we find that 
EL'^CL'-GE^EL, 

after reduction, so that L and L' are the limiting points of the 
circle AQD with respect to the horizontal line through E‘, hut 
now the value of g in the motion of R on the circle GRL must, 
in accordance with § 20, he reduced to Jp(l —«')*• 

L'Q ED EL+ED *'+*:'*_ 1+*'. 
EQ~LD~'EL-ED~k'-k^ I-k” 
so that (§ 28) the velocity of Q is 

n(l+K')£Q, or nCl-K')EQ. ..(65) 

The period of R in the circle GRL is half the period of Q in 
the circle AQD ; so that, if A denotes the real quarter period 
of the elliptic functions of modulus X, 

A=i(l+ic').^i or (1+X)A=’.E'. 


( 66 ) 
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298. Conversely, as in § 123, we can express the elliptic 
functions of modulus k and argument (1+X)v in terms of the 
elliptic functions of modulus \ and argument v; or starting 
with the motion of J2, we can deduce the motion of Q. 

But considering the motion of Q as defining in a similar way 
the motion on a larger circle, to a larger modulus y, we change 
X into K and k into y, where 

(i+v-xn-.)-!. 

jK=(\-y')ly, (S'?) 

and now, from § 123, 

, , V 1 — K sn®(‘U, k) 

dn(l+*:.«, y)*-?-:-57- v 

\ -V I // 8n®(«, k) 

/, . \ (l+ic)sn (tt, k) 

v -r * />» l+,csn*(«, k) 

called Lcmden’a Second Trcmaformation, 

With a5=an(M,jc), y=8n(l+K. w,y), where y=2>^jc/(l+r), 

»h» 

1+ y=(l+»)(l+Ka!)-5-F, 

1- 3^=(1-»X1-K»)-^ 
l+yy = (l+®v'*)* 

l_y3, = (l-ajV<c)* -5-7, 

7=1+«b*,.(69) 

and _ ^ --(1±^^ 


..( 68 ) 


V(i-y*.i-y*y*) V(i 

Or, with a!=dn('a, k), y=dn(H-/c. u, k), 


■kV) 


y= 


-H-ic-l-aj* 


l-H/c-as* 

1+y = 2 k . -^ 7 , 

1-y =2(l-a!2) ^7. 
y+y =2Ka? t - 7 ( 1 +/ c ), 

y-y =2(!t!*-^c'*)-^ F(l+/c), 

7=1+k— jc®5. 

leading to the differential relation, (3) of § 35, 
dy _ (1+K)dx 


.(70) 


Va-2/*-3^-y'*J' 
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299. Denoting by T the real quarter-period of the elliptic 
lunctions to modulus y, then 26=1 makes y—\, ocu=tK makes 
(1-|-K).u=r; so that 


(i+ic)ir=r. 

or (66) ^ ^ (l+X)A=ir=Kl+y')r..(71) 

Also, A', K', r' denoting the corresponding quarter periods to 
modulus X', K, y', the imaginary transformations of § 238 show 
that, with iu=v. 


so that 
or 


sn(l-|-/.f, X') = 
sn(l+K .V, y) = 
cn(l+K'.v,\') = 
CTi(l+K .v,y') = 
dn(l +ic'. V, X) = 

dn(l+K . v, y') = 

a:=(i+k')'K', 

J(H-X)A'= 


(l+ic' )sn(t;, k ) 
l-|-/c'sn®(i;, k ')’ 
(l-^Jc)8n(v, k ) 

dn(v, k ) ’ 
cn(t>,ic'')dn(v,K) 
i-f-jt'sn®('«,ic') ’ 

1—(1-f ic)sn^fa k ) 
dn(v, k) ' 

1—icWC-i;, jc') 
l-|-/c'sn*(t;, *0’ 

1 — (1—/c')8n*(t;, k ) 
dn(v, k ) ’ 

r=Ki+K)B^'. 

K'=(H-y')r;. 


.(72) 

(73) 


and therefore 


2 A~K~ r 


(74) 


An inspection of Landen's formulas shows that the dn func¬ 
tion has always a rational Quadric Transformation. 

Mr. R. Russell shows (Proc. L. M. 8., XVIIL) that the 
general rational quadric transformations which reduce 
daej^X to the form dg!/^(A»*-l-6C&*+P) 
are always of the form 


mP^+wPg 


, etc.. 


i» a» s denoting the quadratic factors of Q-, the sextio 


m'Pg-l-n'Pg 

Pi. Pa, P, 

CO variant of X (§ 160). 

Thus if X=1—o!®. 1—jc%c*, 

the seztic covariant may be written 

G =»(! — Ka^)(l+K®®). 

leading to Landen’s ttansformations, given above. 


.(76) 
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300. Landen’s Transformatioa is useful, as employed by 
Qaxiss, for the numerical calculation of K ; for if we put (fig. 2) 
LA = a, Ll)=b-, and CA^a^,, GL=J(a^-h^) = ^a-h)‘, 
then ai=J(a+6), K=bla, \'=bjaj. ...(76) 

Now, denoting x/r by and X by k^, equation (64) becomes 

____.. /7‘7\ 

^(a®cos*^+b*8in*^) ^(o^^cos®^!+’ ’''' '' 

while when ^=i'!r; 

so that 

\d(}>^ _ 

y ~J s/ (Vco^Vid* 


_ 

J ,i7(cti®cos®^i+ij^si 


J J (ai^cos2^i+ 

or £:= K^ala^=^K^{l +k^) .(78) 

Continuing this process with o^, and so as to obtain a 
continuous series, given by (§ 296, equation 62). 

tan(^„- ^„+i)=^ tan 
ttn 

^n+1 “ 6n)> ^n+1 = >\/(^&n) J .(79) 

then c&,i and tend to equality; so that, putting 
^ 00=^00 and 

d<t>n _ 

^(a^cos2^+6%in2^) J 


/(a^^COS^n + ^'^nSinVn) 

dyjr __ j^TT 

/(|U^C0sS/r + yu®din^) “ /X ’ 


a On fx" 

K^KnTL {l+Kr)=^iirWil+Kr) . 

r=:l r=l 

Denoting the modular angle of /c„ by fi„, then 
K»+i=sin dn+i= tan® ; 

cos B„+i = sec® Jfi„.y(cos e„), 

l+,,„^j = gec®i0„ = -®??i»+i : 


V(®03 *9) 


SO that 

K=^'jr sec 0^(cos 6 cos 0i cos 63 cos 63...), .(84) 

a formula suitable for the logarithmic calculation of.£^. 
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The Transformation of the Third Order, and of higher 
Orders. 

301. According to Jacobi’s method, the transfoimation may 
be written 

l-y l-aj/i-oaiV 

1+2/ l+ajVl+aOJ/ .^ 

connecting a5=sn(tt, k) and y=sn(u/lf, X); and then 

\ +(aH2o>B*“J/ 1 -kW’. ^ ’ 

so that 1/Jf = 2a+1, 

and 1 -X 2 / 

1+X2/ l+Kx\a+KxJ .^ 

leading to the differential relation 

dy (2a+l)cia! .q-v 

j(i-yKi- . ’ 

We shall find that, expressed in terms of a, 

„_a*+2a* /a+2\» 

*^“2a+l’ ^““\2a+i/’ 

so that -yfrX)=^. 

leading to the Modwlar Equation of the Third Order. 

= V.;- W 

We shall also find that this transformation may be written 
1 — qji(uIM, X) _ l — cn u / g+l+g cnu y 

l + cn(u/Ar, \)"“l + cni6\a+l-acn w/’.^ 

1—dn(7i/Ar,_X)_l —dn u/ g+l+dn .ggv 

l+dn(u/Af, \)~i+dnu\a + l—dn w 
As a* numerical exercise the student may work out the case 


of a = KV3-l> 

In Legendre’s notation, with flj=sin^, y=sin‘^, he finds 
that these relations are equivalent to 

tan = (ct+ l)tan 0.(89) 

The Transformation of the Third Order was the highest to 
which Legendre attained, until it was pointed out by Jacobi 
in the Astronomische NMhrichten, No. 123,1827, that Trans¬ 
formations exist of the fourth, fifth, or any other higher order, 
as already explained. 
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Thus the traaeformation of the fifth order may be writteQ 
1—y _ 1 —xfl — oa; 4- 
l+y^i+avi+a^+jOa^/’ 
aad of the seveath order 

1—y _ 1—as /' l —gg+jOic ^—yic^V 
l+y~l+a!\l+a»H-jQ»*+ya5®/. 

and so on. 


( 90 ) 


,(91) 


302. When the transformation of the third order in § 157 is 
employed for the redaction of the integral in equation (6), § 227, 


then s*= —£^fP^, .(92) 

where P=j9*—3p®sin*a+3p,.(93) 

and ir=j?®eo8*o+2>sma—1,.(94) 

as in equation (27),§233; so that X=0 and 8=0 atthe-points 
of minimum velocity. 

Now, with this substitution of § 1.57, 

a=f>(gxlv^; 0, - A),.(96) 

where A=4—3sin®o = 27yj,.(96) 

(§ 228); and denoting 


/Sr/v'(48»+A) by ffl, by 

-VttA) 

then pff22=0. p'fQj!=-s/A, and jff 2 Q 2 =(§ 293). 

Again (§ 137), p'(gfas/w*)=//P, 

where J =p*(3 sin a—2 sin*a)—3p*(2—8in*o)+3p sin a—2, 
and /+PVA=2{J(sina+v'A)p-l}*, 

J'-^PVA=2{Ksino-VA)p-l}*...(97) 

Now from § 233, 

a/A = cos a(tan +cot /8), 

J(sin a +a/A) = J cos a(tan a+tan cot ^) = cos a tan 

J(sin a—AyA)=J cos a(tan a—tan |8—cot j8)= —cos a cot j8, 

... sinfi 

while p=; 

Therefore 


‘cos(o—6) 


p'ju; 0, - A) —p'tQii H_ _|(ein a+,^ A)p-l 

.p'(t4; 0, — A)+p'fQ2J w— a/AP/ |(sm a— a 7 A)p -1 

cosgtan^sinfi—cos(a—fi) tan(;8—6) _tan0 
~ —cosa cot^ sinfl—co8(a—0)~ tan^S ~tan/8 


.( 98 ) 

fl's)+p W 

(§ 234) a curious result of this transformation. 
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.A^ain, since 

x=_Pif^±^, 

P'4«8-P'« 

and lihen, making use of relation (17) of § 229, 

X= *Ki<»8+ ^V(^«>g+ 

_ cr(-^+n’)ir*(|«8—«’)p(l<»3~'^) 

<Ki<“8 ~+“)p(4«2+■“) 

by means of (E) §200, and the relation and this 

again, by equation (CO) § 279 and by § 293, reduces to 


y^ <t*(K-^) p(|£^z:±W 
<r*(§«8+^) P(l«8+^) 

_ <r(%W ~ 

_<K§ Q2~'^’> Q> 

0» “A) ’ 


.(99) 


The Tramsformation of ffie Theta Fwnetions. 

303. Taking the Q function, as defined in §§ 268, 266 in the 
factorial form, 

d{x, q)=i>iq) n (1—25’^-icos 2aj+g^"®).(100) 

rs=l 

where q>(q) is a certain function of q which § 264 shows can be 

written ^(?)=n(l-g®’’)>. 

then changing x into nx, and q into q^, 

${nx, g^)=^gf*)n(l—2g®"’'""cos2«a;+g*"’"“*“) 

=^(3") II *“ff V -2?®^"^coa(2aj+28w/«)+g^-*} 

rwl «a0 

(by Cotes’s Theorem of the Circle of § 270) 


. 

Similarly, with /i=l, 2, 3, 

djaCn®, g») n’Vc^+sirM ?). 


Forming the quotients, and writing x for ^irujZ, then (§ 263) 

and thence we obtain the formulas for the Transformation of 
the EUliptic Functions of § 283. 
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Similar considerations will show that, when q is changed to 

where /i = 0, 1, 2, 3; this is left as an exercise (Enneper, 
Ellvptiache Fwactionm^ § 38). 

Examples. 

1. Prove that a transformation of the fourth order is 

1 + 2 / 1 + 35 1+kX\1+Xj^k/ 

and prove that the relation between X and k is then 

and Jlf=(l+^/c)*. 

2. Prove that, hy means of the substitutions 

V (cosh u +sinh u cosh <f>) 


or 


^00 

y v'Ccsosh 


sin tg- cosh sinh ^ 

^ sinh +cosh Jucosh 

d/<p 


u+sinhucosh^) 

de 


1 /*’*' do 

“ ^2y^(coshu+cose) “ iti^iCsech ^v,). 

a 


A 


cosh m<f> d<f> 


(cosh u+sinh u cosh ^)”+^ 

V 

__ 1.3.5...2m—1 _ J. r'fr (smhuy ^QOB nO dO 

271^—1.3...27'i —2m—i y2y (cosh 7^+cos 6)*^+^ 

0 

3. Prove that, with the liotmgen&ym variables ajj, of § 155, 
and writing for dXjdx^, Xj for dXJdic^, the general cubic 
transformation which reduces dxj^X to the form 
dzlJ{A^+QCz‘^+E) 

is of the form z=z(lX.^+mX^I{l'X^+m;X^ (ex. 8, p. 174). 

Prove also that the general quartic transformation may be 
written z=(lX-\-mH)l(l'X+'m'E), 
where H denotes the Hessian of the quartic X (§ 75). 

(R. Russell, Ptoc. L. M. 8., vol. XVIH.) 



THE TRAI^SFORMATION OF ELLIPTIC FACTIONS. 327 


4. Prove that (Cayley) 

px+^a?+2px^+x^ 
^1 + 2/)Cc®+7a5^+-pa5® 

satisfies the relation 


_dy___ pdx _ 

x/(l "• ipy^ + y^) +^) 


Modular Equations, 

804. In the Transformations of the Tith order, which con¬ 
nect the Elliptic Functions of modulus X with those of 
modulus K, and make r=g", or or (§ 285), 


A'i 

A 




aK+bK'i 




where bc—ad=n, 

the Modular Equation, which determines X in terms ol k, is of 
the (w+l)th order, as already stated, when ti, is prime, and 
has two real and w—1 imaginary roots. 

We shall content ourselves with merely stating the Modular 
Equations of simple order, connecting k, X and k, X', adopting 
the form and classification employed by Mr. R. Russell in the 
Proc. London Math. Society, Vol. XXT. 


Class! 'tt=16, mod. 16; 
p—i/ (kx)+ (y\') +1, 

Q=4/(/cX k'xo+ 4/(-cX)+4/ W . 

P=44/(ifXic'X'). 

71=15, P*-4PQ+P=0. 

71=31, (P®-4Q)*-PP=0. 

71=47, P*-4Q-P(P)4-2(P)9=0. 


Class I! 7i=7, mod. 16; 

P=4/(/cX)+4/(/e'X0-l, 

Q =4 /(kX k'\’) - 4/(/cX) - ^{k'X'), 

Lt= -44/(/cXk'X'). 

71=7, P=0, or 4/(/cX)+4^(-cV) = ! (Guetzlaff). 

,1=23, P-P4 = 0, or ^(/cX)4-4/(*:Y)+(256icX/c'X')*=! 
71=71, ps-4iJi(P*-(3)+2PJ2t-P=0. 

71=119, P» - Pi(7P« - 28P»<2+1 QP(^) +PS(. ..)... = 0. 
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Class III. » =3. mod. 8 ; 

•P =® x/ + -s/ (k\') — 1, 

Q= -y(*XAf'X')-.^(/cX)- 
JR= -16V(/cXic'X'). 

" v'(*X)+V(*'X0=l, (Legendre). 
P-.B»=0, or >v/(KX) + ^(K:'X')+(2o6/rX«:'X')*=l. 

w=19, P»-7P*iJ+16QJ2=0. 

n=S5, P*-i2i(5P*-16PQ)+2P8p2-^_ij*=:0. 

»i=43, P“+...=0. 
n=.59, P®+...=:0. 
n=88, P7+...=0. 

Class IV. = l, mod. 4 ; 

P=irX+ie'X'-l, 

Q=kX ir'X' — (cX—/cV, 

P=-82*X*X 
w=l, P=0. 

«.=9, P®-14P»i2+64PQJ2-3P*=0. 

«,=ir, P®-J2i(10P2-64Q)+26PSp+12P=0. 

■n.=41, . 

n=5, P-i24=0, or /eX+«'X'+(32/cX/c'X')*=l. 

w=13, Pi(P®+8P)±jBi(llp2_64Q)=0. 

'»=29, Pi(P®+17.^P-9P*) 

± JJ*(9P®-64Q-18Pip+15P*)=0. 

«=87, . ’ 

«=53, Pi{P*+P»(413P»-2i«PQ)’+\”!}±^'j35^“jlo. 

305. According to Professor Klein (Proc. L. M. 8., X; Maih. 
Awn,., XIV.) these Ifodular Equations are replaced by relations 
between the absolute invariant J and its transformed value P, 
by the intermediate of quantities t and t', such that / is a 
certain function of t, and J' the same function of t ; and now, 
n = 2; (4r-l)«: (t-1)(8t+1)*: 27t, 

tt'=1(§60> 

n = S; (T-l)(9r-l)»:(27T^-lST-l)*:-64fr, 

n=p4; J:/-l :1= (.r*+I4T+l)»: 

(t»-33t*-33t4-1)®: 108t<1-t)*, 
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»=3; (t2_10t.+ 5)* 

: (V-22t+126Xt2-4t- 1)*: -1728t, 
tt'=126. 

» = 7; J:/_l; 1= (T2+13T+49X'r^+3T+l)» 

: (t*+14t^+63t*+70t-7)* : 1728t, 
tt'=49. 

« = 13; (T2+6T+13XT*+7T»+20f*+19T+l)» 

: (r*+6T+13XT*+10T®+46T*+108T®+122T®+38T-l)*: 1728 t, 
tt'=13. 

The Mvltiplication of Elliptic Ev/netions. 

306. If we perform the second real transformation upon the 
first real tra^ormation, we obtain a transformation of the 
order to®, leading hack again to the original modulus k ; because 
the first real transformation changes q into q” and the second 
real transformation changes back again to q. 

We then obtain the elliptic functions of argument 
ufMAT^nu, since M=Kln-A, M ^A/K, 
terins of the elliptic functions of argument u, by a trans- 
formation of the order to», and thus obtain the formulas for 
Multiplication of the argument. 

Thus multiplication by 2 or 3 csan he obtained by two suc¬ 
cessive transformations of the second or third order; and so on. 

Knowing that the order of the transformation is we 
^fer in Abels manner the factors of the numerator and 
enominator of the transformation, involving the modulaT 
functions, the elliptic functions of the nth part of the periods. 

Thus we infer, with the notation of § 258, that, for an odd 
value of n, 

snnt6=(//F, .(107) 

where U^nsnulYn:(l^^^ \ 

\ sn^fi/n/ 

= n'n'(l —/c%n*i^ sn^Q/n), 

where m, m' = 0, ±1, ±2, ±3,..., ±K^-1): 
the simultaneous zero values of m and m' being excluded, 
as denoted by the accents, so that the number of factors is 
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Combining the factors by formula (7) of § 137, 

sn -wtt = sn u n'n'sn(u+Q/n)sn(w — fi/u), (108) 
where 4 is a constant factor; and this may be written 


sn^u=uinn8n(u+Q/7i);.(109) 

where m, m'=0, ±1, ±2, 

the simultaneous zero values of m and m' being now admissible. 
Similar considerations will show that 

mnu=BIlILm(w+Qln), .( 110 ) 

dn nu = C nn dn(u-i- fj/ti). (HI) 


To determine the constant factors, change u into or 

u+K% when we shall find (Cayley, Elliptic Fwnctiona, § 368) 

By taking in § 259 a rectangle OArtBJjm hi which OAn—na, 
0Bn=^nb, and therefore containing elementary rectangles,, 
we obtain a physical representation of the formulas (109), 
(110), (111) for Multiplication of the argument by n. 

Writing u/n for u, and making n indefinitely great, we 
deduce in a rigorous manner the doubly factorial expressions 
for sn tt, cnu, dnt< in (1), (2), (8) of § 258. 

Again, by putting ic==0 or /c=l, the student may deduce as 
an exercise the trigonometrical formulas for the resolution of 
the circular and hyperbolic functions into factors. 

(Hobson, Trigonometry^ Chap. XVII.) 

The Complex Multiplication of Elliptic Functions. 

307. When and ^ is an integer, we may sup¬ 

pose the multiplier n resolved, by the solution of the Pelliam, 
equation^ into two complementary imaginary factors, so that 
72,=:(a+i6>,yi))(a—^6^i))=; 
and now the multiplication by n can be effected by two suc¬ 
cessive multiplications by the complex multipliers a+ib^D 
and a'-ibjtJD, each leading to an imaginary transformation of 
the Tith order, not changing q or the modulus k, 

(Abel, (Euvres, L, p. 377 ; Jacobi, Werke, I., p. 489.) 

The first requirement then in Complex Multiplication is a 
knowledge of the value of k for which K'jK^jJD ; and this 
is found by putting k=X\ k'—X in the corresponding Modular 
Equation of the order D (§ 304). 

The equation is now, according to Abel, always solvable 
algebraically by radicals ; so that, returning to the question of 
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tte pendulum in § 15, it is possible to determine hj a geometri¬ 
cal construction the position of two horizontal BB', 6b, as in 
fig. 1, cutting off arcs below them, such that the period of swing 
from J5 to S' is times the period from 6 to h'. 

Thus the Modular Equation of the second order being 
written X=(1—ic')/(l+ 

we find, on putting ic'=X, 

X^+2X = 1, or X = yv^2—1, when 
Putting Ac=X', K =\ in the Modular Equation of the third 
order (§ 304), 

2^(ic/c') = l, or 2/c/c'=|=sin^7r, when 
so that the modular angle is or 15®. 

■When K'lK^ 2, ic = (^2 - 1)M§ 71); 
obtained by putting YjV^ly ^ 

When K^IK^Jb, 4/(2^/c')-K>y6-l), 

or (2kkY^ — (^kkY “ ^ * 

When 2^{kk)=1, 2/c/c'=i,^ 4/(2/cO=i 

Collections of these singular moduU required in Complex 
Multiplication are given by Kronecker in the BerVm 
1857,1862, in the Proc, L. M. £f., XIX., p. 301; also by Kiepert 
in the Math Ann., XXVL, XXXIX., and by H. Weber in his 
EUvptiscke Functionen, 1891. 


308. In the expression of y^an(a+ib^p)u as a rational 
function of £c=snu, leading to the differential relation 

_ _ ^ _ where l/M=a+i6VA 

^(1 — 2 / 2 . 1 — . 1 — K^X^y 

Jacobi finds {Werke, t. L; de multvplicatione funct^^ 
ellipticarum per qua/ntitatem imaginariam pro cei'io quodam 
modulorwm systemate) that we must restrict a to be an odd 
integer, and 6 to be an even integer; but these restrictions 
disappear if we work with the cn functions; and we can 
even suppose that 2a and 26 are odd integers. 

Let us determine then the relations connecting 
a5 = cnu and y=c;Ti^{-~l+is/^)'^> 
so that 1/M— 

leading to the differential relation 
dy 

^(l - 3/*. y^+ c*) y(l -»*!»*+c*) 
where c = k/k, the cotangeat of the modular angle. 
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If D = 1, and we denote {K+K%)ln by w, we shall 

then find that, when n is odd, 

y ' '1+aj r=i vi5+CJi2ra>/ 


14-— 

1 + ^ //■• \ “ TT faJ—cii(2r—l)w'l* 

"^ic ic 

"but, when n is even, 

1 + - 

1 —y _ ... ^1 —a; cn2r«i>V 


y '1+05 T 05 ,=i 


+cn 2rft>/ 


. 

The arithmetical verification for the simple cases of D^5, 
Y, or 15 is left as an exercise for the student (Proc. Gam. 
Phil. Society^ Vol. V.). 

Formulas (112) and (IIS) are inferred by putting 

(1) 2/ = l. 

when ^{—l+i^Dyw—^mK+im'E'i (m+m'even); 
and then u=4m'jBr—(m+m')«, a5=cn2ro). 

(2) y -1, 

^{—l+i^Dyu = 2mK+2m,'K'i (m+m'odd); 
and then as=cn(2r—I)®. 

(8) y=ic, 

J{ — 1+i =(2m+!)£■+(2m'+1 )K'i (m +m' odd); 

«=(4m'+2)X'-(m+m'+l)w, a5=-cn2r«. 
(4) y=-ic, 

^{ — l+i^D)u=(2m+l)K+(2m'+l)K'i (m+m' even): 

and then x=— cn(2r — !)». 

309. When D=iin+1 or 1, mod. 4, the relation connecting 
.a:=c|nu and y=cn J(—l+i^jD)u cannot be rational; but Mr. 
G. H. Stuart has shown (Q. <7. M., Yol. XX.) that it may he 
written in the irrational form 

//•.N lfie+xy^<sa.l2r—V\o>—x 




T)<a+x* 
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where w=(K+K'i)l{%n+l), 

a transformation of the order n+ ^; and this is equivalent to 


1 + 




X 


)\v. 

0 / 


cn 2r<i)/ 

. 

this is inferred in the same manner as formulas (111) and (112). 
For instance, with u=0, Ds=sl, and K = c=l; 

equivalent to, with w=(l4-i)y, 

.. .1—icn*w 

With n=l,D=5, 2iCK =V5-2, e=^5+2+2^i^5+2). 


and 


cn —1 + i^5)u= js/iic) 




where a^mi{K+lC{). 

310. Generally in the expression of y = pufM as a function 
of x^prif where 

oS/oD or jr'i/jK"s=^(—-D), 
and the multiplier 1/Jkf is complex, of the form 
l/M=a+b^{^D\ 

it is convenient to consider four classes of JD. 

Class A, Ds3, mod. 8 ; 

Class B, D=*7, mod. 8; 

Class C, D 51, mod. 4; 

Class D, jD s 2, mod. 4; 

the class for D = 0, mod. 4, not requiring separate consideration. 

It is convenient also to consider the discriminant D (§ 53) as 
negative ; a change to a positive discriminant being effected by 
the method of § 59; now 

We can also normalize the integrals (^ 196, 252) by taking 
gi-2!Jg^:=^ -1, so that 
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Glass A. i)s3, mod. 8=%)+3 or 4«—1, if 7 i=%)+l. 
l/Jlf=K-l+iVA). 

The relation connecting x and y can be written in one of 
the three equivalent forms 

y-«!=Jf ®(aj - Cj) ff {a! - p(w2+2r<08/») P H-F, 

r=sl 

y—ei=M\x-e^ n {a!-p(tBg- 2 ra) 8 /»)P-^F, 
y—c,=Jf*(a;—e^) 11 {«—p(®i+2r«8/«)}®-^7, 

F= n{a!-p(2r<Bj/w)}; 

leading to the differential relation 

Md/y _^_ 

This verifies in the particular case of 23 = 0 , when 
i>=3, J=0, ^2=0, 1/Ji = i(—H-i^3)=m; 
and then e^=me^ e^=7n?e^ 

This is the simplest case of Complex Multiplication, 
mentioned in § 196, and employed in § 227 in the determina¬ 
tion of the Trajectory for the cubic law of resistance. 

The form of the general transformation is inferred from the 
consideration of the series of values of v, which make 
y or p(«/lf) = ei, e^, Cg, and oo. 

(i.) When y=e^, 

Vtj -j- l)co^ “I" 2 r<i)g 

= (9' + JX «2~®20 + ’'('»2 + ® s 0 

= (.g+'>'+i)x2—(q—r+i)o)z'; 

^ = {(9 +’’+^)“2 ~ ~ /(—■S-+ 

= ^{(9+’’+^) - -1 

_ -g-r-^- ( g-r-H| )(4TO-l) gr+r-i-, 

M 

= — 2 q 6 » 2 -f- 2 r® 2 —® 2 “^'(« 2 "b® 20 /^ 

= — 2g<i02-|-2ra»2—®2~2r<i)g/2i, 

so that xoxffu=e^or f(<ei+2rwjn). 

(iL) When y=e 2 , 

'iilM= ( 25 '-}- (23’-|-l)<()g 

=(? -H»'+l)a»2 —(2 - r)w2, 
tt = — 2 qa) 2 + 2 ra »2 ~ ( 2 ^*+ 
pw=ej, or p( 2 r+l)« 3 /n=p({Bg— 2 ra)j/' 3 i). 
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(iii.) When y=e^ 

ujM = Sjffli+(27'+l)a)j 

= (?+»•+i)«2 “ (3 

w = — 2g'<i)2+2ra)2—<02—(2r—1 )(oj/7i., 

fu>=e^, or p{< 02 +( 2 r—l)<0j/7i} or p(<»i+ 2 r(» 2 /«X 
(iv.) When y — <x>, 

tt/Jf=2g’<0i4.2r<0g 

=(?+r)<02-(g'-r)<02', 

—2g'<02+27’<024-2r<0j/7i., 

and i>u=fi>(2r<og{n). 

Hence the form of the Transformation is inferred. 

By addition, we find 


where n=2p+l; and we shall find that A = 2<?i; and the 
J.’s and (?’s are symmetrical functions of e^, e^, eg, and there¬ 
fore functions of g^, Qg or J; while has the same significa¬ 
tion as in § 293. 

By employing the Modular Equations given abov^ or 
einploying Hermite’s results {Theorie dee eqvAniione mod/ti- 
lairee), we find 
i) =3, /=0, 


D =11 7,711. 

’ 3S> 3i—^> 9a -27“ ’ 


9a~^> —1» 


^r = 2(?2=-KVll+7). Ag=^±^, Ag=-^1^. 

D =19, J -2» gg=S. >^(gg+l) = S, gg=^ld; 

^, = 2ff,= -Vl9-i, il2=K25-l-6iVl9), Ag= 

At = K21+9iVl 9). Ag=- i(^19-t- Hi) ; 
these values of Ag, Ag, A^, Ag were calculated by Rev. J. 
Chevallier, Fellow of New College, Ozford, who has also 
verified the case of 2)=1]. 

D =27, 7= - 2® X 5*^3*, etc. 

J) =35, 3s=W 5{KV5 + 1)}*, 32+1=HKV5+1)}*- 
i? =43, 7=-2«x6®, P2=80. V(32+1)=3*. 

g^8 = 3 X 7 X ^43 (Hermite). 

^i = 2(?i=-6(^43+i), ^2=1(279+11^43), 

-42 = 1051+73i^43, etc, 

D =51, /= — 64(5+^17)®(v^ 17+4)® (Kiepert). 
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i)=67, J’=-2»x5»xll*, flrs=440, ^/(gr,+l)=8x7, 

5 ^ 3 =7 X 31X «y67 (Hermite). 

D =163, J’=-2“x5»x23»x29», V(^j+l)=3x7xll, 

flr,=7 X11X19 X127 X V163 (Hermite). 

Class B. I)s 7, mod. 8=8p+7=4tt—1, if n—ip-\-2. 

The relations connecting y=^(^jM) wd x=^, where 

l/Jlf=-J+iiVA 

are found, in a manner similar to that employed in Glass A; 
y—e{=M\x - e^) (a! - Cj) jff {» - p( wj+ 2rwjn )} * -5- V, 

r«l 

y-e2= JP'u{x-^a>a-2rwJn)}^-i-V, 

rwO 

y-e^= Jf*n{a5-p(«)i+2r«j/n)P-i-F, 

r=0 

y= (aj-Cg) n*’{a5-p(2r»j/«)}*. 

r=l 

As simple numerical applications, 

7 % . 1 r 5* 6 J7 

D —7, 2kk —g, J £5, 9t — g ’ 

«i='i(--</7+i), e2=i;^, 

.0=16, »Jkk'— axa.lb' (Jouhert). 

In these cases the Jacobian notation is almost more simple, 
as given in § 308. 

Class C. Osl, mod. 4=4n.+l. 


The relations connecting x=^ and y=p(ulM), where 

l/Jf=-J+iiVi), 

cannot now be rational; but, according to Mr. G. H. Stuart, 
we can express the relations in the irrational form 

y-9 W 

y-piw^ \x-ej r=i ( 4r+l Y 

2 ai+l V 

a relation which may be said to be of the order ■nH-J-; and 


this is equivalent to 
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Class D. D an even number. 

In this daas the simplest function to employ is the sn func¬ 
tion ; for instance, with 

K'IK=^2. then A:=,y2-1; 

, sn®tt 


and 

where 


su^ 9i/rt 

sn(l +ij2)u=(l+i^2)Bn 


leading to the equations 


(o = K^ir-iA-); 



fl ® \ 

1—y l-f/tasj 

snft) 

/c®! 

1+ “) 


\ sn ft)/ 


connecting 

Also 


1—icy _ 1—ag/ l+jcagsnco V 
l+Kj/ l+CCxl —/cCD sn ft)/ 
a;=sntt and y — so(l+i^2)u. 


sn<«>=^(-i), sn»2ft) = ^g_^ . 


These transformations show that it is not possible to express 
cn(l4-i^2)i6 in terms of cnu, or dn(l+i^2)w in terms of w, 
by a rational transformation. 

With A:7ir=2,then (§71), 

and the relation connecting aj=snu and y^sii{l + 2i)u may 
be written 




sn^^jft)/ 


y — ^^^(1 —/c^j5*3n22ft>)(l — A%n^4jft)) 

where oo—^K-^iK'); 

equivalent to the relations 

/l- 

1—/eg? snft) I 
1 + y i+/cg? 


1—ic y_ l—g? 
l+icy“l+a5 



sn 2ft)/ 


so that cn(l + 2£)it has a factor dnw, and (ln(l + 2/)i6 has a 
factor cn n. 
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When *^en *:=(V8-V2)(2-V3); 

and the corresponding relation between sn v, and 8n(l +it^S)u 
to be written down is left as an exercise. 

(Proe. Cam. PhU. Soo., Vols. IV., V.) 

It can also be shown, in the preceding manner, that the 
relation connecting and where 

1/M= -1+iJP, 

and D is an even number 2 m, can be expressed by the relations 

S-,, - JfKiC-eD n F, 

r. 

As numerical exercises, we may take 

(L) jD=2, when £^2=30, g^^28, 

(iL) D=4, when g^^l, (?i=-2+i. 

311. In conclusion we may quote from Schwarz some 
general remarks on doubly periodic functions. 

Eveiy analytic function of a single variable u for which 
an algebraical relation connects ^(u+v) with and <j>v is 
said to have an Algebraical Addition Theorem; and then ^'ub 
must be an algebraical function of <pu (Chap. V.). 

Every such function is then an algebraical function, or an 
exponential function (circular or hyperbolic function), or an 
elliptic function, which can be expressed rationally by pu and 
p'u (Chap. VIL). 

Elliptic functions are doubly periodic, A function of a 
single variable cannot have more than two distinct periods, 
one real and one imaginary, or both complex. For if a third 
period was possible, the three sets of period parallelograms 
obtained by taking the periods in pairs would reach every 
point of the plane, so that the function would have the same 
value at all points of the plane, and would therefore redpce to 
a comtant (Bertrand, Calcul intigral^ p. 602). 
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Abel, in generalising these theorems, was led to the discovery 
of the hyperelliptic and Abelian functions. 

Thus if X in § 169 is of the fifth or sixth degree, we obtain 
functions of 2 variables and 4 periods; if of the 7fch or 8t 
degree, of 3 variables and 6 periods; and generally, if 
is of the degree 2^?+l or 2p+% there are p variables and 
2p periods; but this would lead us beyond the scope of the 
present treatise, and the reader who wishes to follow up this 
development is recommended to study Professor Klein s articles 
** JSypeTelliptische Sig^nafunctio'i^isu,’^ Math, Aun,, XXVIL, 
XXXIII., etc. 
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L Tha Apsidal Angli in the small oscillations of a> Top. 

The expression given by Biavais in Note VIL of Lagrange’s 
Miecmique analyUque, t IL, p. 352, for the apsidal angle in 
the small oscillations of a Spherical Pendulum about its lowest 
position is readily extended to the more general case of the 
Top or Gyrostat, if we employ the expression on p. 261, § 242, 
as the basis of our approximation. 

We divide the apsidal angle into two parts, 'Pj and 
such that i^V=ai 7 i - 

ij7i—wjfft; 

and now put a=co^ — sca^, b=<Oi-\-qu)^, 

where q and s are small numbers; so that, expanding by 

Taylor’s Theorem as far as the first power's of q and s, we may 

f i) ^ — qtcspo)^ =% —> 
and now, by means of Legendre’s relation of p. 209, 

But, from equation (B), § 51, 


dnV(«i-e8)« 


pu-eg ^ eg-fig 
pu—Sg pu-e^ 


= 1 — P('^+ ®8 )~^8 _ ^l~P(^ + ®8) . 
e'-e, e^-si^ 

so that, integrating between the limits 0 and wj. 


«i®i+f(®i+«8)"" ^“>8=(®i—e8)^«i*x/(®i— e^'U'dvb, 

0 

’7i+«i®i= «8).& (Schwara, § 29). 

Also (§61) (ei-ej)a,i= J(e^-e^K; 
so that ; 

and therefore 

340 
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Bat, from § 210, when a and yS are very nearly tt, their 
approximate values are given by 

eot*Ja=^ 

« 1—«8 + V »1 

^ — 8®ft)j*(e2—^s) ^ “ ****a>»*(®i “ i 

since P''«)8=2 («i-«8X«j-«8). 

3!-/O ^^ 


and 


and therefore 
Also (§ 210) 


2_ ^2 

1C ==-^ 


61 — 63 

-p6-e,- 


*•^11^ SB?? 


(§52); 


(«i- 


g-Cr _^6_ 

ff+Or — p'a 


«i—fij ic^’ 

; cot®|« cot® 


p'( <,H + g«>8) 

— p'(<0j-SWg) 

_q e^-e^ ^q k\ 


BO that («i-Cj)?®« 8®3S: --^cot®Jacot® 
Therefore 

’S'* 


: Jx+^^ 3 ^jr'cot \a cot JjQ, 


But, ultimately, when *=0 and «'=!, 
then E=\-k, and Va{K-E)l^=\ir (§ 11,170); 

so that ^TT+ix cot ia cot ^/S, 

This reduces for the Spherical Pendulum, in which C7r=0, to 
1 cot ia cot :s:; J7r(l+i sin a sin ^), 

when a and /S are nearly ir, thus agreeing with Bravais’s result. 

When a = T and Q+Cr—0, this approximation fails; but 
the student may now prove that the apsidal angle is 

This will be the apsidal angle when the Top is spinning in 
the vertical position with small angular velocity r, and is then 
struck with a slight horizontal blow. 
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IL Tlu Motion of a Solid of Revolwtion in infinite frietion- 
lene liquid. 

The reductions of the Elliptic Integral of the Third Kind 
in § 282 in consequence of the relation 

o+6=Wo» 

in connexion with the Top and Spherical Pendulum, are useful 
also in constructing degenerate cases of the motion of a Solid 
of Bevolution in infinite liquid, as mentioned in § 211. 

We refer to Basset’s Sydrodynamios, Vol. L, Chapters 
VIU., IX., and Appendix III., also to Halphen’s Foncticma 
dUptiquea, II, Chap. lY., for an explanation of the notation; 
and now T the kinetic energy of the system due to the 
component velocities u, v, w of the centre 0 of the body along 
rectangular axes OA, OB, OC, fixed in the body, OC being the 
axis of figure, and to component angular velocities jp, q, r about 
OA, OB, 00 is given by 

.(A) 

(to which the terms 


P'(up + vq) +B'wr 

may be added in the case of a body like a four-bladed screw 
propeller, or like a rifled projectile provided with studs or 
spiral convolutions on the exterior). 

Then the Hamiltonian equations of motion are 


ZT , 

dtZu ‘^Zv'^^ 



dZT ZT , ZT „ 

dZT ZT ZT „ 
HZm ^Zni,'^^Zv~^’ 


( 1 ) 

( 2 ) 

( 8 ) 


dZT ZT , ZT ZT ZT ^ 

.(4) 

dZT ZT , ZT ZT ZT 

.(S) 

dZT ZT , ZT ZT ZT „ 

.( 6 ) 

When no forces act, so that X, T, Z, L, M, X vanish, then 
equation (6) shows that Or or r is constant. 

Multiplying equations (1) to (6) by u, v, w, p, q, r in order, 
adding and integrating, shows that T in (A) is constant. 
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Multiplying (1), (2), (3) by |^. |^, adding and in- 
tegrating, proves that 

+ + .(B) 

F being a constant, representing the resultant l.inear momentum 
of the system. 

Similarly, it is shown that 

dT^T ^ZTdT ^dTZT . , . 

•: 5 —h;^- 7 ^+^ IS constant; or 

dw dp dv dq dwdv 

AP(vjp+vq)+GRwr—0, .(C) 

where & is a constant, representing the resultant angular 
momentum of the system. 

From equations (A) and (B), 

J.( p^+q^) = 2r— Or® — Riifi^P{u^+v^) 


= 2T- 


and, from equation (3), 

= FHybq —up)*=P*(tt*+u*)( p* -I- q®)— PHwp+vq)- 




+ 


(2T-Cr^- 


b) a 


<G:z^)Ud) 


SO that w or Rw is an elliptic function of t. 

Taking the axis Oz in the direction of the resultant impulse 
F, and denoting by y^, yg, yg the cosines of the angles between 
Oz and OA, OB, OG, so that 

P'uu = Fyi, Pv =J?y2, Ry^ = Fy^; 
then, with Euler’s coordinate angles 9, yfr, 

y 3 L= — sindcos^, yg—sin^sin^, y 3 =cosd, 

P(y'P+vq)—F sin 6 ( —p cos tp+q sin = Fsin^O ^; 

so that 


dyfr G^-GFr cos 9 
dt “ 4jFsin®0 
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_Q+OFr 1 
'iAF i+cos0 
suppose; and then 


G-CFr 


1 _=^4.^^ 

-CO8 0 dt dt’ 


~|=r-cos ^V | OFr-Ocose 

dt dt Ar^ AFaia^e 

\ Ar^ dt dt ' 


^ yUL/ vvc/ 

The equations given by Kirchhoff (Vorle^migm Hher mathe- 
matische Phyaik, p. 240) for a, y, the coordinates of 0 with 
respect to fixed axes O'a, 0% 0 y (0 y parallel to Oz) are 


Tfo 92 * ZT 

nil , ZT 


where Oi, a^, a, denote the cosines of the angles between O’a 
and OA, OB, 00; and 0^, 0^, 0^ the cosines of the angles 
between O'0 and OA, OB, 00. 

Expressed by Euler’s coordinate angles, 

ai= cos d cos ^ cossin ^ sin 

^2 “ COS d sin ^ cos —cos </> sin yjr, 
a 3 = sin 0 cos T^; 

= cos 0 cos ip sin ‘^+sin p cos y/r^ 

^2 = ~ cos d sin ^ sin ^+cos p cos 
^ 03 = wn^sin'^; 

while p = sin ^ 0—sin 0 cos p yjr, 

q = cosp 0+sin d sin p yjr, 

^+008 0*^; 

so that, after reduction, 

Fa =A c^\fre+(Cr—A cos0\^)8in 6 sin^, 
F0=A aia\lre—(Or—A cosfi'iWn dcoa\Ir, 

I^=^am^e+^coa^. 

Wnting Jbj for F cosfi or Bw, equation (D) becomes 
^=n2/fa^_n2_/2r_r,^_;^V-l /OrFx-G\^^ _ 


suppose, where 


= 7 l»Z, 
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Denoting the roots of the quartic X=0 hy ooi, Xg, 
we may put, according to ^ 151,152, 


* pc 

-9'c 

pti —pcpc—Cj 

* pu-pcpc-«g 

* pu —pcpc—Cg 
and DOW, when a; oscillates between 0:2 and 

u=7i<+a>8. 

The letter u has been used here in two senses, to agree with 
the ordinary notation; this need not however lead to confusion. 
Differentiating, 

ds=+c) - f (u - c) - f 2c 
_1 p'(tt-c)-p'2c 
2 p(u—c)—p2c 

= .1 /(^-c)h-pX^+<^) 

2 p(u-c)-p(m.+c)’ 

X*=p2c+p(w—c)+p(u+c); 

so that we must write v for 2c and u for u—c, to agree with 
Ealphen’s notation. 

Now, to determine y, 

J** 

= P+dl«.*{p2c+p(«,-c)H-p(tt+c)}, 

Fy=B(^+An^p2^t—An{^(u—e)+^{u+o)} 

= (5+^«p2c)(u-«8)- ; 

so that, in a complete period of the motion, the point 0 
will have advanced pamllel to O'y a distance 

also (§ 162) 6p2c=coeffident of —a?® in X. 
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We now suppose that ^^=a makes £c=l, and u = h makea 
aj= — 1; then 

, I I j-_ -p'c(pf>-pu) 

(pa—pcX^M.-pc)’ (p6—pc)(pu-pcy 

p'ap'c _ .0—GFr p'b p'c _•&+OFr 
-a—pc)®~ ^ AFn ’ (p/>—pc)® ^ 

Then 

diyjr-^ _ - jp'a(pu-pc ) 

(to. (p«—pcXptt-P«) 

-^p'g -^p'g 


pa—pc pg-pg 
= —§^0. —c) — •J^a + c)+fa 
- - «) + l^u+a) - fg; 

— J{((a—c)+^g+o)}g+; 
and similarly 

ii', - m^-o) + ^b+o)}u+hlog^^y, 

and therefore 

where 

f(« - c)+^(a+c)+^(6 - c)++c). 

Also 

sin®0=1—a;®=(1+a 5 ')(l — x) 

p'®e(pg-pg)(pl)-pg) 


' (p« - pc)(p6 - pe)(pg - pc)® 

_ (r®2C(r(g—a)(r(‘^+tt)(K^~'^M^+y) 

(r(g—c)<r(a+c)ir( 6—c)c-(6+ e)a^{u —c) < 7 ® (u+ 0 )’ 

so that 

a-{u—c)(r(u+c) 

giving the projection on a plane perpendicular to Oz of the 
motion of a point on the axis 0(7, x*elatively to 0 ; also 
P{u+vi)= —Fsin ^ 
p+qi=:{^ sin 6 \fr+i6)e“^. 

We find also, as in g 224, that if the values and 6^ of u 
correspond to 

then 6 i=a— 6 . 
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or 


But now introduce the condition 

when, according to § 282, yf/‘ becomes pseudo-elliptic. 
Putting tan“^ - 

^ ^ pa—Ca p^^» 

// l±XgA+^ ^ .X-Xa \ , 

f-ton l+x^.l + Xa' Z-Xg.x-Xy)' 

and, employing 6 instead of a, this may also be written 
, // 1-XB.l-X X-Xa.X-Xa\. 

^=t^“ VV-l-aJo.!^. ■ x-XB.x-Xy) ’ 

1+Xfi. 1+Xy _ 1—1—a gy 
l+ajQ.l + iT^ i—aSo.l—fl5a 
and therefore each is equal to —1, and 

i»o®a+^/3a>y+2 = 0, 

since x^+Xa+xp+Xy^^O] 

and, changing to the complementary angle, 


so that 


^ ^lx--XQ.X — iCa 

1 IXB~~X ,X--Xy Ix^X q, 

-sin“ y- “ 2 _ 2 aj® V 2-2r»® 


—ajQ.aa—a? 


with Xa> x^> X> Xy> Xq. 

Differentiating, 

(a !g+(ny)(l +0!") - 2(l±gggy)g, ^biie 

^- dt 

so that 

provided that n{xQ+Xa)=OIAF, n(l+x^a) — (''^/^- 

The quartic X must therefore break up into the two 

quadratics 0^-^+'^-'^ 


^ , , ,« fOx-CrF\\ 

so that the requisite relation when a+& = ««i is 




■{*) 
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80 that sm'^0 sin 2^= ^X', sin*0 cos 2^= ; 

, * AFn 

and i=mt-\jr, 

where m=Jii(£Bj+«„) = ^(?/^j?’, 

Also;, from (7) and (8), 

F(a cos ^+/3 sin yf/)=:AQ 

=An^X/sin Q=An sin 8 sin 2^; 
F{aamy}r—^ <ioa‘\}/) = {Cr—A cos6^)8in8 
GrF~Q cos 6 ^ ^ 

— F'^e~~ “ ® 

Therefore Fa=An sin d(sin 2^ cos —cos 2| sin \p) 

=Aw sin 6 sin(2^— 

=Aw sin 6 sin(2mt—3^); 

-?'18=Aw sin 6 cos(2^— 

= Aw sin 0 co8(27wf — 3^). 

Now in the motion of a point on 00, relative to 0, 
sin 6 e*^=sin 0 cos(mt—^)+i sin 0 sin(mt— 

^x—x^.a^-x ^ ^xp-x .X-Xy ' j 

where a!=cos0. 

When b — a=<oa, and or ^ is pseudo-eUiptic, we 

shall find that Q and Or are interchanged, and 
n(xQ+Xa) = OrlA, 
w(l+ x^) = 0/AF; 

and then 2T-Or^-^^0; .(F) 

so that =P*8in*fi, 

P*+g'^=w®sin*fi. 

As a numeiical exercise, we may take, in addition to (F), 
G=4Ayw, C''r=2^Aw; 
then X=£B*-30£B2+16,^7a:-15 

= {a^ ^/t/7X +3X®*+2,^7®—5); 

'•'^= — s/*^x^=Jy—% x^= — J*l 

ii'*=60, S'8=88, ei=l+2v'3, e2=-2, ej=l-2„y3; 


■and then 
so that 
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pa=-3, p6 = l; a=fwj, 6=<i»i—Jw# (§ 226); 
pc=2V7+3, p'c=-8^7-20. p2c=5, p'2c=4V7. 
Now we shall hud that 

2_^ r- 7 '=etc- 

8in*0 cos 3(»t—^)=f—f+</7 co8 0—Jco8®5)*, 
sin®0 sin 

=(W7 - 2 cos 0+cos20)V(^- y? cos e- J cos*0). 


MISCELLANEOUS EXAMPLES. 

1. Construct a Table exhibiting the connexion between the 
twelve elliptic functions 


snu, 

nst6, 

dcu, 

cdu; 

cnu, 

dsu. 

ncu, 

sdu; 

dnu. 

cstt, 

scu, 

ndi(. 


2. Construct a Table of the values of the sn, cn, dn of 
u+ 7 nK-{^nK'i in terms of sni6, cnu, dnu; also of the elliptic 
functions of ^(mK+nK'i), for m, 7i=0, 1, 2,.... 

3. Prove that, accents denoting differentiation, 

(i.) sn u dn'^u—sn^u dn u=sn u dn u, etc. 

(snu)®, sni6sn'u, (sn't&)® 

(ii.) (cnu)®, cnii^cnX ^Khn'iicnuinu. 

(dnu)*, dnudn'u, (dn'w)* 

(G. B. Mathews.) 

4. Denoting by (m, n) the function 

SXi(v^—Un)cn{Um+'t^n) 

cn{Um-v^)Bn{Um+Uny 

prove that 

(4,1)(4, 2)(4, 3X2. 3)(3,1)(1, 2)+(4, 1)(2, 3)+(4, 2)(3,1) 

+(4,3)(1,2)=0. 

Denoting by A, B, 0 the functions 
8n(i--cc)sn( 2 /— 2 ;) sn(^— y)sn{z — x) sn(^ •" g)8n(ag -^y ) 
sn(<+aj)sn(2/+i2)* sn(^+^)sn(a;+aj)’ sn(i+0)8n{a?—j/) 
prove that ABO+A+B+G=^0. 
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6. Prove that 

0-) jK sn vdv—2 tanh sn^). 

0 

(ii.) sn(2u + a)dAi = tanh " ^K sn u sn(t^ +a)}. 

0 

(iii.) JIU 1)8 udu — \TrK' ~ log 1/jf. 

0 

6. Detennine the orbit in which 

P=&*(tt*+a%®), the apsidal distance being a. 

7. Rectify r^=a8co8|0. 

8. Prove that the perimeter of the Cassinian Oval of § 161 

and draw the corresponding curvea 

9. Prove that the length of the curve of intersection of two 
circular cylinders, of radius a and 6, whose axes intersect at 

right angles, is 8^* (ll^in^^ ^ **=5 

and verify the result when a=6. 

10. Prove that K and K' satisfy the differential equation 

Deduce the relation 

dJe dle~4,k(^l-ky 

and thence deduce Legendre’s relation (§ 171). 

11. Prove that STj and o-j of § 252 satisfy the differential 

equation J(J- ^_a 

'' 6 dJ 144“®- 

12. Deduce the Fourier series for snu, cnii, dnu of §§ 266, 
267 from the series for Zu of § 268, making use of Landen’s 
Transformations and of equations (28), (29), (80) of § 264. 
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SSI 


13. Prove that 

rt'l I P"(^+Wi) I P*('«’+<«>8) , P"(^'+a>g) A. 

p'u^p'(u+a>i)'''p'(u+(Oiyp'(u+o)g) 

fs::\ pu-p(u+a+b) pu-p(u-a-b) f f>u-p(a+b) ]* 
' p(«.-a)-p(u-fe) p(«+a)-p(“+h) l(ji»tt-pa)(pu-p6)J’ 

14. Prove that, if a variable straight line meets the curve 

Aafl+By‘+Ox+l}=0 

“ (“^i- 2/i)(®s. y 2 XaJ 8 . y«)» *1^6“ (§ 166) 

dasi dxg dtCj ^ 

2/3 ~ ’ 

15. Denoting the integral 



where y is given as a function of x by the equation 
a?+^—Saxy — l, 

prove that, for three coUinear points, 

f»i+fa:2+fajj=3a. 

16. Prove or verify that, with 5 ^ 2 = 0 , the solution of Lamp’s 
differential equation 

>8 ^ = {p'«±>/(-fl's)}*; 

(“•) Ij ^^=6p«+V(3fl'8) “ y = ptt-W(3.7 s); 

J is y = (.4+PpJt4)(p'Ju)-i. 

(Halphea, M^movre mr la r^(Jnicti<m des Equations diff^^eri- 
tielles^ 1884) 

17. Determine, by means of elliptic functions, the motion of 
liquid filling a rectangular box, due to component angular 
velocities about axes through the centre parallel to the edges. 

(Q. J. M,, XV., p. 144}; W. M. Hicks, Velocity and Electric 
Potentials between parallel planes, p. 274) 
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18. Prove that, with x=iiruj<e and A=‘^rijm (§ 278), 

"" di'O’ * djO’ 0jO’ 

and thence convert the formulas (M) to (T) of § 249 into 
Jacobi’s notation. 

19. Prove that (§ 264, 20*) 

r*oo msteo 

i/Q= n(i-?*’■)= 2?®™*+”*, 

rf=l Mi=0 

, (6iH+iy 

q^lQ^lq 1* . 

20. Prove that 

(i) 

(it) n(^:;)‘i 


K 

21. Prove that, in Appendix IL, p. 346, 

CP 

p2c-Ka+6)=|3gj^,, 

ov 

p2o-p(«-6)=43*p; 

// . iO (O^-Oh^F^ 2T-C7^-F^IR\ 

9 («+«>) - ^AFnVWF^:^ An^ / ’ 

,, iCr 2T-C^-F^/R 

Work out the case of 

2T-0r^-F‘IJR=0, 

G^iAFn, Cr= 2^2An. 


1+q^-y ' 
i&nhh-rK'IK 
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leading mathematicians discusses these and other questions, xiii + 145pp. 5% x 8. 

T107 Paperbound $1.25 

GUIDE TO PHILOSOPHY, C. E. M. load. By one of the ablest expositors of ail time, this is 
not simply a history or a typological survey, but an examination of central problems in 
terms of answers afforded by the greatest thinkers: Plato, Aristotle, Scholastics, Leibniz, 
Kant, Whitehead, Russell, and many others. Especially valuable to persons in the physical 
sciences; over 100 pages devoted to Jeans, Eddington, and others, the philosophy of 
modern physics, scientific materialism, pragmatism, etc. Classified bibliography. 592pp. 

5% X 8. T50 Paperbound $2.00 

SUBSTANCE AND FUNCTION, and EINSTEIN’S THEORY OF RELATIVITY, Ernst Cassirer. Two 

books bound as one. Cassirer establishes a philosophy of the exact sciences that takes into 
consideration new developments in mathematics, shows historical connections. Partial 

contents: Aristotelian logic. Mill's analysis, Helmholtz and Kronecker, Russell and cardinal 

numbers. Euclidean vs. non-Euclidean geometry, Einstein’s relativity. Bibliography. Index, 
xxi -f 464pp. 5% X 8. T50 Paperbound $2.00 

FOUNDATIONS OF GEOMETRY, Bertrand Russell. Nobel laureate analyzes basic problems in 
the overlap area between mathematics and philosophy: the nature of geometrical knowledge, 
the nature of geometry, and the applications of geometry to space. Covers history of non- 
Euclidean geometry, philosophic interpretations of geometry, especially Kant, projective 
and metrical geometry. Most interesting as the solution offered in 1897 by a great mind 
to a problem still current. New introduction by Prof. Morris Kline, N.Y. University. “Ad¬ 
mirably clear, precise, and elegantly reasoned analysis," International Math. News, xii + 
201pp. 5% X 8. S233 Paperbound $1.60 


THE NATURE OF PHYSICAL THEORY, P. W. Bridgman. How modern physics looks to a highly 
unorthodox physicist—a Nobel laureate. Pointing out many absurdities of science, demon¬ 
strating inadequacies of various physical theories, weighs and anaiyzes contributions of 
Einstein, Bohr, Heisenberg, many others. A non-technicai consideration of correiation of 
science and reality, xi + 138pp. 5% x 8. $33 Paperbound $1.25 

EXPERIMENT AND THEORY IN PHYSICS, Max Born. A Nobel laureate examines the nature 
and value of the counterclaims of experiment and theory in physics. Synthetic versus 
analytical scientific advances are analyzed in works of Einstein, Bohr, Heisenberg, Planck, 
Eddington, Milne, others, by a fellow scientist. 44pp. 5% x 8. S308 Paperbound 60( 

A SHORT HISTORY OF ANATOMY AND PHYSIOLOGY FROM THE GREEKS TO HARVEY, Charles 
Singer. Corrected edition of "The Evolution of Anatomy." Classic traces anatomy, phys¬ 
iology from prescientific times through Greek, Roman periods, dark ages. Renaissance, to 
beginning of modern concepts. Centers on Individuals, movements, that definitely advanced 
anatomical knowledge. Plato, Diodes, Erasistratus, Galen, da Vinci, etc. Special section 
on Vesalius. 20 plates. 270 extremely Interesting illustrations of ancient. Medieval, enals- 
sance. Oriental origin, xii -t- 209pp. 5% x 8. T389 Paperbound $1.75 

SPACE-TIME-MATTER, Hermann Weyl. “The standard treatise on the general theory of 
relativiW," (Nature), by world renowned scientist. Deep, clear discussion of logical coher¬ 
ence of general theory, introducing all needed tools: Maxwell, analytical geometry, non- 
Euclidean geometry, tensor calculus, etc. Basis is classical space-time, before absorption 
of relativity. Contents: Euclidean space, mathematical form, metrical continuum, general 
theory, etc. 15 diagrams, xviii -i- 330pp. 5% x 8. S267 Paperbound $1.75 
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MAHER AND MOTION, James Clerk Maxwell. Excellent exposition begins with simple par- 
tides, proceeds gradually to physical systems beyond complete analysis; motion, force, 
properties of centre of mass of material system; work, energy, gravitation, etc. Written 
with ail Maxwell’s original Insights and clarity. Notes by E. Larmor. 17 diagrams. 178pp. 
5% X 8. S188 Paperbound $1.25 

PRINCIPLES OF MECHANICS, Heinrich Hertz. Last work by the great 19th century physicist 
is not only a classic, but of great interest in the logic of science. Creating a new system 
of mechanics based upon space, time, and mass, it returns to axiomatic analysis, under¬ 
standing of the formal or structural aspects of science, taking into account logic, observa¬ 
tion, a priori elements. Of great historical importance to Poincard, Carnap, Einstein. Milne. 
A 20 page introduction by R. S. Cohen, Wesleyan University, analyzes the implications of 
Hertz’s thought and the logic of science. 13 page introduction by Helmholtz, xlil + 274pp. 
5% X 8. S316 Clothbound $3.50 

S317 Paperbound $1.75 

FROM MAGIC TO SCIENCE, Charles Singer. A great historian examines aspects of science 
from Roman Empire through Renaissance. Includes perhaps best discussion of early herbals, 
penetrating physiological interpretation of “The Visions of Hlldegarde of Bingen.’’ Also 
examines Arabian, Galenic influences; Pythagoras' sphere, Paracelsus; reawakening of 
science under Leonardo da Vinci, Vesallus; Lorica of Glldas the Briton; etc. Frequent 
quotations with translations from cofitwmporary manuscripts. Unabridged, corrected edi¬ 
tion. 158 unusual Illustrations from Classical, Medieval sources, xxvii + 365pp. 5% x 8. 

T390 Paperbound $2.00 

A HISTORY OF THE CALCULUS, AND ITS CONCEPTUAL DEVELOPMENT, Carl B. Boyer. Provides 
laymen, mathematicians a detailed history of the development of the calculus, from begin¬ 
nings in antiquity to final elaboration as mathematical abstraction. Gives a sense of 
mathematics not as technique, but as habit of mind, in progression of ideas of Zeno, Plato, 
l^thagoras, Eudoxus, Arabic and Scholastic mathematicians, Newton, Leibniz, Taylor, Des¬ 
cartes, Euler, Lagrange, Cantor, Welerstrass, and others. This first comprehensive, critical 
history of the calculus was originally entitled “The Concepts of the Calculus.’’ Foreword 
by R. Courant. 22 figures. 25 page bibliography, v + 364pp. 5% x 8. 

S509 Paperbound $2.00 


A DIDEROT PICTORIAL ENCYCLOPEDIA OF TRADES AND INDUSTRY, Manufacturing and the 
Technical Arts in Plates Selected from ^‘L’Encyclopddie ou Dictionnaire Rai$onn6 des 

Sciences, des Arts, et des Mdtiers" of Denis Diderot. Edited with text by C. Gillispie. First 

modern selection of plates from high-poInt of 18th century French engraving. Storehouse 
of technological information to historian of arts and science. Over 2,000 illustrations on 
485 full page plates, most of them original size, show trades, industries of fascinating 

era in such great deiall that modern reconstructions might be made of them. Plates teem 
with men, women, children performing thousands of operations; show sequence, general 
operations, closeups, details of machinery. Illustrates such Important, interesting trades. 
Industries as sowing, harvesting, beekeeping, tobacco processing, fishing, arts of war, 
mining, smelting, casting iron, extracting mercury, making gunpowder, cannons, bells, 
shoeing horses, tanning, papermaking, printing, dying, over 45 more categories. Professor 
Gillispie of Princeton supplies full commentary on all plates, identifies operations, tools, 
processes, etc. Material is presented in lively, lucid fashion. Of great Interest to all 
studying history of science, technology. Heavy library cloth. 920pp. 9 x 12. 

T421 2 volume set $18.50 

OE MA6NETE, William Gilbert. Classic work on magnetism,, founded new science. Gilbert 
was first to use word “electricity,” to recognize mass as distinct from weight, to discover 
effect of heat on magnetic bodies; invented an electroscope, differentiated between static 
electricity and magnetism, conceived of earth as magnet. This lively work, by^first great 

experimental scientist, is not only a valuable historiral landmark, but a delightfully easy 
to follow record of a searching, ingenious mind. Translated by P. F. Mottelay. 25 page 
biographical memoir. 90 figures, lix + 368pp. 5% x 8. S470 Paperbound $2.00 

HISTORY OF MATHEMATICS, D. E. Smith. Most comprehensive, non-technical history of math 
In English. Discusses lives and works of over a thousand major, minor figures, with foot¬ 
notes giving technical Information outside book’s scheme, and Indicating disputed matters. 
Vol. I: A chronological examination, from primitive concepts through Egypt, Babylonia, 
Greece, the Orient, Rome, the Middle Ages, The Renaissance, and to 1900. Vol. I : The 
development of ideas in specific fields and problems, up through elementary calculus. 
“Marks an epoch . . . will modify the entire teaching of the history of science,” George 
Sarton. 2 volumes, total of 510 illustrations, 1355pp. 5% x 8. Set boxed in attractive 
container. T429, 430 Paperbound, the set $5.00 


THE PHILOSOPHY OF SPACE AND TIME, H. Relchenbach. An important landmark in develop¬ 
ment of empiricist conception of geometry, covering foundations of geometry, time theory, 
consequences of Einstein’s relativity, including: relations between theory and observations; 
coordinate definitions; relations between topological and metrical properties of space; 
psychological problem of visual intuition of non-EucIidean structures; many more topics 
important to modern science and philosophy. Majority of ideas require only knowledge of 
Intermediate math. “GLill the best book in the field,” Rudolf Carnap. IntrpducUon by 
R. Carnap. 49 figures, xviii + 296pp. 5% x 8. S443 Paperbound $2.00 
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FOUNDATIONS OF SCIENCE: THE PHILOSOPHY OF THEORY AND EXPERIMENT, N. Campbell. 

A critique of the most fundamental concepts of science, particularly physics. Examines why 
certain propositions are accepted without question, demarcates science from philosophy, 
etc Part I analyzes presuppositions of scien-tific thought: existence of material world, 
nature of laws, probability, etc; part 2 covers nature of experiment and applications of 
mathematics: conditions for measurement, relations between numerical laws and theories, 
error etc. An appendix covers problems arising from relativity, force, motion, space, 
time A classic in its field. “A real grasp of what science Is,” Higher Educational Journal, 
xiii + 565pp. 5% X 8%. S372 Paperbouiid $2.95 


THE STUDY OF THE HISTORY OF MATHEMATICS and THE STUDY OF THE HISTORY OF SCIENCE, 
G Sarton. Excellent introductions, orientation, for beginning or mature worker. Describes 
duty of mathematical historian, Incessant efforts and genius of previous generations. Ex- 
Dlains how today’s discipline differs from previous methods. 200 item bibliography with 
critical evaluations, best available biographies of modern mathematicians, best treatises 
on historical methods is especially valuable. 10 illustrations. 2 volumes bound as one. 
113pp. + 75pp. 5% X 8. T240 Paperbound $1.25 


MATHEMATICAL PUZZLES 

MATHEMATICAL PUZZLES OF SAM LOYD, selected and edited by Martin Gardner. 117 choice 
puzzles by greatest American puzzle creator and Innovator, from his famous "Cyclopedia 
of Puzzles." All unique style, historical flavor of originals. Based on arithmetic, algebra, 
probability, game theory, route tracing, topology, sliding block, operations research, geo¬ 
metrical dissection. Includes famous "14-15" puzzle which was national craze, "Horse of 
a Different Color” which sold millions of copies. 120 line drawings, diagrams. Solutions. 
XX + 167pp. 5% X 8. T498 Paperbound $1.00 


SYMBOLIC LOGIC and THE GAME OF LOGIC, Lewis Carroll. "Symbolic Logic" is not concerned 
with modern symbolic logic, but is instead a collection of over 380 problems posed with 
charm and imagination, using the syllogism, and a fascinating diagrammatic niethod of 
drawing conclusions. In "The Game of Logic” Carroll's whimsical Imagination devises a 
logical game played with 2 diagrams and counters (included) to manipulate hundreds of 
tricky syllogisms. The final section, "Hit or Miss” is a lagniappe of 101 additional puzz es 
In the delightful Carroll manner. Until this reprint edition, both of these books were rarities 
costing up to $15 each. Symbolic Logic: Index, xxxi -I- 199pp..The Game of Logic: 96pp. 
2 vois. bound as one. 5% x 8. T492 Paperbound $1.50 


PILLOW PROBLEMS and A TANGLED TALE, Lewis Carroll. One of the rarest of all Carroll's 
works, "Pillow Problems" contains 72 original math puzzles, all typically ingenious. Particu¬ 
larly fascinating are Carroll's answers which remain exactly as he thought them out, 
reflecting his actual mental process. The problems In "A Tangled Tale” are in story form, 
originally appearing as a monthly magazine serial. Carroll not only gives the solutions, but 
uses answers sent in by readers to discuss wrong approaches a, 1 misleading paths^ and 
grades them for Insight. Both of these books were rarities until this edition, "Pillow 
Problems" costing up to $25, and "A Tangled Tale” $15. Pillow Problems: Preface and 
Introduction by Lewis Carroll, xx + 109pp. A Tangled Tale; 6 illustrations. 152pp. Two vols. 
bound as one. 5% x 8. T493 Paperbound $1.50 


NEW WORD PUZZLES, G. L. Kaufman. 100 brand new challenging puzzles on words, com¬ 
binations, never before published. Most are new types invented by author, for beginners 
and experts both. Squares of letters follow chess moves to build words; symmetrical 
designs made of synonyms; rhymed crostics; double word squares; syllable puzzles where 
you fill in missing syllables instead of missing letter; many other types, all new. Solutions. 
"Excellent," Recreation. 100 puzzles. 196 figures, vi + 122pp. 5% x 8. 

T344 Paperbound $1.00 


MATHEMATICAL EXCURSIONS, H. A. Merrill. Fun, recreation, insights into elementary prob¬ 
lem solving. Maxh expert guides you on by-paths not generally travelled in elementary math 
courses—divide by inspection, Russian peasant multiplication; memory systems for pi; odd, 
even magic squares; dyadic systems; square roots by geometry; Tchebichev’s machine; 
dozens more. Solutions to more difficult ones. "Brain stirring stuff ... a classic,” Genie. 
50 illustrations. 145pp. 5% x 8. T350 Paperbound $1.00 


THE BOOK OF MODERN PUZZLES, G. L. Kaufman. Over 150 puzzles, absolutely all new mate¬ 
rial based on same appeal as crosswords, deduction puzzles, but with different principles, 
techniques. 2-minute teasers, word labyrinths, design, pattern, logic, observation puzzles, 
puzzles testing ability to apply general knowledge to peculiar situations, many others. 
Solutions. 116 illustrations. 192pp. 5% x 8. T143 Paperbound $1.00 

MATHEMAGIC, MAGIC PUZZLES, AND GAMES WITH NUMBERS, R. V. Heath. Over 60 puzzles, 
stunts, on properties of numbers. Easy techniques for multiplying large nurn^bers mentally, 
identifying unknown numbers, finding date of any day In any year. Includes The Lost Digit, 
3 Acrobats, Psychic Bridge, magic squares, trjangles, cubes, others not easily found else¬ 
where. Edited by J. S. Meyer. 76 Illustrations. 128pp. 5%-x 8. TllO Paperbound $1.00 
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hlgh-priority puzzles, stunts, tricks—math 
PrS? TKo Carpenter, Atom Bomb, Please Help Alice; mysteries, deductions 

o*5®®[Yatlon puzzlers like The American Flag, Playing 
Cards, Telephone Wal; over 200 others with magic squares, tongue twisters, puns, ana- 
granis. Solutions. Revised, enlarged edition of “Fun-To-Do.” Over 100 illustrations. 238 
puzzles, stunts, tricks. 256pp. 5% x 8. T337 Paperbound $1.00 

ISL THOUGHT AND LOGIC, C. R. Wylie, Jr. For readers who enjoy challenge, 

stimulation of logical puzzles without specialized math or scientific knowledge. Problems 
entirely new, range from relatively easy to brainteasers for hours of subtle entertainment. 
Detective puzzles, find the lying fisherman, how a blind man identifies color by logic, many 
j introduction to logic of puzzle solving and general scientific 

method. 128pp. 5% x 8. * T367 Paperbound ?1.00 

CRYPTANALYSIS, H. F. Gaines. Standard elementary, intermediate text for serious students. 
Not just old mater al, but much not generally known, except to experts. Concealment, 
Transposition, Substitution ciphers; Vigenere, Kasiski, Playfair, multafid, dozens of other 
techniques. Fornierly “Elementary Cryptanalysis.” Appendix with sequence charts, letter 
frequenc es in English, 5 other languages, English word frequencies. Bibliography. 167 
codes. New to this edition: solutions to codes, vi -H 230pp. 5^ x 8%. 

T97 Paperbound $1.95 


CRYPTOGRAPY, L. D. Smith. Excellent elementary Introduction to enciphering, deciphering 
secret writing. Explains transposition, substitution ciphers; codes; solutions; geometrical 
patterns, route transcription, columnar transposition, other methods. Mixed cipher systems; 
single, polyaiphabetical substitutions; mechanical devices; Vigenere; etc. Enciphering Jap¬ 
anese; explanation of Baconian biliteral cipher; frequency tables. Over 150 problems. Bib¬ 
liography. Index. 164pp. 5% x 8. T247 Paperbound $1.00 


MATHEMATICS, MAGIC AND MYSTERY, M. Gardner. Card tricks, metai mathematics, stage 
mind-readmg, other “magic” explained as applications of probability, sets, number theory, 
etc. Creative examination of laws, applications. Scores of new tricks. Insights. 115 sections 
on cards, dice, coins; vanishing tricks, many others. No sleight of hand—math guarantees 
success. ‘ Could hardly get more entertainment . . . easy to follow,” Mathematics Teacher. 
115 illustrations, xii + 174pp. 5% x 8. T335 Paperbound $1.00 

AMUSEMENTS IN MATHEMATICS, H. E. Dudeney. Foremost British originator of math puzzles, 
always witty, intriguing, paradoxical In this classic. One of largest collections. More than 
430 puzzles, problems, paradoxes. Mazes, games, problems on number manipulations, 
unicursal, other route problems, puzzles on measuring, weighing, packing, age, kinship, 
chessboards, joiners', crossing river, plane figure dissection, many others. Solutions. More 
than 450 illustrations, viii -i- 258pp. 5% x 8. T473 Paperbound $1.25 

THE CANTERBURY PUZZLES H. E. Dudeney. Chaucer’s pilgrims set one another problems in 
story form. Also Adventures of the Puzzle Club, the Strange Escape of the King’s Jester, 
the Monks of Riddlewell, the Squire’s Christmas Puzzle Party, others. All puzzles are 
original, based on dissecting plana figures, arithmetic, algebra, elementary calculus, other 
branches of mathematics, and purely logical ingenuity. “The limit of ingenuity and in¬ 
tricacy,” The Observer. Over 110 puzzles, full solutions. 150 illustrations, viii + 225 pp. 
5% x 8. T474 Paperbound $1.25 

MATHEMATICAL PUZZLES FOR BEGINNERS AND ENTHUSIASTS, G. Mott-Smith. 188 puzzles to 
test mental agility. Inference, Interpretation, algebra, dissection of plane figures, geometry, 
properties of numbers, decimation, permutations, probability, all are in these delightful 
problems. Includes the Odic Force, How to Draw an Ellipse, opider’s Cousin, more than 180 
others. Detailed solutions. Appendix with square roots, triangular numbers, primes, etc. 
135 illustrations. 2nd revised edition. 248pp. 5% x 8. T198 Paperbound $1.00 

MATHEMATICAL RECREATIONS, M. Kraltchlk. Some 250 puzzles, problems, demonstrations of 
recreation mathematics on relatively advanced level. Unusual historical problems from 
Greek, Medieval, Arabic, Hindu sources; modern problems on “mathematics without num¬ 
bers,” geometry, topology, arithmetic, etc. Pastimes derived from figurative, Mersenne, 
Fermat numbers: fairy chess; latruncles: reversi; etc. Full solutions. Excellent insights 
into special fields of math. “Strongly recommended to all who are interested in the 
lighter side of mathematics,” Mathematical Gaz. 1'81 Illustrations. 330pp. 5% x 8. 

T163 Paperbound $1.75 


FICTION 

FLATLAND, E. A. Abbott. A perennially popular science-fiction classic about life in a 2- 
dimensional world, and the impingement of higher dimensions. Political, satiric, humorous, 
moral overtones. This land where women are straight lines and the lowest and most dan¬ 
gerous classes are Isosceles triangles with 3® vertices conveys brilliantly a feeling for 
many concepts of modern science. 7th edition. New introduction by Banesh Hoffmann. 128pp. 
5% X 8. T1 Paperbound $1.00 


7 



CATALOGUE OF 


ThW novels:°The*War^oMhe*‘worl** The fnvislble* Man**The'1sr‘'H®‘’f “n ®* 

Still 'consldtr?d%°y“lJiny1xp'2^ 'fo bl the^beit «ren«''^ctL‘1ve^TV'® !>™M““™na; 

T264 Clothbound $3.95 

E;r»~F '.“i^il^iSVSKAS 

T265 Clothbound $3.95 

J}JL;?aZrTacSly^"i"^^^^ adventure of darkest 

ethnology, folkways as did few of his contemporaries fhL hLl°^ African 

M," iSir'i" ■“ «™A s» *a !£'7»V!si:!' antK 

T108 Clothbound $3.95 


CHESS AND CHECKERS 

ffi S.'vS^ShSC'r 

moves possible. Games selected for* Interert clarltv^*Msnv"^Lniff.H^®*"’?® ®'*®™ate 
Ruy Inpez, Dutch Defense, Vienna Gama openinas- subt’le iSfr^ 

+ 'SCVS r^- ‘""o*®"""®- fa^nariy ‘Xhe^s't YoSrself.”%PraglfaSf"v^ 

T362 Paperbound $1.00 

you ml|ht°hav? made?Tenter“a®round "tVnsStoi'Lm* mftdre'’*plav ya"*! "'p'**eaS’ rnove 
R®e1n?e®ld®WntJns*2^^^ o?ISfn®al%layer®?n®af^^^^^ exponent, ARON MIMZO- 

sfor ho^'*1,1s ^fflaitVc SeXdr^i'on 

Rubinstein, Spielmann, others, and Infused new life ^nto ^hV Marshall, 

startle opponents, invigorate play. ‘‘Annotations anri^ intSHif])*® garne. Use his methods to 
exce,lent,“ Times (Lond^on). isg l/fagrars^^/in M^lVa^^Sound $1^1 

malteTSdin”gf glltl^' o^?Sss^‘feInd’laS' '"aaa 

to great players of today; such delights and oddmic « M of Chaturanga 

beat Napoleon 3 times; etc One Sf most valuabjl featSlns^k l.fhess-playlng automaton 
tions of men he has played against—Nimzovicht ® personal recollec- 

°f chess-playing machines (newly ’revlsedit® <; Alekhine, 

trations. 53 diagrams. 296pp. 5% x 8 ^ revised). 5 page chess primer. ll liius- 

S510 Paperbound $1.45 

famous**VnVar^s^t^dy *ev^^^ wfftten ^Mason^^earlv^^Mth ^ revised edition of most 

mtermedfate plapr over 90 openings; m?d^dle%amfi^°anri^®^ master, teaches beginning, 
to plan purposefully, attack, sacrifice defend ^pyrliaif^ wme, to see more moves ahead, 

• • i,?"® of the clearest and best developed^ studler® "hassle 

complete supplement by F. Reinfeld. ‘‘How Do Yo» Piav a 

fPhr ••'rely questlon-and-answer method 448 ^diaffra^mP^®?Q>i7’ f® beginners 

Bibliography, xvi + 340pp. 5% x 8 * Diagrams. 1947 Reinfeld-Bernstein text. 

, T463 Paperbound $1.85 

flowing brilliant, forcefur^moves**oV^he^greatest^SieS^ boldness Into your game by 

rnrer,?eT^,r',^T,;"'«ird*""pVu*^^^^^^^ 

over 100 others. Follow'his interWet^lo? ^^^ n,Lf®T5 ®‘ blindfold garnesi p us 

Ruy Lopea many more. UnabfidgS Se Jf la^ GIvoco Piano! 

F. Remfeld. Annotations, introduction by Sergeant 235 diagrami!'°!!- +"352pp°''5%“" 

T386 Paperbound 51.75 
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Champion'dfscusses princfpler'o/''gal!lV'^expert's'‘s^^^^ tran/'^nmhi"*’® Checker 

?a,nrerb» 

leres with solutions, diagrams. 7 % figlrr"el'. ll.'lfe 

here Is* /°co»ec'th«P'of*Mg’htn'ing strokes' and'^Mnihi'nat-your opponent, 
Starts with 1-move checkmates, works uo to 3 actual tournament play, 

fif'" new insights into combinations comply o^ deceoTive a® 

nesses, strengths of you and your opSnt -A S ways to estimate weak- 

5%“ x‘"|«™"'^- *0 

short^^^ieV "aphorisms byf^abo'ut'masters^'^ Mems'" Mc'ouSti'®^/^^ collection of anecdotes, 
graphs; hundreds of humorous, pit& S^fiVical wisf^h^^^^^^^ tournaments, photon 

portraits. Fascinating “must" for chess oavlrs. episor-^s, comment, word 

who wonder what their friends spS in perhaps seductive to those 

diagrams, xi + 306pp. 5% 5 8 Photographs (14 'full page plat^ il 

WIM AT rueee r .. Paperbound $ 1.75 

against masters. Itart^wffh**simple*’sharpen your eye, test skill 
selected series of crucial moments In Chess' .^o complexities. This 

more versatile game. Simple grading system enahie«?^I/nM V®develop stronger, 
si 0 S'oot o‘frootron,“- !ht« 300 diaerams^N^^^^^^^^ "Exfensive use 

Formerly “Chess Quiz.” vi + 120pd 5% x a Notes, solutions to every situation. 

HH. a-yg X O. J433 Paperbound $1.00 


MATHEMATICS: 

ELEMENTARY TO INTERMEDIATE 


everyday life. Awakens^'Sier sense'*llabi fty to'^sBl^'r.i"’?*^®'!;*® mathematics of 
r'lle quantities. A serious course of ^2;''%on "“mbers as 

techniques not taught in schools' lefMo°riVht®mi?itiSf?,?JS •’l®"'. solutions through 
minutes a day will double or tridle calcuiXn T®?* tost division, etc. lo 

higher math, but dissatisfied wlth^peed'“/^^'rccu^acy"■In^^SSle^math. IsISp.'Vx 

Paperbound $1.00 

Easter "ec^ures^’a't^GBfflngeif*3^*problems"of*cIassicai**** **'**"■ ^*P®"‘le‘l version of 1894 
Ing angle, doubling cube, eonsfdered with full mridlrn®''imlr '.faring the circle, trlsect- 
berv, pi, etc. modern classic no knowiid«®?f transcendental num- 

Scientia. Notes by R. Archibald. 16 figures, xi +'®9lp®p.®U'"x'" "" Paperbord^HOO 

Sifa^tr^^rbuUdml pTblliSs'eToMaS'^llILf" ’’"'I®'?*,- '• »• «®"®r. Practical, 
cuius, coordinate, analytical geometry°^unctldns fnteerai'^^ra'^^^ '^'^erentlal cal- 

equations, differential equations pSuVier^s ^^^ies, numerical 

of variations, determinants, “if the reader Is no^ fammSF'*tXi+h*^fM^ calculus 

h™ to ^examine it,- Chem. and En‘g?ne7rtn"g"NL^s"no?rb^;mri8*^'?igS?e"s'.- x^ 

_ S193 Paperbound $2.25 

«■ ««■ ■» ..1.11 ..^ 

g.a;riyi.?jg^s.av.L““ ! ; fe 

riiia »"ff 

.rs!;. ".'.isTiHi lairiSS rAwy*"-®'® 

mulas, functions, x + 629pp 5%’ x 8 ^ numbers. 494 figures 24 pages of for- 

T371 Paperbound $2.00 

etc. Practical aspects stressed. 50 pageTlIlustraKooTicatinn^^^ ^f’*e8/at>on, 

nautical engineering, electricity stress strSn fiSSlKifi problems of civil, 

|n™er|d. 566 probfems, m*&nriin!.. 

T370 Paperbound $2.00 
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MONOGRAPHS ON TOPICS OF MODERN MATHEMATICS, edited by J. W. A. Yquni. Advanced 
mathematics for persons who have forgotten, or not gone beyond, high school algebra 
fpuniistion of geometry, modern pure geometry, non-Euclidean geometry 


duction by Prof. M. Kline, N.Y. Univ. 100 diagrams. xvi'+ 416pp. 6Vb x 9 V 4 . 

S289 Paperbound $ 2.00 

MATHEMATICS |N ACTION, 0. S. Su^n. Excellent middle level application of mathematics 
to study of universe, demonstrates how math is applied to ballistics, theory of comout na 
phenomena, theory of fluid flow, meteorological problems® 
statistics, flight, similar phenomena. No knowledge of advanced math required. Differential 
equations. Four er series, group concepts, Eigenfunctions, Planck's constant, airfo I theory 
and similar topics explajned so clearly in everyday language that almost anyone can derive 
benefit from reading this even if much of high-school math is forgotten. 2 nd edition. 88 
figures, viii + 236pp. 5% x 8 . >450 doth bound $3.50 



teacher, . . . deep insight," Bui., Amer. Math Soc. 


Vol, I. ARITHMETIC, ALGEBRA, ANALYSIS. Introduces concept of function immediately en- 
LnfJitieeometric methods. Partial contents: natural numbers, 
“mPlex nujiDPre- Real equations with real unknowns, complex quan¬ 
tities. Logarithmic, exponential functions. Infinitesimal calculus. Transcendence of^e and oi. 
theory of assemblages. Index. 125 figures, lx -I- 274pp. 5% x 8 . S151 Paperbound .75 

*?’■ Comprehensive view, accompanies space perception inherent in eeom- 

wPleP Pfefise formulation. Partial contents: Simplest 

geometric manifold; line segments, Grassman determinant principles, classication of con¬ 
figurations of space. Geometric transformations: affine, projective, higher point transforma- 

mustrathfns^ I? discussion of geometry and its foundations. 141 

Illustrations, lx -I- 214pp. 5% x 8 . $151 Paperbound $1.75 

A TREATISE ON PLANE AND ADVANCED TRIGONOMETRY, E. W. Hobson. Extraordinarily wide 
cov®rage, going beyond usual college level, one of few works covering advanced trig In 
fULi-.S®^ *. ® x*’’®?? ®^Positor with unerring anticipation of potentially difficult points. 

Includes circular functions; expansion of functions of multiple angle; trig tables; relatfons 
HThi®?!!^®\ ®"*l®h ®^trlan?les; complex numbers; etc. Many problems fully solved. 

?" ^1®. si^hject," Nature. Formerly entitled "A Treatise on Plane iTrigonom- 
etry. 689 examples. 66 figures, xvi + 383pp. 5% x 8 . S 353 Paperbound® $ 1.95 

NON-EUCLIpEAN GEOMETRY, Roberto Bonola. The standard coverage of non-Euclidean geom¬ 
etry. E^^mines from both a historical and mathematical point of view geometries which 
have arisen from a study of Euclid’s 5th postulate on parallel lines. Also included are 
complete texts, translated, of Bolyai’s "Theory of Absolute Space,’’ Lobachevsky’s "Theory 
of Parallels. 180 diagrams. 431pp. 5% x 8 . $27 Paperbound $ 1°95 

GEOMETRY OF FOUR DIMENSIONS, H. P. Manning. Unique in English as a clear, concise intro- 
duction. Tr®atment IS synthetic, mostly Euclidean, though in hyperplanes and hyperspheres 
";n"Euclidean geometry IS used. Historical Introduction. Foundations oM-dimS- 
nrriar Simple angios. Angles of planes, higher order. Symmetry, 

order, motion; hyperpyramids, hypercones, hyperspneres; figures with parallel elements- 
vdume, hypervolume in space; regular polyhedrolds. Glossary. 78 figures, ix -I- 348pp' 
^ S182 Paperbound $ 1.95 


MATHEMATICS: INTEEMEDIATE TO ADVANCED 


GEOMETRY (EUCLIDEAN AND NON-EUCLIDEAN) 


cUi!! ,*'^'**' Descartes founded analytical geometry. 

Original French text, with Descartes's own diagrams, and excellent Smith-Latham® transla- 
tion. Contains: Problems the Construction of Which Requires only Straight Lines and Circles* 

grams 25800 * 5 % ^ "®®’ “f Sc'l<l or Supersolid Problems. Dia¬ 
grams. Z 58 PP. 5% X 8 . S 68 Paperbound 51.50 
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THE WORKS OF ARCHIMEDES, edited by T. L. Heath. All the known works of the great Greek 
mathematician, including the recently discovered Method of Archimedes. Contains: On 
Sphere and Cylinder, Measurement of a Circle, Spirals, Conoids, Spheroids, etc. Definitive 
edition of greatest mathematical intellect of ancient world. 186 page study by Heath dis¬ 
cusses Archimedes and history of Greek mathematics. 563pp. 5% x 8. S9 Paperbound S2.00 

COLLECTED WORKS OF BERNARD RIEMANN. Important sourcebook, first to contain complete 
text of 1892 “Werke" and the 1902 supplement, unabridged. 31 monographs, 3 complete 
lecture courses, 15 miscellaneous papers which have been of enormous importance in 
relativity, topology, theory of complex variables, other areas of mathematics. Edited by 
R. Dedekind, H. Weber, M. Noether, W. Wirtinger. German text; English introduction by 
Hans Lewy. 690pp. 5% x 8. S226 Paperbound S2.85 

THE THIRTEEN BOOKS OF EUCLID'S ELEMENTS, edited by Sir Thomas Heath. Definitive edition 
of one of very greatest classics of Western world. Complete translation of Heiberg text, 
plus spurious Book XIV. 150 page Introduction on Greek, Medieval mathematics, Euclid, 
texts, commentators, etc. Elaborate critical apparatus parallels text, analyzing each defini¬ 
tion, postulate, proposition, covering textual matters, refutations, supports, extrapolations, 
etc. This is the full Euclid. Unabridged reproduction of Cambridge U. 2nd edition. 3 vol¬ 
umes. 995 figures. 1426pp. 5% x 8. S88, 89, 90, 3 volume set, paperbound $6.00 

AN INTRODUCTION TO GEOMETRY OF N DIMENSIONS, D. M. Y. Sommerville. Presupposes no 
previous knowledge of field. Only book In English devoted exclusively to higher dimensional 
geometry. Discusses fundamental ideas of incidence, parallelism, perpendicularity, angles 
between linear space, enumerative geometry, analytical geometry from projective and metric 
views, polytopes, elementary ideas in analysis situs, content of hyperspacial figures. 60 
diagrams. 196pp. 5% x 8. S494 Paperbound $1.50 

ELEMENTS OF NON-EUCLIDEAN GEOMETRY, D. M. Y. Sommerville. Unique in proceeding step- 
by-step. Requires only good knowledge of high-school geometry and algebra, to grasp ele¬ 
mentary hyperbolic, elliptic, analytic non-Euclidean Geometries; space curvature and its 
implications; radical axes; homopethic centres and systems of circles; parataxy and parallel¬ 
ism; Gauss' proof of defect area theorem; much more, with exceptional clarity. 126 prob¬ 
lems at chapter ends. 133 figures, xvi -I- 274pp. 5% x 8. S460 Paperbound $1.50 

THE FOUNDATIONS OF EUCLIDEAN GEOMETRY, H. G. Forder. First connected, rigorous ac¬ 
count in light of modern analysis, establishing propositions without recourse to empiricism, 
without multiplying hypotheses. Based .on tools of 19th and 20th century mathematicians, 
who made it possible to remedy gaps and complexities, recognize problems not earlier 
discerned. Begins with important relationship of number systems in geometrical figures. 
Considers classes, relations, linear order, natural numbers, axioms for magnitudes, groups, 
quasi-fields, fields, non-Archimedian systems, the axiom system (at length), particular axioms 
(two chapters on the Parallel Axioms), constructions, congruence, similarity, etc. Lists: 
axioms employed, constructions, symbols in frequent use. 295pp. 5% x 8. 

$481 Paperbound $2.00 


CALCULUS, FUNCTION THEORY (REAL AND COMPLEX), 
FOURIER THEORY 


FIVE VOLUME “THEORY OF FUNCTIONS" SET BY KONRAD KNOPP. Provides complete, readily 
followed account of theory of functions. Proofs given concisely, yet without sacrifice of 
completeness or rigor. These volumes used as texts by such universities as M.I.T., Chicago, 
N.Y. City College, many others. "Excellent introduction . . . remarkably readable, concise, 
clear, rigorous," J. of the American Statistical Association. 

ELEMENTS OF THE THEORY OF FUNCTIONS, Konrad Knopp. Provide.*: background for further 
volumes in this set, or texts on similar level. Partial contents: Foundations, system of com¬ 
plex numbers and Gaussian plane of numbers, Riemann sphere of numbers, mapping by 
linear functions, normal forms, the logarithm, cyclometric functions, binomial series. "Not 
only for the young student, but also for the student who knows all about what Is In it," 
Mathematical Journal. 140pp. 5% x 8. $154 Paperbound $1.35 

THEORY OF FUNCTIONS, PART I, Konrad Knopp. With volume 11. provides coverage of basic 
concepts and theorems. Partial contents: numbers and points, functions of a complex 
variable, integral of a continuous function, Cauchy's intergral theorem, Cauchy’s integral 
formulae, series with variable terms, expansion and analytic function in a power series, 
analytic continuation and complete definition of analytic f"nctIons, Laurent expansion, types 
of singularities, vil -H 146pp. 5% x 8. $156 Paperbouno $1.35 

THEORY OF FUNCTIONS, PART II, Konrad Knopp. Application and further development of 
general theory, special topics. Single valued functions, entire, Weierstrass. Meromorphic 
functions; MIttag-Leffler. Periodic functions. Multiple valued functions. Riemann surfaces. 
Algebraic functions. Analytical configurations, Riemann surface, x -h 150pp. 5% x 8. 

$157 Paperbound $1.35 
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functions, volume I, Konrad Knopp. Problems in ele- 
Knopp’s “Theory of Functions/' or any other text. Arranged 
Fundamental concepts, sequences of numbers and infinite 
Answ^s SnP + theorems, development In series, conformal mapping? 

Answers, viti + I26pp. 5% x 8. S 158 Paperbound S1.35 

FUNCTIONS, VOLUME II, Konrad Knopp. Advanced theory 
f/ipt ‘^"PPP S “Theory Of Functions," or comparable text. Singular- 

if nrtinnc* Ripm^nn functiORS, periodic, analytic, continuation, multiple-valued 

f-Thi 5 surfaces, conformal mapping. Includes section of elementary problems, 

his? r? • • • problems just within the reach of the beginner is 

here masterfully accomplished," AM. MATH. SOC. Answers. 138pp. 5% x 8. 

S159 Paperbound $1.35 

ADVANCED CALCULUS, E. B. Wilson. Still recognized as one of most comprehensive, useful 
amount of well-represented, fundamental material, Including chapters on 
vector functions, ordinary differential equations, special functions, calculus of variations 
SfJL'' ®^®®"®"^ introductions to these areas. Requires only one year of ca?oulus! 

Over 1300 exercises cover both pure math and applications to engineering and physical 
problems. Ideal reference, refresher. 54 page Introductory review, ix + 566pp. 5%^x 8. 

S504 Paperbound $2.45 

ELLIPTIC FUNCTIONS, H. Hancock. Reissue of only book In 
f.? ®’‘t®"®'y® ® coverage, especially of Abel, Jacobi, Legendre, WeierXass, 
Hermite, Llouville, and Riemann. Unusual fullness of treatment, plus applications as well as 
^ originating in ^Lrks of Abel and 

76 figures, xxiil + 498pp. 5% x 8. S483 Paperbound $2.55 

THEORY OF FUNCTIONALS AND OF INTEGRAL AND INTEGRO-DIFFERENTIAL EOUATIONS VltO 
Volterra. Unabridged republication of only English translation. General theory of functions 
depending on continuous set of values of another function. Based on author’s concept of 
I ^‘'1'*® number of variables to a continually Infinite number. Includes much 
material on calculus of variations. Begins with fundamentals, examines generalization of 
analytic functions, functional derivative equations, applications, other dIreSions of theory. 

tiker^tyyy^i^^ofinS" v' a' ®‘®^raphy, criticism of Volterra's work by E. Whit¬ 
taker, xxxx + 226pp. 5% X 8. S502 Paperbound $1.75 

AN INTRODUCTION TO FOURIER METHODS AND THE LAPLACE TRANSFORMATION. Philip 
Franklin. Concentrates on essentials, gives broad view, suitable for most applications*^"Re- 
quires only knowledge of ^'alculus. Covers complex qualities with methods of computing ele- 

argument and finding approximations toy cLrts; 
Fourier series; harmonic anaylsis; much more. Methods are related to physical problems 
of heat flow, vibrations, electrical transmission, electromagnetic radiation, W. 828 prob¬ 
lems, answers. Formerly entitled "Fourier Methods." x -I- 289pp. 5% x 8. 

S452 Paperbound $1.75 

THE ANALHICAL THEORY OF HEAT, Joseph Fourier. This book, which revolutionized mathe- 
S used by generations of mathematicians and physicists Interested 

of Fourier integral. Covers cause and reflection of rays of heat, 
radiant heating, heating of closed spaces, use of trigonometric series in theory of heat. 
Fourier integral, etc. Translated by Alexander Freeman. 20 figures, xxll -H 466pp. 5% x s! 

S93 Paperbound $2.00 

integrals, H. Hancock. Invaluable in work Involving differential equations with 
cubics, quatrics under root sign, where elementary calculus methods are inadequate. Prac¬ 
tical solutions to problems In mathematics, engineering, physics; differential equations re- 
quirlng integration of Lam6’s, Brlot’s, or Bouquet's equations; determination^ of arc of 
®’ '®‘^'s®ate; solutions of problems in elastics; motion of a projectile under 
with iff ^^® peodulums; more. Exposition^ in accordance 

R n^ia/hf®t®JlSL®''^fAJ^ discussion of Legendre transformations. 20 figures. 

5 place table. 104pp. 5% x 8. S484 Paperbound $1.25 

SERIES, AN INTRODUCTION TO THE THEORY OF FUNCTIONS OF A COMPLEX 

yflo I. Uses Taylor series to approach theory of functions, using ordinary 

n?lchapters. Starts with introduction to real variable and com- 
rLuar! ®i,®^'’®iV '^®'''''®® P''®P®^t*®® infinite series, complex differentiation, integration, etc. 

oyerconvergence and gap theorems, Taylor series on its circle 
of convergence, etc. Unabridged corrected reissue of first edition. 186 examples, many 
fully worked out. 67 figures, xil + 555pp. 5% x 8. S391 Paperbound $2.75 

LINEAR INTEGRAL EOUATIONS, W. V. Lovitt. Systematic survey of general theory, with some 
application to differential equations, calculus of variations, problems of math, physics 
®S“®f'on of 2nd kind by successive substitutions: Fredholm’s equation 
^ integral series in lambda, applications of the Fredholm theory, Hllbert-Schmldt 
S ‘^®'‘nels, application, etc. Neumann, Dirichlet, vibratory problems, 
ix -f 253pp. 5% X 8. ^175 ciothtoound $3.50 

S176 Paperbound $1.60 
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DICTIONARY OF CONFORMAL REPRESENTATIONS, H. Kober. Developed by British Admiralty to 
solve Laplace's equation in 2 dimensions. Scores of geometrical forms and transformations 
for electricai engineers, Joukowskl aerofoil for aerodynamics, Schwartz>Christoffel trans¬ 
formations for hydro-dynamics, transcendental functions. Contents classified according to 
anaiyticai functions describing transformations with corresponding regions. Glossary. Topo¬ 
logical index. 447 diagrams. 6Vb x 9V4. >8160 Paperbound $2.00 

ELEMENTS OF THE THEORY OF REAL FUNCTIONS, J. E. Littlewood. Based on lectures at 
Trinity College, Cambridge, this book has proved extremely successful in introducing graduate 
students to modern theory of functions. Offers full and concise coverage of classes and 
cardinal numbers, well ordered series, other types of series, and elements of the theory 
of sets of points. 3rd revised edition, vii -h 71pp. 5^ x 8. S171 Clothbound $2.85 

S172 Paperbound $1.25 

INFINITE SEOUENCES AND SERIES, Konrad Knopp. 1st publication in any language. Excellent 
introduction to 2 topics of modern mathematics, designed to give student background to 
penetrate further alone. Sequences and sets, real and complex numbers, etc. Functions of 
a real and complex variable. Sequences and series, infinite series. Convergent power series. 
Expansion of elementary functions. Numerical evaluation of series, v -H 186pp. 5% x 8. 

5152 Clothbound S3.50 

5153 Paperbound $1.75 

THE THEORY AND FUNCTIONS OF A REAL VARIABLE AND THE THEORY OF FOURIER’S SERIES, 
E. W .Hobson. One of the best introductions to set theory and various aspects of functions 
and Fourier’s series. Requires only a good background in calculus. Exhaustive poverage of: 
metric and descriptive properties of sets of points; transfinite numbers and order types; 
functions of a real variable; the Riemann and Lebesgue integrals; sequences and series 
of numbers; power-series; functions representable by series sequences of continuous func¬ 
tions; trigonometrical series; representation of functions by Fourier’s series; and much 
more. "The best possible guide," Nature. Voi. I: 88 detailed examples, 10 figures, index. 
XV -P 736pp. Vol. II: 117 detailed examples, 13 figures, x + 780pp. 6^ x 9V4. 

Vol. 1: S387 Paperbound $3.00 

Voi. 11: S388 Paperbound $3.00 

ALMOST PERIODIC FUNCTIONS, A. S. Beslcovltch. Unique and important summary by a well 
known mathematician covers in detail the two stages of development in Bohr's theory 
of almost periodic functions: (1) as a generalization of pure periodicity, with results and 
proofs; (2) the work done by Stepanof, Wiener, Weyl, and Bohr in generalizing the theory, 
xi + 180pp. 5% X 8. S18 Paperbound $1.75 


INTRODUCTION TO THE THEORY OF FOURIER’S SERIES AND INTEGRALS, H. S. Carslaw. 3rd 
revised edition, an outgrowth of author's courses at Cambridge. Historical introduction, 
rational, irrational numbers, infinite sequences and series, functions of a single variable, 
definite integral, Fourier series, and similar topics. Appendices discuss practical harmonic 
analysis, periodogram analysis, Lebesgue's theory. 84 examples xili + 368pp. 5% x 8. 

S48 Paperbound $2.00 


SYMBOLIC LOGIC 


THE ELEMENTS OF MATHEMATICAL LOGIC, Paul Rosenbloom. First publication in any lan¬ 
guage. For mathematically mature readers with no training in symbolic logic. Development 
of lectures given at Lund Univ., Sweden, 1948. Partial contents: Logic of classes, funda¬ 
mental theorems, Boolean algebra, logic of propositions, of propositional functions, expres¬ 
sive languages, combinatory logics, development of math within an object language, para¬ 
doxes, theorems of Post, Goedel, Church, and similar topics, iv -i- 214pp. sq/b x 8. 

S227 Paperbound $1.45 

INTRODUCTION TO SYMBOLIC LOGIC AND ITS APPLICATION, R. Carnap. Clear, comprehensive, 
rigorous, by perhaps greatest living master. Symbolic languages analyzed, one constructed. 
Applications to math (axiom systems for set theory, real, natural numbers), topology 
(Dedekind, Cantor continuity explanations), physics (general analysis of determination, cau¬ 
sality, space-time topology), biology (axiom system for basic concepts). "A masterpiece," 
Zentralblatt fUr Mathematik und Inre Grenzgebiete. Over 300 exercises. 5 figures, xvi -I- 
241pp. 5% X 8. S453 Paperbound $1.85 

AN INTRODUCTION TO SYMBOLIC LOGIC, Susanne K. Langer. Probably clearest book for the 
philosopher, scientist, layman—no special knowledge of math required. Starts with simplest 
symbols, goes on to give remarkable grasp of Boole-Schroeder, Russell-Whitehead systems, 
clearly, quickly. Partial Contents; Forms, Generalization. Classes, Deductive System of 
Classes, Algebra of Logic, Assumptions of Principia Mathematica, Logistics, Proofs of 
Theorems, etc. "Clearest . . . simplest introduction ... the intelligent non-mathematician 
should have no difficulty," MATHEMATICS GAZETTE. Revised, expanded 2nd edition. Truth- 
value tables. 368pp. 5^ 8. S164 Paperbound $1.75 


13 



CATALOGUE OF 

TRIGONOMETRICAL SERIES, Antoni Zygmund. On modern advanced level. Contains carefully 
organized analyses of trigonometric, orthogonal, Fourier systems of functions, v\rith clear 
adequate descriptions of summabiiity of Fourier series, proxlmation theory, conjugate series, 
convergence, divergence of Fourier series. Especially valuable for Russian, bstern Euro¬ 
pean coverage. 329pp. 5^ x 8. S290 Paperbound $1.50 

THE LAWS OF THOUGHT, George Boole. This book founded symbolic logic some 100 years 
ago. it Is the 1st significant attempt to apply logic to all aspects of human endeavour. 
Partial contents: derivation of laws, signs and laws, interpretations, eliminations, condi¬ 
tions of a perfect method, analysis, Aristotelian logic, probability, and similar topics, 
xvil -f 424pp. 5% X 8. S28 Paperbound $2.00 

SYMBOLIC LOGIC, C. 1. Lewis, C. H. Langford. 2nd revised edition of probably most cited 
book in symbolic logic. Wide coverage of entire field; one of fullest treatments of paradoxes: 
plus much material not available elsewhere. Basic to volume is distinction between logic 
of extensions and intensions. Considerable emphasis on converse substitution, while matrix 
system presents supposition of variety of non-Aristotelian logics. Especially valuable sec¬ 
tions on strict limitations, existence theorems. Partial contents: Boole-Schroeder algebra: 
truth value systems, the matrix method; implication and deductibility: general theory of 
propositions; etc. “Most valuable," Times, London. 506pp. 5% x 8. Sl/O Paperbound $2.00 


GROUP THEORY AND LINEAR ALGEBRA, SETS, ETC. 


LECTURES ON THE ICOSAHEDRON AND THE SOLUTION OF EQUATIONS OF THE FIFTH DEGREE, 
Felix Klein. Solution of quintics in terms of rotations of regular icosahedron around its 
axes of symmetry. A classic, indispensable source for those interested in higher algebra, 
geometry, crystallography. Considerable explanatory material included. 230 footnotes, mostly 
bibliography. “Classical monograph . . . detailed, readable book," Math. Gazette. 2nd edi¬ 
tion. xvl + 289pp. 5% X 8. S314 Paperbound $1.85 

INTRODUCTION TO THE THEORY OF GROUPS OF FINITE ORDER, R. Carmichael. Examines 
fundamental theorems and their applications. Beginning with sets, systems, permutations, 
etc., progresses In easy stages through important types of groups: Abelian, prime power, 
permutation, etc. Except 1 chapter where matrices are desirable, no higher math is needed. 
783 exercises, problems, xvi + 447pp. 5% x 8. S299 Clothbound $3.95 

S300 Paperbound $2.00 

THEORY OF GROUPS OF FINITE ORDER, W. Burnside. First published some 40 years ago, 
still one of clearest introductions. Partial contents: permutations, groups independent of 
representation, composition series of a group, isomorphism of a group with itself. Abelian 
groups, prime power groups, permutation groups, invariants of groups of linear substitu¬ 
tion, graphical representation, etc. “Clear and detailed discussion . . . numerous problems 
which are instructive,” Design News, xxiv + 512pp. 5% x 8. S38 Paperbound $2.45 

COMPUTATIONAL METHODS OF LINEAR ALGEBRA, V. N. Faddeeva, translated by C. D. Benster. 
1st English translation of unique, valuable work, only one In English presenting systematic 
exposition of most important methods of linear algebra—classical, contemporary. Details 
of deriving numerical solutions of problems in mathematical physics. Theory and practice. 
Includes survey of necessary background, most Important methods of solution, Jor exact. 
Iterative groups. One of most valuable features is 23 tables, triple checked for accuracy, 
unavailable elsewhere. Translator's note, x + 252pp. 5^ x 8. S424 Paperbound $1.95 

THE CONTINUUM AND OTHER TYPES OF SERIAL ORDER, E. V. Huntington. This famous book 
gives a systematic elementary account of the modern theory of the continuum as a type 
of serial order. Based on the Cantor-Dedekind ordinal theory, which requires no technical 
knowledge of higher mathematics, it offers an easily followed analysis of ordered classes, 
discrete and dense series, continuous series. Cantor's trdhsfinite numbers. “Admirable 
introduction to the rigorous theory of the continuum . . . reading easy,” Science Progress. 
2nd edition, vlil -!- 82pp. 5% x 8. S129 Clothbound $2.75 

S130 Paperbound $1.00 

THEORY OF SETS, E. Kamke. Clearest, amplest introduction In English, well suited for Inde¬ 
pendent study. Subdivisions of main theory, such as theory of sets of points, are discussed, 
but emphasis is on general theory. Partial contents: rudiments of set theory, arbitrary sets, 
their cardinal numbers, ordered sets, their order types, well-ordered sets, their cardinal 
numbers, vii + 144pp. 5% x 8. S141 Paperbound $1.35 

CONTRIBUTIONS TO THE FOUNDING OF THE THEORY OF TRANSFINITE NUMBERS, Georg Cantor. 
These papers founded a new branch of mathematics. The famous articles of 1895-7 are 
trarislated, wUh an 82-page introduction by P. E. B. Jourdain dealing with Cantor, the 
background of his discoveries, their results, future possibilities, ix + 211pp. 5% x 8. 

S45 Paperbound $1.25 
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NUMERICAL AND GRAPHICAL METHODS, TABLES 

JACOBIAN ELLIPTIC FUNCTION TABLES, L. M. Mllne-Thomson. Easy-to-follow, practical not 
only useful numerical tables, but complete elementary sketch of application of el'lio 
functions. Covers description of principle properties; complete elliptic integrals* Fourier 
periods, zero^ poles, residues, formuias for speciai values of argument* 
cubic, quartic polynomials; pendulum problem; etc. Tables, graphs form bodv of K-' 
Graph, 5 fisure table of elliptic function sn (u m); cn (u m); dn (u m) 8 figure table of 

AUJ. 3 Tigures. XI -i- I23pp. 5% X 8. S194 Paperbound $1.35 

TABLES OF FUNCTIONS WITH FORMULAE AND CURVES, E. Jahnke, F. Emde.Most comprehensive 
l-volume Engl sh text collection of tables, formulae, curves of transcendent functions 4th 
fn Fnalilh^D JitilinI® P Section giving tables, formulae for elementary functions not 

SiS' atrisidir' eS?* isis.'!S"ia,r'■ 

DwIght Covers in one volume almost every function of im- 
Portance in applied mathematics, engineering, physical sciences. Three extremeiv fink 
tables of the three trig functions, inverses, to 1000th of radiaV natural ^common 
squares, cubes; hyperbolic functions, inverses; (a^ + ^*) exp: 4a; complete 
tegrals of 1st, 2nd kind; sine, cosine integrals; exponential integrals* Ei(x) and^El^—-xv 
binomial coefficients; factorials to 250; surface zonal harmonics, first derivatives* Bernoulli' 
Euler numbers, their logs to base of 10: Gamma function; normal probability Integral* over 
60pp. Bessel functions; Riemann zeta Unction. Each table with forrnuSe uSiS 

screes of more extensive tables, interpolation data, etc. Over K 
differences, to fecilitate interpolation, viil + 231pp. 5%’x 8 S& Paperboind |l.75 

S273 Paperbound $2.00 

NUMERICAL SOLUTIONS OF DIFFERENTIAL EOUATIONS H low c a pe.. 

collection of methods for solving ordinary differential” eq*ija?ions‘ of firsPand ^higfier^ ordL? 

thin rchool metSs Partial contents:* 
graphical Integration of differential equations, graphical methods for dAtaiipri enin+inn' 

"ShouW*b.*ii“*and equa“ons S® 2nd and ®ort^rS' 

2fti?e,‘’.®vl^ i''*23r.%l^ fs.'" 

NUMERICAL INTEGRATION OF DIFFERENTIAL EQUATIONS. Bennet Milne Bateman iinoh..i. 4 ».w 

bv^3**leading Council'. New 'methods of Integration 

A Rennett”^^‘^5ti!?h^^ J'^terpo ational Polynomial,” “Successive Approximation’’ 

.?t®P't>y-step Methods of Integration,” W. W. Milne. "Methods for Partial 
of^differential^MMarnric ®®teman. Methods for partial differential equations, solution 
®u “ tf^li^iitial equations to non-integral values of a parameter will interest mathematicians 
footnotes, mostly bibliographical. 235 Item classified bibliography. lOSpp' 

^ S305 Paperbound giSs 
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